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LOI NOI PAU

Quyén sdch nay duge bién soan irén cd sd bai gidng CAu tric
dai s6 cla tic 9id tai khoa Gido dyc Tidu hoe, Truong Bai hoc Su
pham Thanh phf HE Chi Minh.

Céu tric dai s8 (phdn co ban cia Dai s¢ dai cuong) 12 mét
mén hoc quan trong ciia sinh vién khoa Todn cdc truong Dai hgc .
Khoa hoc Ty nhién, Pai hoc Su pham v& Cao ding Su pham.

Mén-hoc Cdu iric dai s6 gidp ching ta hidu bigt i thuyét 16ng
quét vé phép tosn, bigt dugc rdng s& 4y nhign, s& nguyén, s& hadu ff
V.v... cung voi cdc phép todn trén ching chl ia cdc mé hinh cia
nhing cdu tric dai s6 16ng quat. Vi If do rén, c&y tnic dai s& cling ja
mgt mén hoc quan trong cda sinh visn nganh Gido dyc Tidu hoc, Hon
nda do déc diém cia chuong trinh dao tao Ci nhdn Gido dyc Tidu
hoc, trong sdch cdn dé cdp dén mot vai van dé cla cau tric th ty,

Sdch gém b6n chuong :

1. Phép todn dal s6 va nira nhom.

2. Nhém. -

3. Vanh va truong.

4. Mgt 56 loai vanh dgc biét.

Cudi méi chuong cila sdch o6 mot s6 baj tap chon loc.

Ngodi cac bai tdp don thudn dé ban doc rén luyén khi nang
vén dung If thuyét va phét trién tu duy, trong sdch con cé mét 6 bai
18p I thuyét. Khi gidi céc bai tdp W thuy8l, ngoai viéc ren luyén ki



nang giai todn ban doc con b8 sung duge cho minh vé kién thic cua
mén hoc.

D6i tugng phuc vy chinh cta sdch l1a sinh vién kh6ng phai
chuyén nganh todn. Do dd cac kién thac chi trinh bay 8 mdc do t6ng
quat vira phdi. Méc du vy, ching 6i cho rdng quyén sach nhé nay
ciing rét hiu ich cho sinh vién chuyén nganh todn va ddc biét 1a
nhigng ban doc budc ddu tim hidu v& mén hoc thi vi nay.

P& quyén séch dugc hoan chinh hon khi tai ban, ching 16i rét

mong nhén dudc nhibu sy gop ¥ ctia ban doc va cila cdc ban ddng
nghiép.

TAC GIA



CHUONG |
PHEP TOAN DAI SO VA NUA NHOM

§1. DINH NGHIA PHEP TOAN

1. Djnh nghia va vi du

Cho X la mét tap hop. Ta goi mt phép todn trén X la mdt
4nh xa

T:XxX 9 X
tir tich Decartes X xX vao X

Nhu véy phép toan T dat méi ciap phan ti (x, y) cha tap X x X
v6i mot phan tir duy nhat T(x, y) cia X. Phin ti T(x, y) goi 1a k&t
qua cta phép todn T. Thay cho céch vigt T(x, y) ta sé viét la xTy va
thay cho ki higu T ta cdn viét cac ki hidu khdc nhu +, ., %, o, ... .

x +y duge doc 1a x cdng y va két qua d6 goi 1a t6ng cda x va y.

x.y (hay xy) duge doc la x nhdn y va két qua d6 goi 1a tich cia
XVay.

Vi de 1. Véi phép todn & v& phdi 1a “phép todn” ma ta da quen
bi&t thi

a) T1 (x, ¥) = x + v 12 phép todn trén N* N Z QR.
b) T2 (x, ¥} = x.y la phép tosn trén N‘ s N, Z QR.

¢) T, (x, y) = x’ 14 phép todn trén N .



Vi du 2. Ki hiédu x*1a tap cdc 4nh xa tir X vao chinh né. Khi
d6 phép hop thanh cta hai 4nh xa f, g € X*
T4 (f, g) = gof
la phép todn trén x*.

Vi du 3. a) Phép trir 12 phép todn trén Z nhung khong la
phép todn trén N,

b) Phép chia 1a phép todn trén Q nhung khéng 1a phép todn
trén Q, khong 13 phép todn trén Z .

2. Phép toan cam sinh
Cho + 12 mot phép todn trén X va A la mét tdp con cia X
Phép todn * goi 1& 6n dinh trén tép A nédu véi moi x, y € A déu ¢6
X *yeA
N&u phép todn * én dinh trén’ A thi
T:Ax A= AT yl=x*y
ciing 13 mgt d4nh xa, do d6 cling 14 mét phép todn trén A.

Phép todn nay trén tép A dugc goi 1A phép todn cdm sinh béi
phép todn * trén X,

Vi du 4. a) Phép cong trén Z &n dinh trén tdp con N, &n dinh
trén tdp con € céc s8 nguyén chin. Do d6 phép cong trén Nva C
céam sinh bdi phép cong trén Z . I

'b) Phép trir trén Z khéng 6n dinh trén tdp con N. Do d6
phép triv trén Z khoéng cdm sinh mdt phép todn trén N.

Vidu 5. Trén R xét phép todn

ach =a + b — ab.



Phép todn o &n dinh trén tap S =[0, 1].

That vy, acb=a+b-ab=a{l-b)+b. Vdimoia, be S:
0<all-b)+b =(1l-b)+b=1.

Vidyach € Svdimoia, b e 8.

§2. CAC TINH CHAT PAC BIET
CUA PHEP TOAN

1. Tinh chait két hgp
Cho = 14 mét phép todn trén tap X Phép todn = gol la ¢é tinh
chat két hop nfumoi x,y, z € X ta ¢d
(x * y)sz = x*(y = z).
Vidu 6. a) Phép +, . trén N, Z, Q, R 1a ké&t hgp.
b) Phép — trén Z khoéng két hop. Ching han
(1-2)-3 #1-(2-3).

¢) Phép liy thira trén N khong két hop. Ching han -
2
2 |1
@f o
d) Phép hop thanh cdc 4nh xa trén X 1 k&t hop.

2. Tinh chit giao hoan -
Cho * 1a mét phép todn trén tdp X. Phép todn * goi 1a c¢6 tinh
chat giao hodn n€umoi x, y € X ta c6

X*y=Y*X



Vidu 7. a) Phép +, . trén N, Z, Q, R 12 giao hodn.

b) Phép - trén Z khéng giao hodn. Ching han
1-2+ 2-1.
¢) Phép lity thira trén N khong giao hosn. Ching han
1?29t
d) N&u X ¢6 nhiéu hon mét phan t& thi phép todn hop thanh
o trén Xx khéng giao hodn. That vay, gid sda,b e X, a =b.

Goi fva g € X* 12 céc 4nh xa xédc dinh béi

fix)y=avéfimoix € X

gx)=bvfimoix ¢ X.
Khi d6 gofia) = b, fog(a) = a. Vay gof = fog.

§3. CAC PHAN TU PAC BIRT
CUA PHEP TOAN

1. Phan ti¥ trung hoa

Cho *+ 1a mét phép todn trén tdp X. Phan tlre’ € X (¢” € X)
goi 1a phén ti trung hoa bén trdi (phdi) clia phép todn * néu véi
moix € X

k]

e@*X=X {(x = e” = x).



Phén ti& e goi 1a phdn #2 trung hoae cha phép todn * néu e vira
1a phén tif trung hoa bén trdi via la phén ti trung hda bén phai,
ticlavédimoix € X

exX=X+8=X

Binh li 1. Cho = I3 mdt phép todn trén X. Khi d6 néu e’ I3 phén tJ
trung héa bén trdi va o” ia phdn W trung hda bén phdi clia + thi e' = 6",

CHUNG MINH. Do ¢ 13 phén ti trung hoa bén tréi nén
: e: * en = e”‘
Do e” 1a phéan t& trung hoa bén phai nén
: e, * e” = e,-
Tir hai déng thie trén suy ra e = e”.
H& qua. Phin I trung hda ciia mot phép todn *, ndu ¢d, 14 duy nhat,
Vi du 8. a) 0 12 phén t trung hda clia phép cong trén N, Z,
Q. R. _
“b) 11a phan ti trung hda cta phép nhan trén NN, Z, Q, R .
¢} 0 12 phin t¥ trung hda bén phdi cha phép trir trén Z,
nhung khéng 12 phdn tif trung hda bén trai.
d) Anh xa déng nhat I, 12 phén tif trung hda cia phép todn o

trén Xx .

2. Phan t d6i xing

Cho * ]1a mét phép todn trén X c6 phan ti trung hoa 13 e.
Phén t& X’ € X (x” ¢ X) got 14 phdn td doi xiing bén trdi (phdi)
ciia X néu

X*xx=e {(x+x"=e)



Phéan ti x’ goi 1a phdn t& d6i xing cla x néu X’ vira 12 phén tir
d&i ximg bén phai vira 14 phdn ti d6i xding bén trai cia x, tic 1a

X*xx=x*X =e,
Néu x ¢6 phén tit d6i xing thi x goi 1a phdn ti kha d6i xing.
Binh li 2. Néu phép todn « trén X két hop, x’ la phin i d6i xing bén
trdi ctia x, x” la phdn & d67 xiing bén phai ctia x thi x* = x™

CHUNG MINH, Theo gia thiét ta c6
¥ =x'«e
=x" % (x * X7)
= (X *x})*x”
=e*x’
= x”
Viy x' = x”.
Hé qua. Néu phép todn két hgp thi phén 1 d6i xiing ciia mét phan
néu cd 1 duy nhat.
Vidyg 9. a) Trén Z, Q, Rvdi phép cdng, moi phén ti x ¢6 phén
tir d81 xdng 1a —x.
b) Trén Q*, R véi phép nhén, mei phén ti x cé phan ti doi
xung 1a x 1.
¢) Trén X v6i phép tosin o, phén tif f kha d5i xting khi va chi
khi f 14 song dnh. Phan t{& d6i xing cda f 1a 4nh xa nguoc £ chaf
d) Néu e 1a phdn td trung hda cia phép todn * trén X thi e
kha d6i xing va phan tir d6i xing cia e 1a chinh né.
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3. Vai quy udc vé ciach goi

Né&u phép todn trén X 1a phép cong (+) thi phdn ti trung hoa
thuong goi 1a phén tiz khéng, ki hidu la OAX ho#c 0; phén ti 481

xing cla x g(_)i. 1a phén ti d6i eha x, ki hidu la -x.

Néu phép todn trén X la phép nhan (.} thi phan tir trung hoa
thudng goi 1a phan & don vi, ki higu 1a 1y hodic 1; phén tif khd doi
ximg goi 12 phdn ti2 khd nghich, phan ti d8i xing cla x goi la

phdn ta nghich ddo cha x, ki hiéu 1a xt. Ciing nhu vdi phép nhan
58 théng thudng déu () thudbng duge bd di.

§4. PHEP TOAN n-ngéi

Cho X 12 mét tap hop va s6é n € N. Ta goi lidy thita Descartes

bdc n caa X 1a tap X" cdc 4nh xa tif tap réng vao X néun = 0 va tir
tap {1,2,..,n} vao X néun > 0.

Néun = 0 thi X° ¢6 duy nhat mét phan t. Néu n > 0 thi mdi

phin t& cia X" ¢6 th€ md td dudi dang mét bd n phin ti¥

(xl, x2,...,xn), X1, Koo X € X
Pinh nghia. Cho X 1a mét 14p hgp va s6 n € & . Ta goi mot phép
toan n-ngoi trén X la mét anh xa
T: X" > X.

Theo dinh nghia nay, phép todn ma ta xét d trén 1 phép todn
2-ngdi.

11



Khin = 0, X°chi ¢6 m¢t phan ti, nén phép todn O-ngdi trén
X 1a mdt 4nh xa tir tdp mdt phén tir vao X, tic 1a phép chon mét
phén tif etda X.

Khin = 1, X' =X, do d6 phép todn L-ngdi trén X 1a mot dnh
xa tir X vao X,

Vidy 10. T : N> N, x —x + 2 12 phép todn 1-ngdi trén X
Déy 12 phép todn cong mot sé tu nhién véi 2.

§5. NUA NHOM

1. Binh nghia nia nhém
Cho X Ja mét tdp va » 1a mét phép todn trén X. Tap X cling
véi phép todn * duge ki higu 1a (X, *) ho#ic X.

(X, *) goi 1a mot nia nhém n&u phép todn « c6 tinh chat két hop.

(X, *) goi 1a mét vi nhém néu phép todn * k&t hgp va c6 phan
tf trung hoa.

Nita nhém (vi nhém) (X, #) goi 1a ntta nhém (vi nhém) giao
hodn néu phép todn * la giao hodn.

Vidy 11, a) (N* , +) 12 mét nda nhém giao hodn, nhung khéng
12 vi nhém; (N, +) 14 mét vi nhém.

b)(N', ), (N, ), (Z, .) 1a céc vi nhém giao hodn.
©) (X*, o) 1a vi nhom. N&u X ¢6 nhidu hon mt phan ti thi vi

nhém nay khéng giao hodn.

12



Vi du 12. Cho X 1a m{t tap hgp. Trén X xét phép todn

X+y=Xvidimoix,y e X

¢ (X, *) 12 mdt nita nhém. That vy, moi %, y, z € X, ta ¢6 :
X*y)*z=X*Z=X; X*x(y*2)=X*xy=xnén (X *xy)xz =
= x * (y * ). VAy phép todn * két hgp.

¢ N&u X ¢6 hon mét phdn t thi nita nhém (X, *) khong giao
hodn. That vy, gid st x, y e X, x#y,tac6 X+ y =X,y * x = y, tifc
lax*y#y=x

¢ Moi y € X déu 12 phén td trung hoa bén phai. Thit vay, moi
x € Xtacodx *y=xnényla phin tif trung hda bén phai.

» Né&u X ¢6 hon mét phén ti thi trong X khéng c6 phén to
trung hda bén trai. That viy, véimoiy ¢ X, chonx € X, x = y. Khi
d6é y + x = y # x nén y khong 14 phan tif trung hoa bén tréi.

2. Tich cac phén ti¥ trong nita nhém

Cho (X, .} 14 mét nita nhém nhén. Vi phép todn ké&t hgp nén

v6i cdc phén ti X,,X,,..., x, € X ta dinh nghia. '
X) Xp X5 = (X;X,)%,

X Xgo Xp X = (XX, X X véin 2> 3.

Pinh li 3. Cho x4,x2,.... X, 1& cac phdn t¥ cita mét nda nhém X, Gid
s 1= Ig<kp<..<ky<n.Dg

b = a8;... a, ,
by = 8,8, 1. 8y_1
by = a8y 4. 3y,

Khido laco aay... a, = bb,... by,

13



CHUNG MINH, Hién nhién k&t qua ding véi n < 3. Gid s két
qué ding v6i n — 1 2 3, ta sé ching minh k&t qud ding véi n.

* Néu k, =n thi b, =a_. Theo gid thiét quy nap

a,a,.8 | = b1b2"‘bkh-1’

L 89
suy ra a a,.a ,.8 = b1b2"'bkh—1bh'

e Néu k, <n thitadit b’ =a_ a _ .4 ,.
- h

Theo gid thiét quy nap

a a,..a _, ={bb, "'bkh—l) b'k!-‘ ,
suy ra a,a,..a ,a =(bb,.. bkh"l )(b'kh a )
= (b.b,...b b
( 172 l!:h-l)| k,
= b, by ... bkh.

Nhgnxét1. 1) Taviét s a .. a(nldn)1a a". Theo dinh li 3, vdi
moi phdn tif a céia nia nhém nhan X vap, q e N tacé

aPd = (aP)d
2) Néu X 1a nlta nhém cdng thi ta vi€t a + a + ... + a (n l4n) 12
n a. Cdc quy tic trong 1) tréd thanh : Véinigia € X, p,q € N ta ¢
pa+qa=(p+qa
(pg) a = gq(pa).

14



Binh Ii 4. Cho X;,Xs,.., X, ld cdc phdn & cda mét nfa nhém giao
hodan X. Khi do

Xy Xp... Xp= Xa(” Xg(z) an Xo.rn)
trong d6 o Id mét hodn vi bl kichacdcs6 1, 2,..., n.

CHUNG MINH. Hién nhién két qua ding vdi n < 3. Giad st két
qua diing véi n — 1 2 3, ta s& ching minh k&t qué ding véi n. Véi
hogén vi o bit ki, dat o(n) = k. Ta cé

8 8,...a = (a..a ,)ala . a) (theo dinhli 1)

1727 "n

= (a,..a,_ Na, .2 )a,
=@ e .80

= (aom gy ac(n_l))as(n) (do gia thiét quy nap)

= 851 302 Botn-1) Aotn)*
Nhidn xét 2. 1) Theo dinh i 4, vdi moi a, b € X, X 14 nita nhém
giao hodn van ¢ N' ta ¢6
{ab)" =a"b".

2) Néu X la nita nhém cdng giao hodn thi quy tdc trong 1) trd
thanh n(a + b) =na + nb.

3. Tinh chit ciia phan ti kha nghich
Dinh lf 5. Cho X Ia mét vi nhom véi phén t¥ don vi Ty . Khi do
1)1 =1x.
2) x e X kha nghich thi x~' khd nghichva (x" ') " = x.
3) x, y € X kha nghjch thi xy kh3 nghich va (xy) ' =y x1,

15



CHUNG MINH,

Vi 1y 1y =1y

Vi xx L =x'x =1,

IV x Dy =y 1y =y Ty =1,

axy) v =x 1y xt=xxl= 1y
Nhén xét 4, Néu (X, +) 12 mét vi nhém véi phan ti khong 0y
thi cdc quy tdc trong dinh li 5 tré thanh
1) —0X = OX'
2) ~(—x) = x néu x ¢6 phan ti d6i.
3)-(x + ¥} = -y — X néu x, y.cé phén tir dai.
o} day ta st dung ki hifux + (-y) = x—y, docla x triry, néu y
¢6 phan ti dé6i.
4. Luit gian wde

Phén tir a ciia nita nhém nhéan X goi 13 théa man lugt gidn
wée néumoi x, y € X, ta cb

ax =gysuyrax =y,
Xa=yasuyraX=y.

Binh li 6. Néu a /& phdn td khd nghich ciia mdt vi nhém X thi a thda
man ludt gidn udc.

CHUNG MINH. Véi moi x, y € X ta ¢6
ax =ay = a (ax)=a ‘(ay)

= (a"la)x = (a_la)y

16



= lxx zlxy

=D xX=y.
Tuong tu ta cing cb

Xa=ya=>x=y.

§6. NUA NHOM CON

-Cho (X, ») 1a mét nia nhém va tap con A c X 8n dinh d6i véi
phép todn *. Phép toan * cdm sinh trén A hién nhién 1a k&t hop,
do 46 (A, =) 12 mgt nita nhém, goi 14 nda nhém con cha (X, *).

D& ching minh A 12 mét nifa nhém con cda X ta chi cdn ki€m
tra phép todn trén X la én dinh trén A.

Néu X 1a vi nhém va nia nhém con A cia X chda phédn ti
trung hoa cia X thi A 12 mét vi nhém va duge goi 1a vi nhém con
clia X.

Vi dyu 13. Trong tap Z xét C 12 tap con cdc 56 chin va L 1a tap
con cdc s8 1&. Khi d6 C 14 vi nhém con cfia vi nhém (Z, +), L 1a vi
nhém con cda vi nhém (Z, .),
Vi du 14. X6t tap R vdéi phép todn
aob =a+b—ab
vatipcon S =[0, 1. Véimoia, b,cc R tacé
(aob)oc = (a + b — ab)c
=a+b-ab+c—cla+b-ab)
=a+b+ec—ab-ac-Dbe+abe
Tuong ty ta tifih dude ao(boc) va o6 (acbloe = ao(boc).

2l e o6 17



Vi phép todn o két hap nén (R, o) 12 mét nita nhém.

Moia,be R,tac6acbh=a+b—-ab=D0b+a— ba= boa nén
phép todn o giao hodn.

Moiaec R,tac6acl=a+0-a0=a, Ova=a.
Do d6 0 1a phdn tif trung hoa cha phép todn o.

Vay (R, o) la m{$t vi nhém giao hodn. Theo vi du 5, S 14 niia
nhém con ciia (R, o). Do 0 € 8 nén S 12 vi nhém con cia (R, o).

Vi du 15. Néu X 12 nia nhém thi X 12 mét nia nhém con ctia
X. Néu X 1a mdt vi nhém thi X va {lx} 12 vi nhém con ciia X.

§7. PONG CAU NUA NHOM

Cho hai nita nhém (X, *) va (¥, o). M6t 4nh xa
f:X-Y
goi 1a mdt dong cdu nia nhém néu
fix + y) = f{x) of(y) véimoix,y € X.

Né&u X va Y déu 12 vi nhém thi dong cdu nita nhém goi 1a déng
cdu vi nhom.

Khi 4nh xa f 12 don énh, toan 4nh, song 4nh thi déng c&u f

tuong ng duge goi 1& don cdu, toan cdu, ddng clu.

Vidu 16. Cho £: (N, +) - (N,), fln) = 2"

M _ 9™ 9" _ f(m). f(n) véi moim,ne N,

nén f 1a déng cdu. D& thay f 1a don 4nh nén {13 don cdu tir (N, +)
vao {N, .). Cha y rang f ciing la don cdu vi nhém.

Tacéfim+n)= 2
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Vi du 17. a) Cho X 1a mot nita nhém (vi nhém). Khi d6 4nh xa
déng nhat

Iy : X X Ii{x) =x viimei x € X
la ddng cau nda nhém (vi nhém).
b) Cho A 14 mét nida nhém con cha X. Khi 46 anh xa
Jp A X j(x)=x véimoix e A
la don c4u nira nhém, goi 12 phép nhing chinh téc A vac X.
¢) Cho X 14 mpt nira nhém, Y 14 mét vi nhém. Khi d6 dnh xa
[: XY, fx)=1, vdimoix e X
la déng ciu nda nhém. Pic bist, néu X 12 vi nhém thl dnh xa
f:X 5 X, flx) = 1; vdi moi xe X 14 ddng ciu vi nhém.
Binh i 7. Cho f: (X, %} = (Y, o) 1 mét d8ng cdu nida nhdm. Khi dé
1) A 14 nira nhém con ciia X thl f{A) 14 nidia phém con ca Y.
2) B ia nita nhém con ciia Y thi -1 (B) 13 nia nhém con cta X.
CHUNG MINH. 1) Ldy tuy ¥ y,,v, cf(A). Khi d6 tdn tai
X, X, € A sao cho f(xl} =¥y f(xz) =¥y T dé
y; 0¥y = £ )of(x,) = f(x, * x,)

Vi X X%, €A nén y, oY, e f(A). Vay flA) la nifa nhém con

1

cia Y,
2) Léy tiy ¥ x,, x, e '(B). Khi d6 f(x,), f(x,)eB. Do B 1a
nia nhém nén f(x,)of(x,) = f(x, *+x,) e B. Suy ra x; xx, € £ (B).

Vay f*(B) la nita nhém con ciia X.
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Vi du 18. Theo vi du 16 ta ¢6 {N) = {2" In e N} 14 nita nhém

con cda nhom (N ,.).

§8. NUA NHOM SAP THU TU

1. N&a nhém sdp thyd ty
Cho (X, *) 12 mét nita nhém giao hodn va < la mdt quan hé
thif ty todn phan trén X. Neumoi x, y,z € X

XSYyDX*EZ<y*2z (1)
thi (X, #, <) goi 124 mét nia nhém sdp tha tu.

Néu x <y va x = y thi ta viét x < y. Néu diéu kién (1) thay béi
diéu kién .
X<YDX*Z<Y*2z

thi nia nhém goi 14 nida nhém sdp thi tu nghiém ngdgt.

Trén N hoéic Z ta c¢6 quan hé thi ty théng thudng :

m<nnéuténtaik € N saochom + k = n.

Ta ¢6 < 14 quan hé thi tuf todn phén trén N va trénZ .

Vi du 19. a) (N, +, <), (N »s <} 12 nita nhém sdp thit tu
nghiém ngit; (N,., ) 12 nda nhém sdp tha ty (khéng nghiém ngat)

b) (Z, +, <) la nita nhém sdp tht ty nghidm ngit; (Z,.,<)
khéng la nia nhém sép thi tu.

¢) Moi nifa nhém con cida mdt nira nhém sip thid tu Ia nia
nhém sip thit tu,

20



2, Pong ciu don diéu
Cho (X, <) va (Y, <) la hai tap duge sip. Mot anh xa f: X - Y
goi la don diéu néumoi x, y € X
X <y = f{x) < fly). (2)
Néu diéu kién (2) duge thay bai
x<y=fx) <fly)
thi f duge goi la don digu nghiém ngat.

Mot déng cdu goi la déng cdu don diéu hay don diéu nghiem
ngdt néu 4nh xa f c6 tinh chat dé.

Vidu20.f: (N, +) > (N, +), f(n) = 2n véi moi n ¢ N la déng
cdu don didu nghiém ngat.

3. Nita nhém sip thit t¢ Archimedes

Cho nia nhém sip thif ty nghiém ngit (X, », <). Phén tf a < X
goi 1a phdn ti duong n€ux <a* x véi moi x € X.

Nita nhém sdp tht tu nghiém ngat (X, *, <) goi 1a sdp tha tu

Archimedes n8u moi a, b € X, b 12 phédn t& duong, d3uténtain e N
sao cho

a<b=bx..*b(nlan)

Néu X Ia nita nhém cong thi diéu kién trén duge vidt lai 1a
a < nb.

Vi du 21. a) Trong (N, +)va (Z, +) phan tif dumg A moia e N
Trong (N,.) phdn tit duong lha =0, a = 1.

b) (N, +),(Z, +), (N,) 11 nta nhém sdp thif ty Archimedes.
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BA! TAP CHUONG |

1.1. Xét cdc tinh chat va phan tir dic biét cla céc phép todn :

ayms+n=m+ 2n trén N;
b)m=*n= m.2" trén N.

com+*n = m+n2 trén Z.

1.2. Trén N dat ;
a) a * b = UCLN (a, b),
b)a ® b = BCNN [a, bl.
* v (® c6 la phép todn trén N khéng ? Néu la phép todn hay
xé6t cdc tinh chat va cdc phén t dic bist.

1.3. Trén N véi phép todn m * n = m" . Ching minh ring
afms+n)*p=m+ns+pl<>m=1hodcp=1lhoicn=2,p=2.
b)Néum#nthim+n=n*smom=2,n=4.

1.4. Cho * 12 mét phép todn trén X. Ching minh ring tip con

S=(xeXli(x*xy)sz=xx*(y+2)vdimei x,y € X}
8n dinh v6i phép todn trén X va (S, *) 1a mot nita nhém.

1.5. Ching minh ring cdc tap va cde phép todn tuong ing sau day
14 nhing nita nhém giao hodn.

a) R, x*y=x+y+Xy

b N.x® y=x+y+2.
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1.%7.

1.8.

1.9.

1.10.

1.11.

Trén R xét phép todn a * b = |a|b. Chiing t& (R*, +) 14 mt
nita nhém khéng giao hodn.

Phép todn = trén X goi 13 lily ddng néu x » x = x vé6i moi x.

Cho (¥, +) 12 mdt nia nhém giao hodn liy ddng. Trén X dat
X<ynéuxx=ys=y.

Chiing minh < 14 mt quan hé thit ty trén X.

Ki hiéu #(X) 12 tap tat cd cdc tap con cha X,

a) Ching té6 ( 2 (X3, ) 124 mdt vi nhém giao hoan. Tim cde
phan td kha déi xing ciia vi nhém nay. R

b} Chimg t8 { .# (X), ») 14 mdt vi nhém giao hodn. Tim céc
phan tit kha dai xing cia vi nhém nay.

Trén tap S = [0, 1] d&t a * b = min{a + b, 1}. Ching té (S, =)

12 mét vi nhém giao hodn. Tim cdc phén td kha déi xing cila
vi nhém nay.

Cho X 1a m{t na nhém va a, b € X 1a hai phén t& théa man
ab = ba. Ching minh ring (ab)" = a"b" véimoin e N
Trong mia nhém X* cdc dnh xa tir tdp X vao tap X vé phép
todn hgp thanh clia 4nh xa, ching minh ring

a) f théa man lujt gidn ude trai (tic fog = foh > g=h) = fla
don dnh. '

b) f théa mén luit gidn uéc phdi (tdc gof = hof = g = h) <
fla toan 4anh.

¢) f théa mén ludt gidn wde < f ia song 4nh.
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CHUONG It
NHOM

§1. DINH NGHIA VA TINH CHAT

1. Pinh nghia nhém

Mgt vi nhém duge goi 14 mét nhém néu moi phan tif cla né
déu kha déi xing.

Né&u phép todn cha nhém giao hoan thi nhém duge goi 1a
nhoém giao hodn hay nhém Abel.

Nhu vay nhém cé thé duge dinh nghia tryc tiép nhu sau :

e Tép X cung vdi mét phép todn nhén trén né goi la mot
nhém néu thda man cdc diéu kién sau

(G,) Moix, y,z eX
(xy)z = x(yz)
(G,) Tén tai 1, € X (goi la phdn tit don vi) sao cho véi mpi
xeX
Liyx=xl, =x
(Gy) Moi x € X tén tai x ' € X (goi la phdn t nghich déo
clia x) sao cho '

cle=xxl=1
- = 1.

e Tap X cung vdi mét phép todn céng trén né goi la mét

nhém néu thda mén cdc didu kidn sau
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(G;) Moix, v,2eX
x+y)+z=x+(y+2)
(G,) Tén tgi 0, € X (goi la phdn ti kﬁéng).sao cho véi moi
xeX '
Oy +x=x+0y =2
(Gy) Moi x <X ton tgi —x € X (goi la phén tit doi ciia x) sao cho

(=) +x=x+(=x) = OX'

Nhén xét 1. Trong mét nhém nhéan cé6 phép chia (:) duge dinh
- -1
nghia nhu sau : X:!¥y=Xy .
Trong mét nhém cdng cé6 phép tru (~) duge dinh nghia nhu
sa: X — ¥y = X + -y}

2) Théng thudng, phép cong duge s dung khi nhém la giao
hodn, con phép nhén duge st dung cho cd nhém giao hodn va
khong giao hodn. D€ don gidn ki hiéu, cdc k&t qud li thuyst vé sau
ta thudng chi xét véi nhém nhén. Tuong tu nhu trong chuong 1, d&

dang chuyén cdc két qui nay cho nhém céng hay nhém véi phép
todn tuy ¥.

3) Theo dinh nghia thi mdt nia nhém c6 thé 1a tap réng, chn
nhém bao gi¥ ciing chia it nhat mdt phan ti¥, dé 1a phén tif trung hoa.

Vidu 1. a) (Z, +), (Q, +), (R, +) ]a nhém Abel. Phén t&
khéng 14 0, phén tit déi efia x 14 — x.

b) (Q,), (Q.,) 1a nhém Abel. Phén t& don vi 13 1, phén ti

nghich do ciia x 1 L.
X
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¢) Tap Sy cdc song dnh tir X 1én chinh né vdi phép hop thanh
anh xa (tich 4nh xa) 12 mdt nhém. Phin ti don vi cia Sy la I,

phén ti nghich d4o ciia £ 14 ™', 4nh xa nguge ciia £ Néu X 6 nhidu
hon hai phan ti thi Sy khong giao hodn. Néu X = {1, 2, .., n} thi

Sy duge ki hiu 1a S_ va goi la nhom cde phép thé bac n.
Vidu2 V6imdik ¢ N ¢ dinh ta dinh nghia quan hé S trén Z
xSynéux-y:k

Dé dang kiém tra S 1a quan hé tuong duong trén Z . Ki hiéu
tdp thuong cia Z theo quan hé S 1a Z, . Ta c¢é

Z,={0,1,..,k-1},
trongd6 j={x e Z|x-jk}, goi 1a 16p déng du véi j theo médun k.
Trén Z, ta dmh nghia phép cing va nhén nhu sau

_ m +n=r, r la s§ du trong phép chia m + n cho k.
mn=s, s lasd du trong phép chia m.n cho k
Dé dang kiém tra ring : (zk, +) la mft nhém Abel, phén ti
khong 13 0, phédn ti d6i cia m 1a k - m; (zk, ) 1a mdt vi nhém
giao hodn véi phén ti don vi 1a 1.
Ta ki hitu Z, =Z,_\{0).
C6 thé ching minh rhng néu k > 1 thi (2, ) 1a nhém khi va

chi khi k la s8 nguyén td. Ching han (ZZ, ) khéng 12 nhém vi

phan tir 2 khong ¢6 phén t& nghich dao (2j#1 véimoij=1,2,3).
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Véi moi m, H,Be.zk tacdneéd m(n+p)=mn+mp.

2. Tinh chét ciia cdc phan ti¥ trong nhém
Né&u a 1a phan tif cda mét nhém X thi ta dinh nghia

a =1

a" =aa.a (nldn) néun>0

a” = (a_l)ln| néun < 0.
Theo nhin xét 1 va 2 chuong I, suy ra :
1) V6i moi phén tif a cia mdt nhém X vap,q e Z taco

Pq

aP? = (aP)?,

2) Vi moi phén tir a, b clla mdt nhém X vaim € Z tacéd
(ab)" =a"b".
Theo dinh li 5 chuong I suy ra :
3) Véi moi phéan tir a, b cia mt nhém X ta c6
@'y =a (@) =bla".
Theo dinh li 6 chudng Isuyra:

4) Moi phén tif clia mot nhéom X déu théa man luat gidn udc,
ticlamoia,b,ce X

ab=ac=>b=c,ba=ca=b=c
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§2. NHOM CON

1. Binh nghia nhém con

Cho X 12 mot nhém va tap con A cda X dn dinh véi phép todn’
trén X. Néu A cing véi phép todn cdm sinh 1a mét nhém thi A goi
14 nhém con cia X.

Mgt cdch tuong duong, nhém con c6 th& dinh nghia nhu sau : -

Tép con A cia nhém X goi la mét nhém con cia X néu théa
mdn ba diéu kién sau déy :

DMoix,y eAdéucéxy e A;
2) IXEA;

3) Moix eAdbucé x ' eA

Thét vay, néu A théa min ba didu kién trén thi v6i phép todn
cam sinh A 12 m¢t nhém, do d6 A la nhém con cta X. Nguge lai
néu A la nhém con cta X thi do A én dinh v6i phép todn trén X

nén ¢5 17. Goi 1, la phén t& don vi ca nhém A thi
Iyolg=1,1,,vi 1, théa mén ludt gidn uée nén Iy =1, € A, tic
1a ¢6 27. V6i moi x €A ky hidu xil la nghich ddo clia x trong A.

Khi d6 x.x ° :x.x;1 (= lx), vi x théa mén luit gidn udc nén

x = x:: e A, tie 1a ciing ¢6 37.

Nhgn xét 2. 1) Néu A 12 nhém con cfia nhém X thi don vi cia A
cing chinh la don vi cia X; nghich ddo cla x € A trong A ciing
chinh 14 nghich ddo cla x trong X.
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2) Néu A 1a nh6ém con ctia mét vi nhém X (tdc 13 véi phép
todn cdm sinh A 12 mét nhém) thi didu néi trén c6 thé khong ding.
Chéng han : (Z,) 1a mft vi nhém, A = {0} c Z hién nhién 12 mot

nhém con cda (Z,.). Pon vi ciia A 1a 0 khde don vicia(Z,)1a 1,
nghich ddo clia 0 trong A 14 0 con 0 khéng kha nghich trong (Z ,.).

Vi dy 3. a) Tap con cdc s8 nguyén chdn 12 nhém con eda nhém
(Z,+).

b) Q: 14 nhém con clia nhém (Q* .)

¢} {-1,1} 1a nhém con cia nhém (R*,.).

d) Véi moi nhém X, cdc tap { } va X 14 nhém con ciia X. Céc

nhém con nay goi 1a cde nhém con tdm thuong cia X.

2. Cac tiéu chufin ciia nhém con

Binh li 1. Tdp con A cia nhém X 1 mét nhém con ciia X khi va chi khi
thda man cdc didu kién sau

1A =0

2x,ycA=xycA

IxecA=>x"cA.

CHUNG MINH Hién nhién 2% = 1) nén ti 1°/, 2°/, 3°/ suy
ra 1), 2}, 3).

Nguge lai, néu c6 1), 2), 3) thi do 1) tdn tai x € A, do 2) tén tai
X '€ A tird6do3) 1, =xx 'e A, tic la 6 2%, Vay ti 1), 2), 3)
suy ra 1%, 2%, 3% . |

Dinh §i 2, T4p con A cla nhém X i3 mét nhém con cda X khi va chi khi
théa man c4c didu kién sau
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1A=0
2)xyeA=xy A
CHUNG MINH. Hién nhién 2°/= 1). Vi moi x, y € A theo 3°/

X, yvl € A, theo 2°/ xy_1 € A, do d6 c6 2). Vay tir 1°/,2°/,3°/ suy ra
1), 2. ' '

Nguge lai, néu c6 1), 2) thi theo 1) tén tai x € A, theo 2)
1y = xx te A, tie 1a 2°/. V6i moi X € A theo 2) x ' = 1Xx‘1 € A,
tide 1a e6 3°/. V6i moi X, y € A ta cé x, y_1 e A, tir d6 theo 2)
xy = x(y 1) e A, tdc 1a ¢6 1°/. Vay tir 1), 2) suy ra 1°/, 2°/, 3°/.

3. Nhém con sinh bé&i mét tap

Cho S la mét tdp con cha nhém X. Ta goi nhdm con cia X
sinh bét tgp S 1a nhém con nhd nhé&t chda tap S, ki higu 1a [S].
Nhu vy nhém con [S] smh bdi tap S ¢6 hai tinh chat dic trung :

1% [S] 12 nhém con cia X;
2% Néu A 13 nhém con cia X va A > S thi A o [S].

Binh li 3. Mai tdp con S cida nhém X 16n tai v& duy nh&t nhém con [5]
sinh bdi t4p S.

CHUNG MINH. Goi 9 la ho tdt ca cdc nhém con cta X chia S.
Vi X € & nén % ='@. Ta s& ching minh
(51= BgﬁB '

Theo dinh nghia ta chi can chiing minh A = BgﬁB 141 mdt nhém

con. Thét vay, 1, € B véi moi BeB nén 1y € A Néux, y € A thi x,
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y e B véi moi B € & Do B 1a nhém nén xy ~ e B v6i moi B ¢ B,
Vay xy * € A. Theo dinh li 2, A 13 nhém con cha X.

Nhén xét 3. [B] = 1){'

Cho A 13 mot nhém con elia X. Tap con S cha X sao cho [S] = A
goi 14 tdp sinh cia nhém A,

Hién nhién [A] = A nén tdp sinh cia mdt nhém luén tén tai.
Mét nhém cé thé 6 nhiéu tap sinh khdc nhau.

Vi du 4. Nhém con kZ = {(knlne2} (k € ‘Z c§ dinh) ciia
(Z ,+) sinh bdi t4p mot phan tir {k}. "

That viy, ki hiéu [k] 1A nhém con ciia Z sinh bdi tap mét phén
tir k. Khi d6 ta c6 k e [k] va do d6 -k ¢ [k]. T d6 tdng mdt sb tiy ¥
clia cdc phén tif + k ciing thude [K), tidc kn € [k] v6i moin € Z. Suy
rakZ c[k]. VikZ cing la nhém con chita k nén kZ = [k].

4. Nhém con eyelic

Cho X la mgt nhém. V61 moi a € X ta goi nhém con [a] sinh
béi phan tf a 14 nhdm con cyclic cia X. Néu tén tai a € X sao cho
X =[a) thi X goi 1& nkhém Cyclic.

Binh li 4. Nhdém con cyclic {a] cda nhém X la 14p 14t cd céc phdn 1
ciaXcédang a”, me Z.

CHUNG MINH. P4t B = {am Im e z}, ta ching minh [a] = B. Vi

a, a "' e [al nén a™ e [a] véi moi me Z, tic 1a B < [a). Mat khéc
a € B vA moi a",a"eB ta c6
A (@) =ama " =a™ " e B

nén B 14 nhém con chida a, suy ra B > [a]. Vay B = [al.

31



Hé qua. Moi nhém con cyclic déu i3 nhém Abel.
CHUNG MINH. Theo dinh 1 4, moi phén tif clia nhém cyclic déu

m m n m+1 n+im n im n
¢6 dang a . Ta ¢6 a a =a =a =a a nén nhém la

nhaém Abel.

Binh li 5. V&i moi nhém con cycﬁc A = fa] co m§t va chl mét trong hai
kh& nang sau day :

1) Tén tai n > 0 sao cho A c6 ding n phdn tf va

A={ad,...a"}
2) A ¢6 v6 han phén i va
A={a’“ ImeZ}, trong dé a® = &% vdimoip = q.
CHUNG MINH. Néu 2) khong x4y ra thi ton tai p > q sao cho
a* =a?, af 1= 1y v6ip ~ q > 0. Goi n 12 8 nguyén duong nhé
N g2 D - p . ¢ 1 n-1 . .
nhit dé a = lx' Ta s& ching minh A = {a , 4 5., A } Vdéi moi

m e Z ta viét
m=nk+r, 0<r<n-1

Khi d6 am _ ank+r =(an)k’ar - 1Xar _ a‘r'

Vay A chi chia cfc phdn t& a°a',...,a” . Véi moi

r,%,,0<r <r,<n-1, don la 58 duong nhé nhét dé a" =1y, ta
o6 a? 15, suy ra alza?, Vay A 12 tdp c6 ding n phén tg,
A= {au a,.,a""

Ta goi cdp clia mdt nhém X 12 $8 phén tir cha X néu X c6 hitu
han phén t& Trudng hop X ¢6 vo6 han phén tir thi ta néi X ¢6 cdp
vé han. '
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Ta goi Cdp ctia phén tiZ a clia nhém X 1 cfp cta nhém con [al.

Vi dy 5. a) (Z ,+) 1a nhém cyclic ¢fp vo6 han vi Z = [1] hosc
Z =[-1]

b) (Z,,+) 1a nhém cyclic cdp 6 (sinh béi 1), phan tir 2 ¢6 cép
3, phén t& 3 c6 cap 2.

§3. NHOM CON CHUAN TAC.
NHOM THUONG

1. Ldp ghép cia mit nhém theo mét nhém con
Cho X 14 mét nhém va A 14 mét nhém con cda X,

Trén X xét quan hé xS,y néu x_ly cA.

e S, la mét quan hé tuong duong trén X.

Théat viy, moi x € X, x lx = 1y € A nén xS x vay 8, c6 tinh
chdt phan xa. Moi x, y € X néu x8,y thi x_ly € A, suy ra
y_1x=(x_1y)_1 € A nén yS,x viy 8, c6 tinh chét ddi xing.
Moi x, y, z € X néu x8,y va yS,z thi quy vi y_lz e A, tir 46
x Yz = (x_ly)(y_lz) € A nén xS, z, vay 8, ¢6 tinh chat bic cdu.

Lép tuong duong cla X theo quan hé tuong duong S, chia x la
-1 -1
yeXix yeA}={ny y=a,aeA}

= {y=xalaeA}.
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Ta goil xA = {xalac A} la lop ghép trdi cha x theo nhém con
A. Khi d6 16p tuong duong chia x theo quan hg tuong duong S,
chinh la xA.

Tuong tu, quan. hé xSpy néu yx_l € A cing la quan hé tuong
duong trén X. Lép tuong duong chua x theo quan hé tuong duong
Sp 1a

Ax = {axlae A}
goi la lép ghép phdi cla x theo nhém con A.

Chi ¥ ring n&u X 1a nhém cdng thi 16p ghép trdi va phai theo
nhém con A sé 1a

x+A={x+alaeA}
A+x={a+xlaecA}.

Hién nhién ring 1y A = Al, . Néu nhém khdng giao hoan thi
néi chung xA = Ax.

2. Nhém con chufin tic

Nhém con A ctia nhém X goi 14 rhom con chudn tde néu xA = Ax
vii moi x € X

Né&u A 1a nhém con chuén tée cha X thi ta ki hidu A<{X.
Vidu 6. a)E = {lx}va X 1a cAc nhém con chufn téc cta nhém X

b) Néu X 1a nhém Abel thi moi nhém con cia X déu la nhém
con chuén tie.

Binh i 6. Nhém con A clia nhém X 1a nhém con chudn tic khi va chi
khi véi moi xeX va a € A déu cé xax™' € A
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CHUNG MINH, Néu A<IX thi moi x € X, xA = Ax. Moi a € A thi
xa € Ax,dodétontaib e Adéxa=bx = xax '=b € A,

Nguoe lai, véi moi x € X, a € A, xax ' € A = xa € Ax v6i
moi a € A = xA c Ax. Ta ciing c6 xlax Yl e A xax e A
= ax € xA vdi moi a €’A = Ax < xA. Vay XA = Ax hay A<{X.

Néu A<X thi xS,y & x ! yeA o x(x_ly)x_l cAo yx_l €
Ao xSp'y. Ta ki hiéu chung hai quan hé Stvéi S[J la x = y (mod
A) va goi 12 quan hé déng du theo médun A.

Vidu7.V6imoim> 0, mZ <I(Z, +). Dodé

x=y{(mod mZ)
SX-yemZ
S X-y:im
< x =y {mod m).
Nhu v4y quan hé déng du theo médun mZ chinh 14 quan hé

~déng du theo médun m guen biét.

3. Nhém thuong
Cho A 12 mdt nhém con chufin tic cia X. Ta ki higu

%={xA|xeX}={AxlxeX}

1a tdp thuong ctia X theo quan hé déng du médun A. Ta cing goi
X/ 1atdp thuong ciia X theo nhém con chudn tdc A.

Trén X/, ta dinh nghia
XA YA = (xy)A

Néu xA = X’A, yA = YA thi x x' =acA, y_ly'=beA.

35



Tir 46 (Xy)_l(x'y') = yﬁl(xalx')y' — vy lay’
= (y_lay)y"lY' =(y'ay)be A.

Vay (xy)A = (x'y"A, nghia la dinh nghia trén xdc dinh mét
phép todn nhén trén % .

Pinh i 7. (%/, ..} ta mgt nhom.

CHUNG MINH. Hién nhién moi xA, yA, zA ¢ %/ ta c6

(xA.yA).(zA) = xA.(yA.zA) vi cung bi3ng (xyz)A. Viy phép todn la
k&t hop.

Véi moi xA € X/, 1A  xA=xA. 1,A=xAnén 1,A la
phén td don vi.

Véi moi xA € ¥/, xmlA.xAzxA.x—IAzle nén x ‘A 1a
nghich déo cha xA.

Nhém %/ goi & nhém thuong cia nhém X theo nhém con
chudn tdc A.

Vidg 8 Véi moim > 1, mZ la nhém con chudn tdc cta (Z ,+).
Céc phén tif cia %/ , c6 dang x + mZ, 12 tap cée s6 nguyén déng du
v6i x theo médun m, ky hiéu 13 x . Phép todn (x + mZ) + (y + mZ)
=(x+y)+mZ trong %-12 ciing chinh 14 phép todn cdng clha cdc ldp
déng du theo mddun m :

X1y =577

4. Dinh li Lagrange

Binh li 8. N&u X 13 mdt nhém hizu han thi moi nhém con A cla X cing
hitu han va cdp eda nhdm con A 13 vde s6 cda cdp cla nhém X.
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CHUNG MINH. Xét 16p ghép trdi xActaX. Vidnhxa ¢ : A > XA, -
o(a) = xa 14 mdt song 4nh tir A 18n xA nén moi 16p ghép trai déu cé
s6 phén tif bAng cép cia A. Goi XA, XA, X A 14 céc 16p ghép

k
tral khéde nhau eda X, Khi d6 X = ‘ul XA, X AN xjA = v6l moi
1=

i # ). Tir d6 cép cia nhém X bing k 14n cip cia nhém con A.

Nhin xét 4. Cho X 1a nhém c4p n, A la nhém con chudn tdc cdp
m, %X/, c6 cdp k. Theo dinh 1f Lagrange ta c6

n:m=k.

§4. PONG CAU NHOM

1. Dinh nghia va tinh chat

Cho X va Y 12 hai nhém, d€ don gidn ki hiéu ta déu xét phép
todn trén ching la phép nhén, chd ¥ ring phép todn trén X va Y
néi chung 1a khae nhau

M4t 4nh xa f: X > Y goi 1a mot déng c6u nhém néu m_gi
X, ¥ € X déu ¢6 fix.y) = fix) fly).

Binhli9. Chof: X = Y Ia mot d’dng cdu nhdm. Khi dé

1) f(1x)=1.

2) Vaimeix e X, fixT)=ftx)] 1.

CHUNG MINH, a) Vi 1X'1X =1y nén f(lx).f(lx)z f(lx). Theo

ludt gidn ude ta cb f(lx) = 1Y'

b) Moi x € X, xx ' =1y nén i) f(x™") = f(1l) = 1.
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Do phén tif kha nghich eda f{x) 14 duy nhat nén
Fx ) = [T

Khi 4nh xa f: X - Y 1a don 4nh, toan 4nh, song 4nh thi déng
célu f duge goi tuong ting la don cdu, toan cdu, ddng cdu.

Péng cau f tir nhém X vao chinh né duge goi la fiz ddng cdu.

Vi dg 9. a) Z 12 nhém cHng cde 8 nguyén, X 12 mdt nhém
nhéan bt ki va aeX 13 mot phan tir ¢d dinh. Anh xa f: Z - X,

fim) = a" la mot déng céu nhém.
b) Anh xa £: (R,+) > (R,,.), f(x) = 2* 1a mt ddng c&u nhém.

¢) Cho X va Y la hai nhém. Anh xa x 1, vdi moi x € X 1a

mdt dong cdu nhém tir X vao Y. Ddng cAu nay goi 1a déng cdu tdm
thutmg tir X vao Y.

d) Cho X 12 mdt nhém. Anh xa déng nhét Iy: X — X 1a déng
cAu'nhém.

¢) Cho A 14 mét nhém con cia nhém X Anh xa jA: A5 X
ja (%) = x 12 don cdu nhém, goi 14 phép nhiing chinh téc A vao X.

f) Cho X la mdt nhém va A 13 mdt nhém con chudn tic cia X.
Anh xa p : X > ¥/, p(x) = xA 1a mot toan cau, goi 12 fodn clu
chinh tde X 1én X/, .

Binh i 10. Cho F X = Y, g : Y — Z I3 cdc déng c&u nhém. Khi do
h: X = Z h=gof 14 d8ng cdu nhém.

CHUNG MINH. Vi moi x, y € X ta ¢6

h(x.y) = g(f(x.y)) = gfxRy)
= g(f(x)). gf(y)) = h(x).h(y), do dé h 1a ddng cdu.
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Binh §i 11. Néu £ X — Y & mt ding cdu thl dnh xa nguge £~ 1 Y — X
ciing 13 déng cdu.

CHUNG MINH. Vi f ]1a song 4nh nén 4nh xa nguge £ tén tai va
cling 13 mot song 4nh. V6i moi x', y' € Y ton tai duy nhét x, y € X dé
fix)=x", fy) =y. Tt d6

fdl(x'y‘) =7 (fx) fiy))

= £ (fixy))
I, (xy)

Xy
)£y

Vay f 2 a ddng ciu va do 46 1a ddng cdu.

2. Anh va hat nhéan cia déng céu.
Pinh1i12, Cho h : X — Y 13 mét ddng cdu nhom. Khi d6
1) A 1a nhém con ciia X thi f{A} 1& nhém con cda Y.

2)Bla nhémeoncia Y thi f - {B) ta nhém con cia X.
CHUNG MINH. 1) LAy thy ¥ y,, ¥, € flA). Khi d6 ton tai x,,
X, € Asaocho f(x,)=y,, f(x,) =y, Tidé
_ -1 - -
¥ Yzl = f(x)) (fxy)) ~ =fix)) f("zl) = f("1"21)'
Do xlx;1 € A nén y, y;I e flA). Mat khde 1, =f(1,) e f(A)
nén f{A) 14 nhém con caa Y.

D Ldy tuy ¥ x, %, € £ 1(B). Kni dé f(x,), f(x,) € B.
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Do B la nia nhém nén fix)).(f(x,) = f(xl).f(x;) =

=f(x .x_l) e B. Tr d6 suy ra x

%y x, €f ' (B). Hién nhiéa

1
1, €7 (B) nén £ (B) 12 nhém con ciia X.

Cho f: X - Y 1& mdt déng cdu nhém. Theo dinh 1i 12, f(X) la
moét nhém con cia Y, ta goi nhém con niy 13 énh cia f, ki hidu 1a

Imf; ¢! ({IY }) —f (IY) 14 m{t nhém con cia X, ta goi nhém con
nay la hqt nhdn cha f, ki hidu 1a Ker f.

Pinh li 13. Cho f: X — Y 12 mét déng cdu nhém. Khi d6

1) Ker { I3 mét nhém con chuén tic cda X.

2) f 12 don c&u khi vg chi khi Kerf; {Ix}-

CHUNG MINH 1) LAy tay y x € X va a € Ker f. Ta c6 fixax )
= fx) fla) £x7) = Rx) 1, ()™ =1,. Tir d6 xax' e Ker f. Vay
Ker f <{X.

2) Gid s £ 1a don clu. V6i moi a € Ker fta ¢6

fl@)=1y =f(y) >a=1, TudsKerf= {1 .}.

Nguge lai, gid s& Ker f = {1, }. Véi moi x,yeX, flx) = f(y)
= fx) . (f(y))_1 =1y = f(x.y_l) =1, = xy_1 € Ker
= xy_l =1y = x =y. Vay fla don 4nh.

3. Dinh li déng c&u nhém

Binh 1i 14. Cho f 1 X - Y Ia mt dbng cdu nhém, p - X - X4, ia
loan cdu chinh tic tr nhém X 1én nhom thuong %er ¢ Khi 36 16n tai duy
nhat don cdu f:%_ . — ¥ sao cho fop =1.

40



CHIING MINH. Su ton tai : D4t A = Ker f. Ta sé chi ra
£:%, > Y, T(xA) = f(x) ¢6 cdc tinh chat doi héi.

Thét véy, hién nhién T 13 énh xa. Véi moi xA, yA € %/ tacé
f (xA.yA) = T (xyA) = f(xy) = f{x) Ry) = f (xA).f (yA)

nén ¢ la déng cdu. Gid sirxA, yA e ¥/ ,xA#zyA > x_ly g A

= f(x 'y) # 1, = (f(x))_lf(y) * 1, = fix) = f{y)

- f (xA) = T (yA). Vay { 1a don cdu.
Cubi cing, v6i moi x € X ta ¢6 fop(x)=Ff(xA) = fix) nén
fo p=f.. '
Tinh duy nhét : Néu f' : ¥/ — Y cing c6 tinh chat doi héi
th T'op = £ . Tit d6 véi moi xAe ¥ ta co |

f'(xA) = £ (p(x) = fix) =  (xA).
Vay f' = f.
Hai nhém X v Y duoe goi 1a ddng cfu vdi nhau, ki hitu X = Y,
néu tdn tai mdt dfng cflu f : X - Y. Theo dinh li 13 dé dang thdy

ring quan hé ding cdu gitta cdc nhém c6 cde tinh chat phén xa, 46
xitng vA béc ciu.

Néu f: X - Y 14 mdt don cdu thi f: X - £X) 1a mét déng cdu.
Dodétacé X = f{IX).

Tit dinh li déng cdu nhém suy ra : Néu f: X - Y la mét toan
cdu thi ta c6 yKer f =Y.
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§5. NHOM SAP THU TU

Cho (X, .} 12 mét nhém Abel va < ]A mét quan hé thi tu toan
phén trén X. Néu (X,., <) 12 mét nira nhém sdp thi ty thi (X,., £
goi 1a mot nhom sdp tha tu, téc la moi x, v, 2 € X, x < y déu c6
xz < yz. Trong nhém sdp tha tu d& thiy x < y kéo theo xz < yz. Do
d6 moi nhém s&p thit tu déu 1a sdp thif ty nghiém ngit.

Trong nhém s#p thi ty x < ax & 14 < a, do d6 phén ti a cia
nhém sdp thit tu X goi 12 duomg néu 1, < a.
Nhign xét 5. 1) Néu (X,., <) 124 nhém sdp thit tu thi moi nhém
con cta X ciing 1a nhém sdp thir ty.
2) Trong nhém sdp thi tu ta c6
a<h,e<d=ac<hd

a<b ccd=ac<hbd

Binh li 15. Cho (X,., <) & m@t nhém sdp thi ty, P 13 t4p cdc phdn t&
duong ciia né. Khi dé

1)abeP=abeP
2) Mogi aeX thi hodc aeP, hodc a ' ¢ P hodc a =1y ;
3abeXa<boba'ler;

1

4} fx <asa “-’..1)(.

CHUNG MINH. 1) Moi a, b € P, ly <a ly<b = b < ab,
1X<b=>1K<ab.V§_.yabeP.

2) Hién nhién 1, ¢ P. Néu a va a dong thoi thuge P thi

theo 1) 1y —aa e P, ta gip méu thudn. Néu cd a va a ldéu
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khéng thujc P va a=1y thi a<ly, a_lclX = a<ly, 1y, <a
= a=1y, ta cing gip méu thun.

3)a,beX a<bho aa l<ba =1y <balobaleP.
4H1 toalcaaloal<l

) x <aelya <aa —a <ly.
Pinh li 16. Cho (X,.) 12 mét nhom Abel, P la mt tdp con cia X thda

mén cdc diéu kién

T)abeP=abeP;

2) M8i a e X thl hodc aeP, hodc a & P hogc a =1, . Khidé data <b
néu a = b hode b&_1 e P thl <13 mét quan hé thit ks trén X va (X,., <) I2 mét
nhom sdp thd ty.

CHUNG MINH. V& moi a € X, a < a nén < cé tinh chét phén xa.
Néu a < b, b < a va a = b thi ba e P, able P =
1y = (ba *Xab ') e Pta g4p mau thuin, dod6a<b,b<athia=Dh,
tife < ¢6 tinh phén xing. Néua <b, b < ¢ vd a = b hofic b = ¢ thi hién
nhién a < ¢; néu a # b va b # ¢ thi ba'e Pva b le P =

cal=(cb" )(ba_l) € P = a < ¢ vy < ¢6 tinh chdt bic cdu.

Véi moi a, b € X, néu ba ‘e Pthia< b; néu (b.‘a_l)—1 e P thi
ab’ & Pnénb < a; néu ba =1y thi a =b. Do d6 < 12 quan hé
~ thit ty toan phén trén X.

Cudi cing néua, b, x e X, a<b thi ax <bx vi
(bx)(ax) - =ba * € P. Viy (X,., <) la nhom sép th ty.

Nhan xét 6. Theo dinh 1i 16, ¢6 thé€ dinh nghia : Nhém Abel X
goi la sdp tha tu néu tén tai mot téip con P = @, goi la tap duong,
théa mén hai tinh chét 1) va 2) cda dinh li 16,
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Vi du 10. T4p con N* cua nhém (Z ,+) ¢6 cdc tinh chdt 1) va
2). Do dé v6i moi m, ne Z ta dinh nghia m < n néu m = n hoic

n-meN thi Z tré thanh mét nhém sép the ty. Thit ty d6 chinh
la tha ty théng thuong trén Z . '

BAI TAP CHUONG It

2.1. Ching minh riingZ v6i phép todn m®n =m + n — 1 1la mot
nhém Abel.
2.2. Chiing minh ring R\ {%} v4i phép todn x+y = x + y — 2xy
14 mdt nhém Abel.
2.3. Ching minh X = R xR v6i phép todn (a, b+(c, d) = (ac, be + d)
13 mdt nhém khang giao hosn.
2.4. Ching minh r¥ng G 12 mot nhém khi va chi khi
a) G 14 mdt nia nhém;
b} Véi mei a, beG cdc phuong trinh
ax=b,xa=b
c6 nghiém trong G.
2.5. Cho G la mjt nhém Abel. Vé6i moi n 2 2 ki hisu
. n
G, -{xecix" =15},

Chimg minh ring
a) Gn 14 nhém con cta G.

b) Néu (m, n) = 1 thi G_ nG, ={1,}. |



2.6.

2.9.

2.8,

2.9,

2.10.

2.11.

2.12,

2.13.

a) Ching minh ring mét nita nhém G khdc réng, hitu han 1a
nhém khi va chi khi moi phén tif ciia né déu thda min
lu4t gidn uéc,

b) Ching minh ring moi t4p khdc rdng, hitu han, én dinh
ciia nhém G 12 mét nhém con clia nhém G.

Cho G la mt nhém cé tinh chét - x2 = 1, v6i moi x € G.

Chitng minh G 1a nhém Abel.

Cho X 13 mét nhém. Tép con

C(X) = Iz € Xlzx = xz v6i moi x € X} goi la tdm cha nhém X.
Chiing minh rang C(X) 14 nhém con cia X.

Cho X 12 mgt nhém va a, b € X. Ching minh riing ab va ba
c6 cing mét cép.

Cho G 1& mét nhém hitu han c¢dp n. Ching minh ring

a) Moi x € G déu cd cap 1a mdt uSe s8 cia n.

b) Moi x € G déu cé xn=lG.

Ching minh rdng moi nhém hifu han cdp nguyén t& déu la
nhém Cyclic, moi phén t& khdc phén t¥ trung hoa déu la
phén ti sinh cta né.

Ching minh ring

a) Moi nhém cyclic cdp v6 han déu c6 ding 2 phén ti¥ sinh.

b) Néu mét nhém cyclic chi ¢6 m@t phén td sinh thi nhém dé
¢6 cip < 2.

Ching minh réng mét nhém khéng c¢6 nhém con khéng tdm
thutng 14 nhém cyclie.
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2.14. Chimg minh ring moi nhém cip < 5 déu 12 nhém Abel.

2.15. Ki hiéu S.14 nhém cdc phép th€ bac 3 (Xem vi du 1c)).
Ching minh ring moi nhém con thye sy cia nhém Sgdéu l1a

nhém cyclic nhung S khong 12 nhém cyclic.

2.16. Cho X la mét nhém va A<X, B<KX, AnB = {1x}. Ching
minh ring moi a € A, b € B déu ¢6 ab = ba.
2.17. Trong mot nhém X, ta goi mét phan ti ¢6 dang xyx_ly_1 vai

x, y € X 1a mét hodn ti cia X. Nhém con sinh bdi cdc hodn
tit ctia X ki hidu 1a [X, X]. Chimg minh ring

a)[X, X]<dXva %X.XJ 12 nhém Abel.
b) Gia sit A<IX. Khi d6 % [a nhém Abel & [X, X] < A

2.18. Cho A<JX, A < C(X). Chimg minh ring néu X/ la ohém
cyclic thi X 1& nhém Abel.

2.19. Cho X 12 mét nhém va tdp con S ¢ X, S # @. Ki hiéu
xSx! = {xsx_l ise S}.

Ta goi chuén héa cha S 12 tap
N(S) = {x eX1xSx ! = s}

va tém hod cha S 1a tap
C(8) = {xe XIxsx ' = s v6i moise S}.

Chitng minh ring C(S) <{ N(8).

2.20. Trén tap X = Z° xde dinh phép todn hai ngéi nhif sau
k
(ky, ko ko) 4,00 = (k) + (1) kg + kg + ).
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2.21.

2.22.

2.23.

2,24,

2.25.

2.26.

2.27.

2.28,

Chimg minh ring

a) X cing phép todn d6 134 mot nhém.

b) Nhém con A sinh bdi phan tix (1,0,0) 1a chuéin tde.

Véimoi n e N*, chiing minh (Z +) = (nZ ,+).

Chimg minh ring chi e6 mét déng ecdu tit nhém (Q, +) vao
nhém (Z, +) d6 1a déng cu tdm thudng.

Ching minh riing khong tdn tai mt ddng célu tir (R, +) lén
(R',).

Chimg minh ring 4nh xa x — x ' tit nhém X vao chinh né
1a ddng cfu nhém khi va chi khi X la nhém Abel.

Cho G, va G,la hai nhém. Trén tich Descartes G, xG,, xdc
dinh phép todn
x> ¥1)-(g5 ¥g) = (X1Xy, ¥155) -
a) Chung minh G, xG, cing phép todn trén la mjt nhém,
goi 12 nhém tich cia hai nhém G, va G, .

b) Cho G, va G, 1a nhém cyclic hitu han c4p tuong dng 1a m
va n. Chdng minh G1 ><G2 12 nhém cyclic < (m, n} = 1.

Ching minh ring v6i phép todn m * n = m + n — 2 va thit ty
< théng thudng, (Z , *, <) 1A mét nhém sdp thi tu.

Ching minh ring néu G la mdt nhém sdp thd tu thi G c6 v
han phén tir.

{Nhém d6i xing héa cia mot nira nhém), Cho X 1a mét nia
nhém cdng giao hodn, moi phan t& déu théa méan luat gidn
ude.
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a.) Chitng minh ring quan hé ~ trén X% xde dinh béi
(a,b)~(c,d)néua+d=b+c

la mét quan hé tuong duong.

b) Ki hidu X = X% la tdp thuong cia X2 theo quan hé ~,

phan ti cia Xchia (ab) 1a {a,b). V6i moi (a,b) va
(c,d) e X dat

(a,by+(c,d)=(a+c,b+d).
Chimg minh ring quy tdc trén x4c dinh mét phép todn trén
X va (X,+) 1a mdt nhém Abel.

¢) Véi moi a € X chimg té (a+b,b)e X khong phy thude vao
b € X. Chimg minh riing j: X - X, j@) =(a + b, b) 1a mét
don c&u nda nhém.

d) Pong nhat a € X v6i j(a) ¢ X. Ching té rng moi phén ti
cia X dducédanga—-bvdia, beX
Nhém X goi 1a nhém d6i xitng hod cha nita nhém X.

e} Chimg té nhém (Z , +) 1a d&i xing hod efia nia nhém (N, +);
nhém (Q',,.) 12 d6i xtng hoé cia niza nhém (N *,.)



CHUONG Il
VANH VA TRUONG

§1. VANH

1. Dinh nghia va tinh chat

Vank 1a mot tap X cung hai phép todn trén X, thudng ki hidu
céng va nhén théa min cdc tinh chat

1} (X,+) 12 mét nhém Abel,;
2) (X,.) 1a md6t mia nhém;

3) Phép nhan phdn phéi 46 véi phép chng, tic la meoi
X, v,z Xtacéd

Xy +2)=Xy +xz; (Yy+2zZ)X=yxX +IX

Mt cdch tuong duong, ta cé thé dinh nghia (X, +, .) 1a mdt
vanh néu né théa min cic diéu kién sau

R)) Moix, y,zeX,(x+y)+z=x+(y+2z)
(Rz)Mgix,yeX,).t+y=y+x.

®R,) Tén tai 0y e X, moixeX x+0, =x.
R,) MgixeX,tSntai—xeX,x+(—x):OX.
(R.) Moix, y, z € X, (xy)z = x(yz).

(RG) Moix,y,ze X, x{y+2)=xXy +x2 (¥ + Z) X = ¥X + zZX.
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Néu phép todn nhén cha vanh la giao hodn thi vanh goi la
vanh giao hodn. N&p phép todn nhén ¢6 don vi thi vanh goi la
vanh ¢é don vi.

Vidu L. 2)(Z, +, ), (Q, +, ), (R, +, .} 14 cdc vanh giao hodn,
¢6 don vi.

b) (Zk,+,.) la mdt vanh giao hodn ¢6 don vi (Xem vi du 2,
Chuong 11},

¢) Cho (X, +) la m§t nhém Abel. Ki hiéu End(X) 1a tip céc
déng cdu nhém tir X vao X (goi I cdc fi déng cdu). Trén End(X)
xdc dinh phép + va . nhu sau

f + g duge xde dinh béi _

(f + g) (x) = fix) + g(x) véi moi xeX.
f.g dugc xdc dinh béi

f.g(x) = flg(x)) v6i moi xeX.

Dé dang ki€m tra (End(X), +,.) 12 mét vanh c¢6 don vi nhung
n6i chung la khéng giac hodn. Ta goi vanh nay la vinh cde fu
déng cdu cta nhém Abel X.

d) Cho (X, +) 12 m{t nhém Abel. Trén X x4c dinh phép todn
nhin
xy = Oy véimoix, yeX

Dé dang kiém tra (X, +, .) 1a mét vanh giao hodn, né6i chung
khong c6 don vi. Ta goi vanh nay la vanh khdng cia nhém Abel X

Binh li 1. Vdi moi x, v, z ca vanh X ta cé

1) X.0x = 0x. X =0y

2 (-x) y = x (-y} = —xy
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3) (=x)f -y) = xy
A xy—z)=xy~xZ, (y-2Z}x=yx—2zx
CHUNG MINH. 1) Ta cé x.OK = X(Ox +0X) = xOX + xOx. Do d6

x.0y4 =0y . Tuong ty ciing c6 Oy .x =0y .
D Vixy + () y=(x+(-x)y= 0.y =04 nén{-x)y=-xy

Tuong tu ta ciing ¢ x(-y) = —xy.
3) Theo 2} ta e6 (-x}-y) = -x(-¥)} = — (—xy) = xy.

4) Thee 2) ta ¢6 x(y — z) = x(v + (-z)) = xy + x{(-2) = Xy — XZ.
Péing thifc edn lai chitng minh tuong ty.

Hé qua. Vdi mpi m e« Z va moi phdn 1 X, y cha vanh X ta c6
mixy) = (mxJy = x (my).

2. Vanh con

Cho X 12 mdt vanh vA tdp con A cta X én dinh 461 vdi hai
phép todn ciia vanh X. N&u véi phép todn cdm sinh, (A, +, .} 1a méjt
vanh thi vanh A goi 14 vanh con cia X,

Vi du 2. a) Cho X la mot vanh. Khi d6 {0, }va X Ia vanh con
cia X. Cdc vanh con nay goi 12 cdc vank con tdm thuong cia X.

b} Vanh Z céc 88 nguyén 12 vanh con clia vinh @ c4c s hitu ti.

¢) Tap 2Z 1a vanh con clia vinh Z cdc 3§ nguyén.

Binh li 2. Tdp con A cia mét vanh X la vanh con cda vanh X khi va
chi khi thda man céc didu kién sau

NVA=@
2x,ycA=x+yecAvaxy cA

3 xeA=>-xeA
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CHUNG MINH. Theo dinh 1i 1 Chuong II, (A, +) 14 nhém Abel <
A#O;x,ye Athix+ye A -xe A;(A)]lanfanhém o x,yc A
thi xy € A. Néu A &n dinh vdi cdc phép todn thi trong A phép
nhén phin phdi v6i phép chng. Nhu vy A 1a vanh con <> A c6 cée
tinh chat 1), 2), 3).

Pinh 1i 3. Tap con A ca mét vanh X 13 vanh con ciia vanh X khi va
chi khi théa méan céc diéu kién sau

NAzQ

2xyeAx-yecA xyceA

Pinh 1i 3 dugc ching minh tuong tu dinh li 2 biing cdch 4p
dung dinh 1li 2, Chuong II.

Cho S 1a mét tdp con cia vanh X. Ta goi vanh con ciia X sinh
béi tdp S 12 vanh con nhd nhdt chda S, ki hiéu la [S]. Nhu vay
vanh con [8] sinh béi tdp S cé hai tinh chat dic trung

1} [S} 14 vanh con;
2) Né&u A 12 vanh con va A o S thi A - [S}].

Binh i 4. V&i moi tdp con S cida vanh X déu 16n tai va duy nhét vanh
con [S] sinh bdi tap S.
CHUNG MINH. Goi 9 1a ho tét c4 cde vanh con cha vanh X chda
S. Vix € # nén & = . Ta s& ching minh
[Sl= n B,
Ben

tidc 1a cdn chimg minh A = BnﬂB la vanh con cta X. That vay,
E

Ox € B véimoi Bnén Oy € A Néux,ye Athix,ye B véi moi

B. Vi B 1a vanh con nén x ~ y € B va xy € B véi moi B. Didu d6 c6
nghialax -y € A vd xy € A. Theo dinh 1i 3, A 13 vanh con.

Vidu 3. V6imoi k € N, kZ ]a vanh con cda Z sinh bdi tap
mét phan ti {k}.

52



§2. IDEAL. VANH THUONG

1. Dinh nghia va tinh chit ciia ideal

Cho X 13 mét vanh. Vanh con A cla X goi 1a ideal trdi (phdi)
ne‘iumgixeX,aeAdéucéxaeA(axeA).VﬁnhconAggilé
ideal né&u né vira 13 ideal phai, vita 14 ideal trai.

Néu vanh giao hodn thi moi ideal trdi hay phai cia X déu
14 ideal. :

Vi dy 4. a) V6i moi vanh X thi {0y} va X 1a hai ideal cia X,
goi 1a cdce ideal tdm thuong.

b} Véimoik ¢ N, kZ laideal cia Z .

¢) Z 1 vanh con cia Q nhung Z khéng la ideal cia Q. Tir
dinh li 2 va 3 ta ¢6 hai dinh li sau

Binh i 5. Tdp con A cda vanh X I ideal irdi (phai) cia X khi va chi khi
théa man céc didu kién sau

JA=zQ

2labeA=2a+beA

IacA=-a éA

4)xecX acecA-xacAfax e A)

Binh li 6. Tdp con A cda vanh X 12 ideal trdi (phai) cta X khi va chi khi
théa man cdc diéu kién sau

NA=08
2dlabeA=oa-beA

A xecA acAxachllax e A
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2. Ideal sinh béi mjt tap

Cho S 12 mét tép con cha vanh X. Tuong tu nhu ching minh
dinh 1i 4 d& dang thiy rdng giao ca tat ca cac ideal trdi (phai, hai
phia) cia X chita S ciing 14 mét ideal trai (phai, hai phia). Ideal
nay la ideal trdi (phai, hai phia) nhé nh4t chia tdp S, nén goi 1a
ideal trdi (phdi, hai phia) sinh bdi tdp S.

Ideal (hai phia) sinh bdi tdp S ki hiéu 14 <S>.

Chi ¥ riéing néi chung <S> = [S].

Ideal sinh béi tap mdt phén ti {a} goi la ideal sinh béi phdn
ti2 a, ki hidu 1a <a>. Néu tén tai phdn td a sao cho ideal A = <a>
thi ideal A goi 12 ideal chinh.

D& dang thdy ring néu vanh X ¢6 don vi va a la phan ti kha
nghich cda X thi <a> = X.

Bnh li 7. Néu X id mét vanh c6 don vj thl ideal trai sinh bdi phén
aeXila
Xa={xalxe X}
va ideal phai sinh bdi a 12
aX = {ax|xe X}.

CHUNG MINH. Ta chi ching minh Xa 13 ideal trai sinh bdi a.
Trrée hét ta chimg té Xa 1a ideal trdi chia a. That vay
a=1yaeXa. V6i moi b, ¢ € Xa, tén tai b',c’e X sao cho b = ba,
¢ = c'a, tir dé

b-c=('-cha e Xa,
Véimoix e Xvaib=baeXatacé
xb ?z x(b'.a) = (xb)a € Xa.
Vay Xa la ideal trdi caa X, chia a.
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Béy gi¥ ta s& chi ra moi ideal trai A, chia a déu chia Xa. Thét
viy,via € Atvﬁ Atlé\ ideal trdi nén moi x e X ta cb xa ¢ At. Viy
Xac At'

3. Vanh thuong

Cho X la mot vanh va A ]1a m{t ideal cda né. Vi phép cong
giao ho4n nén A 13 mjt nhém con chuén tic cda nhém (X, +). Tt
d6 ta c6 nhém thuong %/, v6i phép todn chng.

X+AY+(y+A)=x+y)+ A
Ré rang (¥/,,+) 1a mét nhém Abel. Trén ¥/, ta dat
(x+Ay+A) =xy+A
Néux+A=¥X+Ay+A=y +AthixX-x=acA
¥ -y=be A ViAlaideal nén
X'y-xy=(a+x)b+y)—xy=xb+ay+abeA
Tu dé XV +A=xy+4A
Vay cach dit trén cho ta mdt phép todn nhan trén %/ .
~ Dé dang kiém tra (¥/,,+,.) 12 mét vanh.

Vanh nay duge goi 1a vanh thuong cia X theo ideal A.
Néu vanh X ¢6 don vi thl vanh %/, c6 don vila 1, +A. Néu
vanh X giao hodn thi vanh ¥/, ctng giao hodn.

Vi dy 5. V6i moi k €N, kZ 12 ideal cia Z. Vanh thuong %,
chinh 1a vanh Z,_ (Vi dy 1, b).
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§3. PONG CAU VANH

1. Pinh nghia va tinh chéit

Cho X v4 Y 1& hai vanh. M6t anh xa f : X - Y goi 14 mit
déng cdu vanh néu véi moi x, y € X ta ¢é

- fx + y) = f(x) + fy).
fixy) = fix) f(y).

Nhu vay mét déng cfu vanh f : X > Y 12 mét déng cdu tir
nhém cdng X vao nhém céng Y va 12 mét ddng cdu tir nda nhém
nhén X vaoe nia nhém nhén Y. Vi f1a déng cfu nhém cbng nén

f0g) =0y, f-x) = —fix)

Déng cdu vanh f duge goi tuong dng & don cdu, toan clu,
ddng cdu néu anh xa f 14 don dnh, toan 4nh, song 4nh.

Mot ddng ciu tir vanh X vao chinh né duoe goi 1a mdt fu dong céu.
Vi du 6. a) Cho X la mét vanh ¢6 don vi IX. Anhxaf: Z-> X
xdc dinh béi fm) = m.1; 1a mét déng céu tir vanh Z céc sd
nguyén vao vanh X. Thit vy véimoim, n € Z ta c6
fim + n) = (m + n)1; =mly +nly = f(m)+f(n)
fim.n) = (m.n)1; =(m.1; ¥n. 1) = f{m)}f(n) .
b) Cho X 1a mot vanh. Anh xa déng nhat Ly: X > X 1a déng
cdu vanh.
¢) Cho A 1 mét vanh con cha vanh X. Anh xa iAo X
iy =xladon cdu vanh, goi la phép nhiing chinh tde A vao X.

d) Cho X 1a mét vanh va A 12 mot ideal cla X. Anh xa
p:X > %, p(x)=x + Ala mdt toan cdu vanh, goi 1a toan cdu

chinh tde X lén % )
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e)_ChonaYlahaivénh.Anhxaf:X—)Y,ﬂx)= 0, vdi
moi x € X 13 déng cau vanh, goi 14 dong cdu khéng.
Tuong tu nhu déng cdu nhém, ta cé

Pinhli8. 1)Cho f: X = Y, g : Y = Z Ia cdc déng cdu vanh. Khi doé
gof | X — 2 1 déng cdu vanh.

2) Cho f: X — Y I& ding cdu vanh. Khi d6 dnh xa ngugc £1: Y 5> X
ciing 1a ddng cdu vanh.

2. Anh va hat nhén ciia déng céu vanh

Vi déng céu vanh la mét déng cdu cda nhém cdng va [h mjt
déng cau cfia nita nhém nhén nén theo k&t qui tuong ing clia dong
cdu nhém va déng cdu nda nhém ta cé

Dinh i 9. Cho f : X — Y I& mét ddng cdu vanh. Khi do
1} A 14 vanh con cda vanh X thl f(A) 1a vanh con cia vanh Y.
2) B 1a vanh con cda vanh Y thl {1 (B) Ia vanh con cda vanh X.

Cho f : X - Y 13 mdt déng cdu vanh. Theo dinh li 9, f(X} 14
mét vanh con cia Y, ta goi vanh con nay 13 dnh caa f, ki higu la

Imf; i ({OY}) v (OY) 12 mét vanh con eta X, ta goi vanh con
nay la hat nhén cla f, ki hidu 12 Ker f.

Binh i 10. V&i moi d8ng cdu vanh f: X - Y, Ker f Ia mét ideal ctia
vanh X.

CHUNG MINH. Vi Ker f l& m§t vinh con nén ta chi con phdi
ching minh moi x € X va a € Ker f déu c6 xa va ax € Ker f. Vi

fxa) = f(x).fla) = fx) 0y = Oy
flax) = fla).f(x) = OYf(x) = OY

nén ta ¢6 didu cdn ching minh.
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3. Dinh li dong cdu vanh
Binh 1i 11. Cho f: X — Y 12 m@t déng cdu vanh, p : X - %, ia
toan cdu chinh tdc 1 vanh X ién vanh thudng X/, .. Khi d6 1n tai duy nhat
don cdu vanh f : %e,, — Y saocho fop =1,
CHUNG MINH. Su toén taqi . bat A = Ker f. Ta s& chi ra
f 3% oY f(x+A)=fx) c6 cde tinh chédt doi héi. That vay,
hién nhién f ladnh xa. Véimoix + A,y + A X/ tacé
Filx+A)+(y+A) =FT x+y+A)=flx+y)
= fix) + fiy) =fix + A) + fly + A);
fix+A).(y+A) =T (xy+A) = fixy)
= f(x) fiy) = fix + A) fiy + A)
nén f 1a déng cdu. Gid sk x + A,y + A Y. x+Azy+A=
y-x¢ Asfly-x)=0=>fx)2fly) > T ()E+A)¢_f (y + A) nén
f la don cau. Cudi cling vdi moi xeX ta ¢6 fop(x) = f(x + A) = f(x)
nén fop=1f.
Tinh duy nhét : Néu f' : X/, — Y ciing c6 tinh chat dbi héi
thi f'op=f. Tird6 véimoix + A e X/ tacé

Fx+M)=FE)=f0=F x+A).Vay f' = .

Hai vanh X va Y duge goi la ddng cdu vdi nhau, ki hicu X = Y,
néu tén tai mot ddng cdu f : X —» Y. Theo dinh 1i 8 d& thdy ring
quan hé déng cdu giita cdc vanh c6 céc tinh ch4t phan xa, d6i xing
va bic ciu.

Néu f: X > Y la mdt don cdu vanh thi f: X > fiX) 12 mot
ding cau vanh. Do d6 ta ¢6 X = f(X).

Tur dinh 1i déng ciu vanh suy ra : Néu f: X - Y 1a mét toan
cdu vanh thi ta cé %erf =Y.
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§4. VANH SAP THU TU

1. Dinh nghia va tinh chét

Cho (X, +, .) 13 mét vanh giao hodn va <13 mdt quan hé tha tu
toan phéan trén X. Khi d6 (X, +,., <) goi 1a mét vanh sdp thi ty néu
moix,y,zec Xtacd

DXy =>X+2Z<y+Z
20<x,0<y >0 =<xy.
Vanh duge goi 1a sdp thi tu nghiém ngdt néu 2) duge thay bé:
MOcx,0<cy=0<3xy
O day nhuthéng 1é x <y, nghialax <yvax=y.
Vi du 7. Vanh Z cdc s8 nguyén véi quan hé thia tu thong
thudng 12 vanh sdp thd tu nghiém ngit.
Trong mét vanh sdp thd ty nghiém ngat X ta goi phan tir aeX
14 phdn ti duong néu 0 < a.
Ki hidu P 12 tap cdc phén tir duong cia vanh sdp thda tu X.
Pinh If 12, Trong mdt vanh sdp thy ty nghiém ngdt X ta ¢é
g beP=2a+beP, abeh
2} Moia e Xththodc a e P, hodc -a e P hodc a =0y ;
JabeXa<beob-aceh
4)0ca=-a<0

CHUNG MINH. Nhin duge tit dinh ii 15 Chuong II.

Dé dang ching minh dinh i sau déy :

Binh 1i 13. MGt vanh giao hodn X dugc sdp the ty nghiém ngdt khi va
chi khi trong X t6n tai m6! t4p con P c6 cdc linh chat 1), 2) va 3) cda dinh I
12. Quan hé thir tu dé bién X thanh mdt vanh sdp thi Iy 13 quan hé

a<bnfua=bhoicb-acP
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§5. TRUONG

1. Pinh nghia va tinh chit

Ta goi trudng 12 mét vanh giao hodn, ¢6 don vi, cé nhiéu hon
mdt phén tif vA moi phén tif khéc khéng déu kha nghich.

Cho X la mgt trudng, ki hidu 0 1a phdn ti khong, 1 14 phdn ti
don vi.

Truée hét ta nhan xét riing 0 # 1. That vy, trong x tdn tai
x#0,dod6tén tai x 1. Tirdsé xx > #0x * = 1+0.

Phén td x # 0 clia mét vanh X goi 12 udc cia khéng néu tén
taiy € X, y # 0 sac cho xy = 0.

Ta nhén xét rang : Moi truéng X déu khéng cé woe ciia khong.
Thét vady, moi x € X, x # 0, néu c6 y « X sao cho xy = O thi

x-lxy —x 0= y = 0. Do d6 x khéng 1a u6c cha khong.
Bit X* = X\{0}. Theo cdc nhén xét trén X* &n dinh véi phép

tosn nhan, 1 e X* Néu x € X* thi tn tai x * e X* Do d6 (X*,)
12 mét nhém Abel.

Nhu vay, mot cach tuong duong, c6 th€ dinh nghia : (X, +,.) la
moét trudmng néu

1) X ciing phép todn c6ng la mot nhém Abel;
2) X* = X\[0/) ciing vdi phép nhan la mét nhom Abel;
3) Phép nhdn phdn phdi déi vei phép cong.

Vi du 8. a) V6i phép céng va nhan théng thudng (Q,+,.),
(R, +,.) 1a céc trudng.

b) (zp,+,'.) véi p nguyén t& 1a trudng.
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Dinb li 14. Vanh giao hodn, cé don vi, c6 nhiéu hon mgt phén o X 12
mét trudng khi va chi khi X cé ddng hai ideal tAm thudng 13 {0} va X,

CHUNG MINH. Gid st X 12 mét trudng va A 12 mit ideal bat ki
cia X, A =10} Khid6tdntaiac A, a#0.Suyral-a 'ac A V&
moi X ¢ Xtacéx.1l e Anén A =X Vay X chi c6 ding hai ideal.

Nguge lai, gid st X 13 vanh giao hodn, ¢6 don vi, ¢6 nhidu hon
mjt phén t& va c6 ding hai ideal. Vé6i moi x € X, x # 0, theo dinh
Ii 7, xX 1& ideal cta X sinh béi x. Vi xX # {0} nén xX = X. Tir 46 tén
tai y € X dé xy = 1. Vi vanh X giao hodn nén x c6 phén t& nghich
daolay.

2. Trudng con

Cho X la mft trudng. Tép con A cda X goi 1a mdt truong con
ciia X néu A dn dinh déi véi hai phép todn trong X va A clng véi
hai phép todn cdm sinh tao thanh méat trudmg.

Vi dg 9. Q 13 trudmg con cda trudng con cla trudng sd thyc
R. Tir cdc dinh li 1 va 2 Chuong II ta ¢6 hai dinh H sau

Binh 1§ 15. T4p con A cia trudng X cé nhiSu hon mt phdn ¥ 13 tniong
con cda trudng X khi va chi khi théa mén cédc diéu kién

NxyeA=x+yeA xyeA

2lxeA=>-xeA
HxeAxz0=>x " eA

Binh 1i 16. Tdp con A cia trudng X cé nhidu hon mét phdn 17 13 trudng
con cila trudng X khi va chi khi théa médn cac diéu kién

NxyeA=x-y <A

2xyeAy=0=>xy" A
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Vidu 10. (\/_2-) = {a +byv2 abe Q} 14 trudng con cia trudng
86 thue R.

That vay v6i moi x=a+by2 vay=c+dJ§ thude Q(Jﬁ) tach
x-y=(a-e)+(b-d2eQ(v2)
Néu thém y = 0 thi
S a+ b2 :(a+b\f2_)(c—d\f§)
YT Y ¢* - 24

=ac 2bd+bc adJ— Q(J_)
c —2d c —2d

Viy theo dinh 1i 16, Q(J_ ) 14 truting con cta trutmg R.

4. Mién nguyén

Ta goi mot vanh giao hodn, ¢6 don vi, nhidu hon mot phén ti,
khéng cé6 udc cia khong 14 mét mién nguyén.

Theo nhdn xét trong 1. thi moi trudng déu 1a mién nguyén.

Vanh s6 nguyén Z 13 vi du vé mdt mién nguyén nhung khéng phai
la trudng.

Trong mién nguyén moi phén tit khéic khéng déu théa min
luat gidn ude 461 v6i phép nhén. Th4t vay, vdimeia = 0 :

ab=ac=>ab-c)=0=>b-c=0=>b=c

5. Trudng sip thi tu

Cho X 12 mot trudng vi mét quan ha thd ty toan phin < trén
X. Khi d6 X dugc goi 1a mét truong sdp thit tu néu né 1a mét vanh
sdp thi tu. D& dang thay riing moi mién nguyén sdp thit ty déu la
sdp thi tu nghiém ngat.
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Cho X la m{t trudmg (hodc vanh) sfp thd ty. V6i moi x € X ta

goi gid tri tuyét doi cla x 1a phén tir x| X duge xdc dinh bai

3.1.

3.2

3.3.

xnéu0<x
x| = {0 néux =0

-xnéux<0

Vi moi %, y € X ta ¢6 cdc tinh chat sau
1)0 < |x],

X|=0ox=0
2) Jxy| = x|}y

D s+ <+

4) fal-lbl<]a-b.

BAI TAP CHUONG HI

Cho X 1a mot vanh va x € X. Ching minh rfing véi mein ¢ N

n |x" néun chin
(-x)" = o
- X néunlé.
Trong mét vanh c6 don vi X ching minh riing néu x kha
nghich thi — x ciing kha nghich va (-x) ' = -x !,
Trén tdp Z x Z dinh nghia cdc phép tosn
(m,n) +{p,qQ)=(m +p,n +q)
(m, n).(p, q) = (mp, mq + np + ng).

Chiing minh riing v6i cdc phép todn trén Z x Z la vanh
giao hodn, ¢é don vi.
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3.4.

3.5.

3.6.

3.7.

64

Cho X 13 mét vanh, S 1a mot tap hop. Ki hidu X° la tap cac

4nh xa tir Sdén X. Vdimoi f, g € X° ta dinh nghia f + g va
f.g xdc dinh béi '

(f + g) (s} = s} + gls), (£.g) (5) = f(s).8(8)
véi moi s € S. Ching minh rdng véi cdc phép todn trén

X°1a mot vanh. Néu vanh X giao hodn hay c6 don vi thi
vanh X° ciing ¢6 tinh chat d6.

Cdc tap sau ddy, tdp ndo 1a vanh con cia vanh R :
a} {m+n\/5|m,ne Z}?
b) {m+n§/§|m,nez}?

c) {m+n 5+p%lm,n,pez}?

Cho X 12 mdt vanh. Ta goi tAm cha X 13 t4p
CX) = {ae Xlax =xa v6i moi x € X}.

Ching minh ring C(X) 1 vanh con giao hodn ciia X.

Trong mét vanh X néu ¢ 8 nguyén m > 0 sao cho

mx = Oy véimeix e X (%)
thi s6 nguyén duong s nhd nhit théa man (x) goi 1a dic s&
cua vanh X.

Né&u khéng ¢6 m > 0 théa mén (+) thi m = 0 1a s§ duy nhat
thda man (*), trudng hdp nay ta néi vanh cé dic s§ 0.

Chitng minh ring

a) Néu vanh X ¢6 dic 86 s # 0 thi moi phan tir khong phéi
ude cia khong trong vanh déu cé cap bling s.



b) Né&u vanh X c6 dsc s6 s = 0 thi moi phan ti khéng phai
udc cha khong trong vanh déu c6 cip vo han.

c) Néu vanh X c¢é6 don vi 1y #0y thi déc so clla vanh X
chinh 13 cdp cta phén tit 1y trong nhém (X, +), tic 0 la
sé duong nho nhat d€ s.1, = 0y .

3.8. Mot vanh X ggi 14 vanh Bulle n8u moi phan ti clia né déu c6

tinh chét liy ding, tdc la x* -x. Ching minh r¥ng vanh
Bulle 12 vanh giao hodn, ¢é dic s6 bing 2.

3.9. Cho X 12 mjt vanh, V6i moi m € Z chitng minh céc tip sau
day la ideal eda X :

a)mX = {mx!xeX};
b) A={xeXimx=0}.

3.10. Cho A va B la hai ideal ciia vanh X. Chiing minh ring
A+B={a+blacAbeB}

cang 14 mot ideal cia X.

3.11. Cho X la mét vanh, I, la ideal ctia X sinh bdi cdc phén t&
dang xy - yx, X,y € X.
a) Chimg minh % 1a vanh giao hodn.
)]

b) Véi moi ideal I cia X, ¥{ 1a vanh giao hodn < I,cl.

8.12. Tim t&t ci cde tu dong c4u cia vanh s§ nguyén Z .
3.13. Ki hitu Q(vn)= {a+bJH la,be Q}, n=7;11.

Ching minh ring
a) Q(\ﬁ) va Q(Ji_l) 1a trutng con cla trudng R.
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3.14.

b) Anh xa f: Q(\ﬁ) —)Q(\/ﬁ)

a+ b7 e a+bdll
khong phéi 14 déng céu trudng.

¢) Khoéng ton tai mét déng cdu nao giira Q(\ﬁ) va Q(\/ﬁ) .

Cho A la mét ideal cia vanh giao hodn, c6 don vi 1 2 0 X,

Ideal A goi 14 nguyén t6 néumoi x, y e X, xy e Athixe A

3.15.

hosc y € A. Ideal A goi 14 #5i dai néu A # X va néu M la mdt
idealcta X, Ac McXthiM=AhodacM =X

Ching minh ring
a) Ideal {0} 1a nguyén t6 <> X 12 mién nguyén.

b) Ideal {0} la t&i dai < X l& mot trudng.

c) Ideal P 12 nguyén t6 < %4 1a mién nguyén.

d) Ideal M 1a t8i dai <> %44 12 mét truting.

e) M la ideal t6i dai thi M 13 ideal nguyén t3.

Cho A 13 mét vanh con ¢6 nhiéu hon mét phan i cia mét

trudng F. Chding minh riing trudmg con cda F sinh béi A (tic
12 trudng con nhé nhat cia F chita A) ia tép

F(A) = xy_l Ix,ye A,y ;tO}.

3.16. Cho X 14 mgt vanh, Trén tdp Z x X xét cde phép todn

66

{m, x) +(n, y)=(m+n,x+y)

{m, x) . (n, y) = (mn, nx + my + xy)
Ching minh réng
a} (Z x X, +,.) 12 m{t vanh c6 don vi.



3.17.

b) Anh xah:X > ZxX, h(x) = (0,x) 12 don cdu vanh. Do d¢
mdt vanh bat ki déu ¢b thé coi l& vanh con clia mdt vanh
c6 don vi.

(Trudng cdc thuong clia mét mién nguyén). Cho A la mét
mién nguyén. Ki hiéu A =A\{0A}' Trén tich Descartes

Ax A" xét quan hé
x, X'} ~ (y, ¥') néu xy’ = yx'.
a) Chimg té ~ 12 m$t quan hé tuong duong trén A x A" Ki
hiéu tap thuong A x A*/_ 14 F(A). Ki hiéu phén t caa F(A)

chia (x, x) 1a -3(—‘
X

b) Trén tap F(A) dat

RIS Xy '+ ¥X
x' ¥y x'y'
1y
X ¥ X%y

Chimg t6 cdc quy t4c d6 x4c dinh cdc phép todn trén F(A) va
(F(A), +,.) 1a mdt trudng,

¢) Chimg t& rAng véi moi xcA, phan ti ﬂ e F(A) khong
¥

phu thudc vao ¥ € A" Chimng minh dnh xa j : A - F(A),

jix) = ﬂ-— 14 mot don cdu vanh.
Y
d) Déng nhat x A véi 2 ¢ F(A). Ta ¢6 A 1a mot vanh con
y

cia trudng F(A). Ching té moi xi e F(A) déu ¢6 dang

x.x"!, x, ¥ e A (Hay lién he véi bai tap 3.15).
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3.18.

68

e) Hay ching té6 Q la trudng cdc thuong clia Z.

Ki higu .#,(F) 1a tdp cdc ma trgn vudng cdp hai trén mét

trudng F. Titc 1a tap cde phan ti A 6 dang

A=(a -b],a,b,c,deF.
_ e d

Hai ma trdn goi la bdng nhau néu cé tat cd cdc phdn ti
tuong dng cha chiing biing nhau.

a; b a, by
Vo moi A, = vh A, = e.#_ (F) ta dinh
! ¢ 4 2 ey d, 2
nghia
a, + b, +b
A +A, =[ 1tay by 2}
¢, +¢, r.!.1 + d2
ALA, - {ala2 + b1°2 alb2 + bldzJ
c,a, + dlc2 clb2 + u:ild2

a) Chung minh ring -4, (F) v6i phép cong va phép nhén nhu

trén la mét vanh c¢6 don vi.
b
b} Véi moi A = [2 d] € .4#,(F) ta dinh nghia dinh thic ctia A

la phan td
|Al = ad - be.

Ching minh rdng véi moi ALA, e #,(F)tacs

|a,.A

2| = |A1|.A2.

¢} Ma trén A e .#,(F) goi 14 khéong suy bién ndu |A| = 0.
Chitng minh ring A khd nghich < A khéng suy bié&n.



3.19. (Trudng s& phic) Trén vanh .4, (R) cic ma tran vusng cép
hai trén trutmg R xét t4p con

e-{(

a) Chimg minh ring C 1a mdt trudng con cda vanh .4(2 (R).

a,bElR}.

0
b) Ching minh ring 4nh xaj: R— C, j(a) = (: J 1a mét
a

don c4u

0o 1y .
c)Pat i= ( X OJ’ déng nhat j(a) v6i a, chilmg minh

i*=-1vacC={a+iblabeR}.

M&4i phén ti cia C goi la mdt s6 phue.
d) Vdi moi a, +ib;,a, +ib, € C ching minh :

(al-f-ibl) (a +1b) (a +4a ]+i(b1+b2)

(a, + ibl)(a2 +ib, ) =(a,a, - blbz) + i(alb2 +a,b )

e) Ki hituz = a + ib va goi z = a — ib 1a s6 phic lien higp

cla z. Véi moi z,,Z, € C chitng minh

z, =2, zl+z2~z1+z2, 2,2, =2, 2, .

f) Pat || = (z.E)A va goi 12 médun cia s6 phic z. V6 moi
Z, 2., Zy e ta céd
lzl 20,z2=0=2=0
lz, +z2|g}zl|+fz2|.

‘z zz‘ = |7‘1”zz|‘

Iz, |-tz I‘<|z —zl
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3.20. (Thé quaternion) Trén vanh .4#,(C) cdc ma trén vudng cép

hai trén trudng C xét t4p con

2 - {[b ;]a,bec}.

a) Chitng minh riing 2 1a mét thé con cfia vanh ,,((2(10 ). {Thé

12 mét vanh ¢6 don vi, ¢6 nhiéu hon mdt phdn tlr, moi
phén ti khdc khong déu khé dio).

woat:(5 ) a-( 2 ) w(01)
Ching minh ring
2-g?-K?=-1;1J=J1=K JK=-KJ=1,IK= -KI = J.
¢) Déng nhét s6 thuc a véi (3 2] & 2. Chitng t6 moi phdn t&
cia 2 déu c6 dang
a, +a,l +t-)1J +bK, a,,a,,b,,b, € R.

Thé 2 duge goi 1a thé quaternion. Theo b) 2 khéng giao hodn,
do dé6 2 khong phai 1a trudng.

3.21. Trong mdt trudmg sép thi ty, ching minh ring

a)0 < 1;
B)0<ao>0<al.

a<b<0=0>asbl.
d)a<bthitontaivosdxd€a<x <b.

3.22. Chung minh ring khéng c6 mét quan hé < dé bién trutmg so .
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CHUONG 1V
MOT VAI LOP VANH DAC BIET

§1. SO HOC TRONG MIEN NGUYEN

1. Khdi niém chia hét

Cho X 1A modt midn nguyén, a,b e X vab # 0. Néutén taic € X
sao cho a = be thi ta viét

blahodca i b

va goi 12 a chia hét cho b. Thay cho cdch goi “a chia hét cho b” ta
con goi mét trong cac cach sau day : “a ld béi cia b”, “b chia hét a” '
hodic “b ld ude cia a”.

Hai phén tit a va b clia mdt midn nguyén goi 12 lign két néu
déng thai ¢6 alb vabla.

Dinh li 1. Hai phdn 1 a, b cha mél mién nguyén X lién két khi va chi
khia =0, b = 0 va iGn tai ueX, u khé nghjch sao cho a = bu.

CHUNG MINH. Néu alb vi bla thi a # 0 vA b # 0 va tén tai
u,ve Xsaochoa=buvab =av Tirdé

a=auv = uv = 1 = u, v kha nghich
Nguge lai, néu a = bu thi bla. Mét khédc do u khad nghich nén
b=au ', ticla cing ¢6 alb. Vay a va b lien két.
Tir dinh 1i 1 suy ra guan hé lién két 14 mdt quan hé tuong
ducmg trén tp X = X\{0}. Ciing do dinh li 1 ta con goi hai phén
ti lidn két 14 hai phdn t& khdc nhau mot phdn tit khd nghich.
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Né&u bla, b khéng kha nghich, b khéng lién két véi a thi b goi
12 u6c thie sy eda a, ki hidula blta.

Lién h¢ giifa tinh chdt chia hét va ideal sinh bdi mét phin tir
ta cé :

Dinh li 2. Cho X Ia mién nguyén, a, beX va b = 0. Khi dé
1) bja <= <b> > <a>.

2} biffa < <b> O <a>.

CHUNG MINH. Dblac3xeX a=bx< a e <b> < <a> c <b>,

2) blla < 3x € X, x khong kha nghich, khéng lién k&t véi a,
a=bxoae<b>be¢<a>o ca> c<b>.
2

Cho mién nguyén X va a,beX. Phén tif deX goi la woc chung
lén nh@t cia a va b, ki higu la UCLN (a,b), néu dla, d!'b va véi
moice X cla, cibthicld.

Binh i 3. Néu d la UCLN (a, b} thi tdp céc udc chung Ion nhét cia a
va b Iring vdi tap cdc phin 1 lién két vdi d.

CHUNG MINH. Gid s d’ 1a m{t udc chung 16n nh4t bat ki ciia a
va b. Theo dinh nghia ta ¢6 &'1d va d!d". Vay d’ lién két véi d.

Bay giv gid s & lién ket v6i d. Theo dinh li 1 tn tai u kha

nghich € d = du = & = du™’. Do 46 dla, d1b, ¢/d thi ciing c6
d’la, d’Ib, c|d’. Vay d’ ciing 1a wée chung 16n nhat cia a va b,

8. Phin tit nguyén t& va phén ti bat kha quy
Phén tit p cia mdt mién nguyén X goi 1a nguyén t6 néu p = 0,
p khéng kb3 nghich va véi moi a,beX, plab thi pla ho#c plb.

Phan tif p goi 1a bdt khd quy néu p = 0, p khong kha nghich
va véi moi a, b € X, p = ab thi a kh3 nghich hodic b kha nghich,
néi edch khéc 1a p kkéng c6 wic thuc su.
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Binh li 4. Trong mét mién nguydn X moi phdn (& nguyén 15 déu Ia
phén & bat khi quy.

CHUNG MINH. Gid s p 12 nguyén t6 va a, b € X sao cho p = ab.
Vi p | ab nén pla hodc plb. Xét trudmg hgp pla. Khi dé tén tai
u e X, a = pu. Tu d6 p = p(ub), suy ra ub = 1, Vay b 1& kha nghich.

§2. VANH CHINH

1. Dinh nghia vanh chinh

Mét mién nguyén X goi 14 mot vanh chink néu moi ideal cha
X déu la ideal chinh.

Vi du 2. Moi ideal clia vanh s8 nguyén Z déu c6 dang mZ = <m>,
do d6 déu 12 ideal chinh. Vay Z 1a vanh chinh.

Binh i 5. Trong vanh chinh X khéng tén tai day vé han cdc phédn ti
81,82, 8n , ., HONG dO ;.4 12 Ubc thifc sy clda @ voimeii=1,2,..,n,.

CHUNG MINH. Néu c6 mot diy nhu thé thi theo dinh li 2 ta ¢é
day cée ideal 16ng nhau

<a

1)(:{3.
*

>c<a
2 *

>
3 #*

Dé dang kiém tra A=u< a, > 1a mjt ideal clia X, do d6 tdn
1

tai a € X sao cho <a>=A. Via e Anén ae <a, > véi i, nao dé.
0

Véin > iO theo dinh li 2 ta ¢6

<a, >C<a >c<a
1 1] n

, +l>cA<:<ai >,

0

Vay <a_ >=<a_ . > ma diéu ndy méu thuin véi a ., laude

+1
thiuc sy cia a_.
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2. Vanh nhan t& héa

Cho X 12 mot mién nguyén. Phdn ti¥ a € X goi la phdn tich
duge mét cdch duy nhét thanh tich cde phdn t bét khé quy néu
tdn tai cdc phédn ti bét kha quy p,,p,,--., p, sae cho a=p .p,--p,

va sif phan tich d6 12 duy nhat, néu khong k& dén thif tuy va cac
nhén tit khd nghich. Néi cdch khéc, néu cing ¢6 a = 4, -99--q,, V61

cdce q; bat kha quy thi m = n va v6i mt cdch dédnh s8 thich hgp ta
¢ p, lién két véi g véimoii=1,2,.,n

Mién nguyén duge goi 1a vanh nhén ti héa hay vanh Gauss néu
moi phin ti khac khong, khong kha nghich ciia né déu phan tich
dugc mét cdch duy nhat thanh tich cGa cdc phéan tir bat kha quy.

DPinh li 6. Moi vanh chinh déu 12 vanh nhén 17 héa.

CHUNG MINH. Gia sif a 1a mdt phan t& khde khéng, khong kha
nghich cia vanh chinh X. Trude hét ta chitng minh a ¢6 mét wde
bat kha quy. Thit vay, néu trdi lai a khéng ¢6 u6e bat kha quy nao
thi a khong bat kha quy va c6 mdt ude thye su a, cling khong bt

kha quy, a lai ¢6 mdt u6c thuc sy khong bat khd quy a Ta
!

or
duge ddy a,,a,, .. v han cdc phin tif ma phén tit ding sau 14 u6e

thuc sy cta phdn ti dimg lién trude, theo dinh 1i 5 1a mot didu méu
thuin.

Gid st p; 12 mot ude bt khé quy cla a. Khi d6 a = p,a, . Néu
a, khong bé’t kh3 quy thi tén tai u6e bat kha quy Py, & =.p2a2,
8= P, Py-8,, .. Theo dinh li 5, sau n budc ta s& cb a, b4t khi quy,
dit p =a_ ta dugec a=pp,.p, 1a tich ciia cdc phin tf bat kha
quy.
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Bay gifs gid st a ¢6 hai cach phéan tich thanh tich cla cdc phan
tit bat kha quy

a=p,Py. P, =qdy--q, -

Ta c6 thé gid thi€t n < m. Vi moi phén tif bat khi quy déu
nguyén t8 va. p, 1q,q, .. q, nén tén tai q; sao cho p, iqj. Néu
can thi ddnh s6 lai, ta c6 thé gid thigt p, Iq;. Vi p; va q; bét kha
quy nén tén tai phan tit u, kha nghich sao che g; = p;.u;. Tirdé

q)-dg--4, =Dy .-Py...P .U=2U
v6i u=ugu,...u_ la mdt phdn ti kha nghich. Néu m > n thi
RERRUR R PN S Bk PSR

- Suy ra q T mdt phan t& khé nghich, ta gip

n+l """ qm

mau thudn. Vay m = n va q =P veimoii=1, 2, ., n

§3. VANH EUCLIDE

1. Binh nghia vanh Euclide
Cho X la mét mién nguyén. Ki higu X* = X\ {0}.
Mién nguyén X goi 12 vanh Euclide néu ¢6 mét 4nh xa
5:X*» N
théa mén cdc didu kién
1y Néublavaa=#0thid(b)<5(a)

2)Véimoia,hbeX, bz20,téntaiq,r e Xsaochoa=bg +r
trong d6 r = 0 hodc &(r) < &b).
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Vi dy 3. Theo dinh 1i phép chia ¢6 du trong Z, vdi 4nh xa
§:2Z* > N, '
n = |nf
vanh $6 nguyén Z 1a mét vanh Fuclide.

Binh 1i 7. Moi vanh Euclide déu 12 vanh chinh.

CHUNG MINH. Gid st X cing 4nh xa & : X* > N la vanh
Euclide, A 12 ideal thy y clia X. Néu A = {0} thi A 12 ideal chinh

sinh béi 0. Xét trutng hop A = {0}. Tap {8(a)tac A,a=0}cN c6s6
nhé nhdt, do d6 c6 acA, a # 0 sao cho 5(a) 13 58 nhdé nhat néi trén.

Ta s& ching minh A = <a>. Thit vay, vé¢i moi x € Avi X 1A
vanh Euclide nén x = aq + r, trong dé r = 0 ho#ic 8(r) < §(a). Néu
r#0thir=x-aqe A, 3(r) < 5(a) méu thuin véi cdch chon phan
tira. Vay r = 0 va x = ag € <a>. Tir d6 A = <a> 12 ideal chinh.

Nhan xét 1. Theo dinh 1i 6 va 7 ta c6 : moi vanh Euclide déu la
vanh nhén tif héa,

2. Thudt todn tim wéc chung 16n nhat

Tuong ty nhu d6i v6i s6 nguyén, c6 thé sit dung thuat to4n
Euclide dé tim udc chung 16n nhat cha hai phdn ti trong vanh
Euclide. '

Nhan xét 2. D& dang thay ring
1) Néu alb thi UCLN (a, b) = a.
2) Néu a = bq + r, b # 0 thi UCLN (a, b) ciing 1a UCLN (b, r).
Gid sira, b € X, b # 0. Khi d6 ton tai 4y, T, € X a0 cho
a= bqo +1,, 1, =0 hose S(ro) < &(h).
Néu 1, # 0 thi ta cé

b= I,9; +1, 5, =0 hodc 3(r,) < 8(r,) .
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Néu r; # 0 thitaco
r, =1 q, +1,, & = 0 hodc d(r,) < &(x))

Vi 8(b) > 8(ry} > 8(r;) > ... nén sau mdt s¢ hitu han bube ta
phdi ¢6 L 0, tie 1a

rn--l = 1'n qn+1 ’

Theo nhén xét 2. 1) UCLN (r ,r )=r , - Tir d6 theo nhéan

n* n-1"" "n-
x6t-2. 2) tac6 UCLN (a,b)=r__, .

§4. VANH DA THUC

1. Dinh nghia vanh da thic

Cho A la médt vanh giao hodn cé don vi. Ta goi méat da thic
trén A 12 mot t6ng hinh thic c6 dang

fix) = 8, +4X + ... +anxn

1]
hay viét gon lai 1a f(x) = Z akxk , trong dé
k=0

Ay, 8y, .o, B €A goi 1a cde hé i
x la mét ki hidu duge goi 1a én véi quy ude
x’ =1, x* =x.x.% (k 14n).

Néu a  #0 thi a_ duge goi 14 ¢ ti cao nhdt cia da thic f(x),
56 1 goi 12 bde cta da thite f(x), ki hiéu 1a deg f(x).
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Hai da thude fix) va g(x) duge goi 12 bdng nhau ndu tat cd céc
hé tir tuong ng cha chiing déu biing nhau, tde la néu

n
flx) = ayta;X+..+ax, anatO

gx)= by +bx+..+b _x", b =0

thin=mva a, =b,1=0,1,.,n

Véi moi ceA ta goi fle) = ag+ac+...+ ancI1 e A la gid tri cda
da thie f{x) tal c.

Mot da thic dang ax" goi 1a mét don thie. Nhu vy mot da
thite 12 téng cfia mdt sd hitu han cde don thiic hay cdc s6 hang. Ta
khéng phan biét thii tif cdc s& hang ciia mét da thic. Da thite

aﬁ + alx + ...+ anxn

duoe goi 1a viét dudi dang chinh tde tién, con da thie

n n-1 +
ax +a X +..+a,
duge goi la viét dudi dang chinh tdc lui.

Téap t4t cd cdc da thic clia 4n x trén vanh A ki hidu 14 Alx].

2. Phép toan da thiic
Cho hai da thuc trén vanh A

n
fix) = a,+a,X+..+a.x ,

m

glx) = b0 + blx +..+ bmx

Ta goi tong cia f(x) va g(x) la da thie
fx) + g(x) = (ag +by)+(a, +b)x +..+(a_+b_)x" +
m+l

n . n iz T
+a_ X +..+a X ,§ddy tagid sin > m.
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Ta goi tich cha f(x) va g(x) 1a da thic
fix).g(x) = aobo +(a,by +agb)x + .. +

- n+m-1 .
+ {anbm_1 + an_lbm x + anbmx

n+m

Nhu vay tdng cda hai da thde 13 da thic c6 cdc hé ti biing
téng cac hé tif tuong vng cia hai da thic d6.

Tich cha hai da thde f(x) va g(x) viét gon lai la

n+m .
fix) . glx) = Z cix1
i=0

trong dé ¢, = Z ajbk ,1=0,1,.,n +m.
j+k=i

Ta cé két qua sau day :

Binh i 8. V&i mgi vanh giao hoan cd don vi A, v&i phép todn cfng va
nhin da thic, A{x] 1a mot vanh giao hodn, cé don vi.

Phdn ti 013 da thite c6 tat ca cdc hé s6 bing khang.
Phdn ti 114 da thie 1 chi cé hé 58 a, =1 cdon t4t ca cde hé s6
khic bang khéng.

Vanh Alx] goi la varh da thic trén A,

Tu dinh nghia cédc phép todn ta cé

Binh li 9. Vdi moi f(x), g(x) = Afx] ta ¢é

1) deg (f(x) + g{x)) < max {degf{x),degg(x)}, néu deg f(x) = deg g(x}
thi deg(f(x)+ g(x)) = max {degf(x) deg g(x)}.

2) deg (f(x}g(x)) < deg fx} + deg g(x), ndu A I& mién nguyén thi
deg (f(x) g(x}) = deg f(x) + deg g(x).
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Nhan xét 3. B€ dinh 1 9 ding trong mei trutmg hop, cdn dinh
nghia deg 0 = -0 vavdimoin € N, - + n = —c vd —0 < n. Tu 2)
cia dinh 1f 9 dac biét suy ra : Néu A 1a mién nguyén thi Alx] ciing
1a mién nguyén. : '
2, Phép chia cé du

Binh 1i 10. Cho A I2 mgt mién nguyén, f(x), g(x} e Alx] va& g(x) c6 hé ti¥
cao nhdt kha nghich. Khi dé 16n tai duy nhat g{x), r(x}  Ajx] sao cho

f(x} = g(x) q(x) + r(x)
frong dé rix) = 0 hode deg r(x) < deg g(x).

Ba thidc q{x) goi la thuong, da thic r(x) goi la du cha phép
chia da thue fix) cho g(x).

CHUNG MINH. Tinh duy nhét. Gid si g(x), r'(x) €Alx] ciing c6
tinh ch4t doi héi. Khi dﬁ

g(x) g(x) + r(x) = g(x) ¢(x) + r'(x).

Tit d6 g(x)(q(x) - q'(x)) = r'(x) - r(x). Néu r'(x) — r(x) = 0 thi

theo dinh 1i 9
deg(r'(x) - r(x)) = deg g(x) + deg(q(x) - q'(x)) 2 deg gx).

Déay 1 mét difu mau thuén Vi deg r(x) < deg g(x),
deg r'(x) < deg g(x). Vay r'(x) — r(x} = 0. Do Alx] 1a mién nguyén
nén ciing ¢d g(x) — q’(x) = 0.

Su ton tgi. Ta ching minh bing quy nap theo bic cha fix). Gid
sit g(x)=b_ x" +..+bx+by, b_ la phin t& khd nghich. N&u
deg f{x) < m thi chon q(x) = 0, r(x} = f(x), dinh 1i ding.

Gid skt két qua ding v6i moi da thic ¢6 bac nhé hon n, n > m.
Xét da thic fix) e6 bac n bat ki

n
fix) = ax +..+ax+ay,a #0.
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-1 n-m

Pat  fx)=f(x)-a b x ~ gx). Ta ¢ fx)=0 hoge
deg T(x) < n . Theo gia thiét quy nap tn tai q(x) va r(x) e Alx] sao cho
. f(x) = g(x) q(x) + r(x)
véi 1{x) = 0 hodc deg r(x) < deg g(x) = m. Tu dé

-1 n-m
X
m

f(x) = g(x) (E(X) +a_b )+ r(x)

Pat g(x) = q(x) + al'lb;llxn_m, ta c6 cip q(x) va r(x) € Alx] dé
fix) = g(x) q(x) + r(x) thoa min r(x) = 0 hofic deg r(x) < deg g(x).

Dinh li 1. Néu F id mdt trudng thi vanh Fix] la vanh Euclide va do dé
14 vanh nhén t¥ hoa.

CHUNG MINH. Xét d4nh xa § : F[x]* > N, 8(f{x)) = deg fix).
Néu g(x) | fix} thi fix) = g(x) u(x), do 46
deg f{x) = deg g(x) + deg u(x) 2 deg g{(x).
Vay 3(f(x))>8(g(x)).
Vét moi fix), g(x) € Flx], g{x) # 0 theo dinh li 10 tén tai q(x),
r(x) € F[x] sao cho
flx) = g(x) q(x) + r(x), r(x) = ¢ hodic S(r(x)) <8(g(x))
Viy theo dinh nghia, F[x] 14 vanh Euclide.

Nhén xét 4. Vi Flx] 12 vanh Euclide nén udc chung 16n nhéit cia
hai da thic khdc khéng bat ki trén trudng F tdn tai va cé thé duge
tinh theo thuit todn Euclide (Xem §3).

Vi dg 5. Tim u6e chung 16n nhét cia hai da thie

2

f(x)=x5+2x3+x +x+1

va g(x)= xox ekt ox+l trong Q[x].

-y T by of 81



Theo thuit todn Euclide ta cé

£(x) = g(x).qy () + 1), gy = x + 1, 1y (x) = x° +
gx) = ro(x).ql(x) + rl(x), ql(x) =x-1, rl(x) = x2 +1
ro(x) = rl(x).qz(x), qz(x) =X,

Vay UCLN (f(x),g(x)) = ,(x) = x* +1.

4. Nghiém cia da thie

Cho A 12 mdt mién nguyén va f(x) € Alx]. Phin titc € A goi 1a
mot nghiém chaa f(x) trong A néu fic) = 0.

Né&u B 1a mgt mién nguyén chita A nhut mét vanh con thi ciing
¢6 thé coi f(x) e B[x]. Khi d6 fix) c6 thé ¢6 nghiém trong B nhung
khéng ¢é nghiém trong A.

Néu b e B la nghiém clia mét da thide f(x) € Alx] thi b goi 1a
phdn tid dgi s6 trén A. Trong trudng hgp tréi lai ta goi b 1a phén
tit siéu vidt trén A,

Mot phédn t dai sd (siéu vigt) trén trutmg hitu t§ @ duge goi
van tit la phén t dai s6 (siéu viet).

Vi du 6. 2x — 1 c6 nghiém trong @ nhung khong cé nghiém
trong Z; % ¢ Z nhung % 1a phén tit dai 86 trén Z .
Binh 1i 12. (Bezout). Cho A la mt midn nguyén, Khi dé phdn ti ¢ = A

1a nghiém ciba da thic f(x)  Alx] khi va chi khi f(x) chia hét cho x — ¢ trong
vanh Afx].

CHUNG MINH. Theo dinh 1i 10 ta c6

) = (x — e)g(x) + r(x)
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trong dé r(x) = O hoficdeg r{x) < deg(x—c)=1. Dodé r(x) = r € A.
Viviyflc)=rvavéimoix e A

fix) = (x - ¢) q(x) + flc)

Tir ddng thic nay suy ra fix) = (x - ¢c)q(x) = fle) = 0.

Cho f{x) 12 mét da thic trén mién nguyén A va c 12 mét
nghiém cha fix). Khi d6 tén tai k € N sao cho fix) chia hét cho
x - o)t nhung khéng chia hét cho (x - ! Nduk =1 thic goi
12 nghiém don, k = 2 thi ¢ goi 14 nghiém kép, k = 3 thi ¢ goi Ia

nghiém b6i. Trong trusng hop chua biét k biéng bao nhiéu thi ta
goi chung ¢ 1a nghiém béi k.

Binh 1i 13. Cho F 13 mot trudng va fx) e Flx], fix) = 0, C1,C210msCr 13 cac
nghigm cda f(x) voi s6 Ian boi Ky, Kp,....k, . Khi 36 18n tai g(x) e F{x] sao cho
fix)=(x—cfx—cof? {x—c, ) g(x), glc;) =0 véii=1,2..,r

CHUNG MINH. Theo dinh li 11, F [Jé] 14 vanh nhéan ti héa. Vi
x—¢, la cdc phén tif bat kha quy nén trong sy phén tich fix)

thanh tich cdc phdn ti bat khi quy, sai khdc mdt phdn t& khd
nghich, s& ¢6 k; thita s6 x-c;,i=1,2, ., r Dit gx) la tich cda

céc thita s6 con lai, ta cé
k k k
fx)=(x-¢) 1(x—cz) 2 x- c) "gx), gle)#0,i=1,2,.,r.

Binh If 14. Cho f(x} l& mdt da thic rén iudng F, ix) = 0. Khi do s&
nghiém cia f{x), m&i nghiém tinh voi s6 18n boi cha nd, khdng vt qua deg ().

CHUNG MINH. Gia sk f(x) ¢6 r nghiém khdc nhau ¢, véi 80 lan
bdi ki’ i=1,2,..,r Theo dinh li 13 ta c6

f(x)=(x- {:1)kl (x- c2)k“...(x - cr)k’g(x)
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Suy ra deg fix) = kl + k2 +..+ k]r + deg g(x)

Viy kl + k2 +..+ kr < deg f{x).

Binh li 15. Cho f{x) va& g(x) 1& hai da thic bdc n rén trudng F va c6
n+ 1 phén tit ¢, €z,..., Cp.q € F, 530 cho Kc;)=g(¢;),i=1,2...n+ 1.

Khi d6 f{x) = g(x).

CHUNG MINH. Xét da thic hix) = f(x) — g(x). Néu h{x) = 0 thi
h(x) ¢6 n + 1 nghiém trong khi deg h(x) < n, 1a mdt mau thuin do
dinh li 14. Vay h(x) = 0 va f(x) = g(x).

5. S¢ dé Horner

Cho fix} 12 mjt da thifc bac n trén mt mién nguyén A va c € A,
Theo dinh If 12

fx)=(x-clgx)+r (1),degqx)=n-1,r e A.

n-1 + +
X ta X+a,

Gid s f(x) = aoxn +4a

g(x) = baxn_1 + blxn_2 +..tb ox+b .

Thay vae (1), thuc hién phép tinh & v& phai va so s4nh hé ti
ciia hai v&, ta c6

aozb0 b, =a

4} 0
a = bl wcb0 b1 = cb0 +a,;
a, = bk - cbk_l hk = cbk_1 +a,
a, =r-cb r=¢cb, _,+a,

Tit d6 ta dé dang tinh duge cdc hé tit ea g(x) va r cdc hé ti
cua fix) va c.
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Day ding thic truy héi d6 duge mé ti dudi dang so dé dudi
day, goi 1a so d6 Horner :

a, a : | T a, a,
l;] k 1
+ =
‘I: bo =38, bk-i bk bn 1 r
X

So 48 Horner cho ta thye hién nhanh phép chia da thic fix)
cho da thic x — ¢. Vi f{¢) = r nén né ciing cho ta cdch tinh nhanh
gia tri fle).

Vi dy 7. Tim thuong va du cia phép chia da thitc

3

f(x)=2x4~x +x2—3x+2 cho x — 2.

Ta ¢6 so 4 Horner
l 2 -1 1 -3 2
2 | 2 3 7 11 24,

Tir 46 thuong la 2x° +3x° + Tx + 11, du la 24 = f(2).

BA| TAP CHUONG IV

4.1. Cho a, b 12 céc phén tif cia mdt vanh chinh X, UCLN (g, b) = d.
Ki hidu <a, b> 13 ideal ca X sinh béi tip hai phén tir a, b.
Chimg minh ring <a, b> = <d>.

4.2, Cho X l1a mdt vanh chinh va A 12 mét ideal cia X. Ching
minh ring

a) Moi ideal cia vanh %/, déu 1a ideal chinh.
b) Vanh X/ chinh <> ideal A nguyén t6.
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4.3.

4.4.

4.6.

4.7.

4.8,

4.9,

86

Cho X 14 mot vanh chinh. Chitng minh ring

a) Néu p l1a phan tit bat kha quy thi <p> 12 ideal t5i dai.
b) Néu P 1a ideal nguyén t6 khac {0}thi P la ideal t5i dai.
¢} Moi phan ti a, b €X déu ¢6 u6e chung 16n nhat.

Cho X la vanh Eclide va A 12 mdt ideal cda X. Chimg minh
ring vanh thuong %/ 1a vanh Euclide & A 1a ideal nguyén

£§ ciia X.
a) Chilng minh ring moei trudng déu la vanh Euclide.

b) Cho A la vanh Euclide. Ching minh r&ng A la trudng
< 8. A* —» N 1a 4nh xa hing.

Tinh 86 da thitc béc n cia Z,[x]).

Chimg minh ring da thic 1x> +14 e Z,,[x] ¢6 4 nghiém
trong- le.

Cho vanh giao hodn ¢é don vi A va I 12 mdt ideal cha A.
Ching minh ring

a) Ix] ={f(x) =ag+aX+..+ anxn e Alx]| moi a e I} la

ideal clia Alx].
b) A1 = (5)

¢) I nguyén t6 trong A <> I[x] nguyén t& trong Alx].

Ching minh ring A{X%x,,;A. Ti d6 suy ra néu <x>

nguyén t§ thi A 12 mién nguyén, néu <x> la t&i dai thi A la
mt truding.



4.10. Cho A la mft vanh giao hodn, c6 don vi. Ching minh ring
cde didu kién sau tuong duong

1) A la trudng.
2) Alx] 1a vanh Euclide.
3) Alx) 1a vanh chinh.

4.11. Cho A 12 mét mién nguyén. Hay tim trudng cdc thuong cia
vanh A[x].

4.12. Ching té ring cdc s6 sau ddy la sa dai s

a) V5 +45 by i+%2
4.13. Tim ude chung lén nhét cha cde da thae

a) f(x) = x? +x° _3x° —-4x-1; gix)= Xt —x-1.

b) fix) = x+xt_x3 -2x-1; gx)= axtrax® s x° 1222,
4.14. Diing sd dé Horner, biéu didn f(x) theo lity thifa clia x — c.

a) f(x) =x4 +2x3~~3x2 ~4x+i, c=-1.

b) fx)=x",c=1.
4.15. a) Tim mét da thic f{x) béc 3 sao cho

fx) - fix ~ 1) = x°.

b) Lap céng thic tinh tdng S_ = 12 +2% 4. +n%.

4.16. Ching minh tng néu f(x)=ax> +bx+ceZ[x] cb
nghiém hitu t thi ¢6 it nhat mt trong ba s a, b, ¢ 1a chén.
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1.1,

1.2,

1.4.

1.5.

1.7
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HUONG DAN GIAI BAI TAP

CHUONG I. PHEP TOAN VA NUA NHOM

Khong két hop, khong giao hodn, 0 1a phin t& trung hoa bén
phéi.
a) K&t hop, giao hodn.
b) K&t hop, giao hoan, 1 1a phén t& trung hoa.
Gidsila, be S, vx,ye Xtach
(axb)xx)xy=(ax(bxx))xy=ax+((bxx)+y)
=a*(bx(x*xy))=(axb)xxy)
Viyaxb e S
a) (R, #) 14 vi nhém giao hodn, 0 12 phén tif trung hda. Phin
tii — 1 khéng kha déi xing.
b) (N, @) la nia nhém giao hodn.
(a*b)+c=ax(bxc)(=lallblc); 11a phén ti trung hda bén
trai.
a=1,b=—1thia*b#b*a.
VXeX, X*X=X>X<X

VX, y € K, XSyVAYSX D X*y=yVAYy*X=X=>y=X
VX, ¥, 2 X, XSYyVAy<zD>X*xy=y, y*z=21

SX*(Y*Z)=y*2, y*rZ=2>X*Z2=Z=>X<zZ



1.8. a) Phén ti trung hoa 1a @, chi c6 @ 6 phén tit ddi xing 1a @.
b) Phén tif trung hda 1a X, chi ¢6 X ¢6 phén ti d6i xing 1a X.

19. (axb)+c=a=*(b*c) (=min{a+b+c1})
Phén t& trung hda la 0. Chi ¢6 0 c6 phin ti d&i xing la
chinh ndé.

1.10. Trude hét ching minh bing quy nap b".a =ab". Th4t vay,
hién nhién ding thic ding v6i n = 1. Néu ding thic ding
véin-1thi b%a=bb"la=bab® ! =abb" " =ab”.

Hién nhién (ab)” =a"b" ding véi n = 1. Néu didu nay ding
véin - 1 thi (@b)" = (ab)" 'ab=a""'b""ab =a"lab" b =

=a"p" , tic la dung vdi n.

1.11. a) f don 4nh, fog = foh = ¥x ¢ X, flg{x)) = flh(x)) = vx € X,
g(x) = h(x) = g = h. Vay f théa min luit gidn udc trdi. N&u

f khéng don 4nh thi tén tai x,x,eX;x #x

2’
f(xl) = f(xz). Chon g(x) = X, hix}) = Xy vai mei x € X, ta

cé fog = foh nhung g 2 h.
b) f toan dnh thi f{X) = X, gof = hof = vxeX, gf(x)) = h(f{x))

= g(y) = hiy), vyeX = g = h. Vay f thda min luit gidn
udc phdi. Néu f khong toan dnh thi ton tai x; € X\f(X).

Chon g va h sao che g{x) = h(x) vdi moi x € fiX) va
g(x,} # h(x). Khi 46 goh = hof nhung g+ h.
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CHUONG II. NHOM

2.1, m@n)Pp=(m+n-1)Sp=m+n-~1L+p-1
=m+m+p-1)-1=m+(n®p-1
=m & (n @ p)
moén=m+n-1l=n+m-1=n®m
m® 1=m+1-1=m Viy11a phan ti trung hda
m®@2-ml=m+(2-m)-1=1 Viy 2 — m la phan ti déi
Xing cida m.
22, x+e=xvlivViox+e-2xe=xoe(l-2x)=0véi vx
<> e =0, Vay 0 13 phén t trung hoa.

X
2x-1

Moi x ¢ R\{—;—},x*x’=0<::>x+x’—2xx’=0c> X'=

X
2x -1

vi X = % . Vay phén t& d6i xding cha x 1

2.3. e Tim phén tif trung hoa : (a, b) = {x, y) = (g, b) vdi V{a, b)
ax = a {x =1

:>(ax,bx+y)=(a,b):>{bx+y:b:»

y=0

Thit lai ta thdy (1,0) 1a phén ti¥ trung hoa.

¢ Tim phan ti déi xdng cta (a, b) :

(a,b)+ (&, b)=(1,0) < (aa’, ba’ + b’) = 1, 0)
> ] » ¥ 1 . b . . "

=aa =1, ba'+ bV =0= a'==,b =——_ Thi lai ta thay
a a

[}-,—EJ 12 phan ti d6i xiing cia {a, b) € X.

a
(2, 0)  (1,1) = (2, 1); (1,1) * (2,0) = (2,2) =
(2,0) * (1,1) # (1,1) » (2,0) nén phép todn = khéng giao hodn.
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2.4.

2.5.

2.6.

Do G # @ nén tén tai b € G. Goi e 1a nghiém cha phuong
trinh bx = b, ta ¢6 be = b. Véi moi a € G. Goi ¢ 14 nghiém
ciia phuomg trinh xb = a ta ¢6 cb = a. Khi 46

ae=(ch)e=c(be)=ch=a=>ae=a (1).
Goi a' 1a nghiém clia phuong trinh ax=e > aa’ =e¢ (2).
Goi a” 12 nghiém cla phuong trinh a’x =e = a’ a"=e. Ta ¢d

L]

aa'=a'ae=(a'afa'a’)=a'laa’a"=a'ea"=a'a"
= aa'=e 3).
ea={aa’a=za(aa)=ae=ea=a _ (4}.
Tir (1), (4), G c6 don vi la e. Tir (2), (3), moi aeG ¢6 nghich
dao ta ’. Vay G 1a nhém.,

a) 1, G .Moix, ye G taco

_ _ -1 -
xy )" =x"(y b= xt™ =1 =>xy ! eG

b) (m, n) =1 = 3u, v, mu + nv = 1. Khi dé Vac GmﬁGn,

mu+nv

a™ :IG,aI1 =1l.,a=a =@ @)y =1,.1

G =1

G G-

Vay G, NG, ={15}.
a)Gid st G = {al,az,...,an}. Véi mbi a;, ta cé

aiG = {aial, ady ..., aian} =G,

That vAy, néu tréi lai thi tén tai j # k sao cho aa =aa, =
a; =ay 12 mét didu méu thuén. Vay phuong trinh a.x = a; cb
nghidém trong G véi mei a;,8; € G. Tuong ty, phuong trinh
ya, = a; cimg ludn ¢é nghiém trong G véi moi a,a; € G.

Theo bai tap 2.4, G 12 mét nhém.
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2.7.

2.8.

2.9

2.10.

2.11.

92

b) Mot tap 6n dinh cia mdt ni¥a nhém véi phép todn 12 mét
nia nhém con clia né. Do 1a phdn ti¥ ciia nhém nén moi
phén tif cda né déu thda man luat gidn wde. Vay theo a)
ndé 14 mét nhém con cia G.

Moix,y ¢ Gtacd xy= Loxy = (yx)zxy = yXyxxy = yxyl,y=

= yxy2 =¥xl, = yx. Viy G 1a nh6ém Abel.

Gid sif a, b € C(X). Ta sé ching minh ab™' e C(X). That véy,

viimei x € X ta cé

-1 -1
ab 'x = a(x_lb) = a(bx_l) ~axb™ = xab! ,

do d6 ab™! e C(X).

Véimoix,y e Xtacé: Xy =1y <:~x=y_l S yx=1,.Trds
(ab)" = (ab.ab .. aba) b = 1y

< b(ab. ab .. aba)= 1y

<> ba.ba. ba= 1y

© (ba)” =1,.
Suy ra cép cia ab biing ¢4p cia ba,

a) Vi {x] 1a nhém con ciia G nén theo dinh 1 Lagrange cdp
cla nhém con [x] 14 udc cla n, tidc cAp cha x 12 ude ciia n.

b) Gid sl xeG, x c6 cdp k. Theo a) tbn tai me N d€ km = n.
N n kym m
Tuds x* = (x*) =15 -1,

Vi nhém c6 cdp nguyén t6 p nén trong nhém tén tai phén ti
x khdc phan ti don vi. Tir d6 cfp ciia x lén hon 1 va 1a ude o



(theo bai 2.10). Do p nguyén té nén cdp cha x bing p. Vay
nhém 13 cyclic va x phén t sinh.

2.12. a) Gié st x 12 mét phén ti sinh clia nhém G thi

2.13.

2.14.

2.15.

G= {xnlneZ}.
Khi d6 ta ciing c6 G={(x_1)nlnez}.V‘1xa¢ x ' nén G ¢6

hai phén ti sinh. Néu x °1a mét phan t& bt ki cia G,

np #+ 1. Khidé nk= 1véimeike Z,dodéxe [x°],

tie 1a x° khong phai 1 phén tit sinh cia G.

b) Gié s& x 12 mdt phén ti sinh cda nhém G. D& they x *
ciing 1a phdn t& sinh cia G. Vi G chi ¢6 mét phin t& sinh

nén x=x L ox = 1G' Viy cép cia G khéng 1én hon 2.

Gid sit nhém G cé hon 1 phén tit. Ley x e G, x = 1,. i G
khéng ¢6 nhém con khéng tdm thudng va [x] = {1(}} nén
[x] = G. Vay G la nhém cyclic.

Theo bai tap 2.11, cdc nhém cép 2, 3, 5 14 nhém cyclic, do dé
la nhém Abel. Ta con phéi chiing minh mei nhém cap 4 la
nhém Abel. Thit vy, néu trong nhém c6 mot phén tir cdp 4
thi nhém la cyclic, do d6 14 nhém Abel. N&u trong nhém
khong c6 phén ti cip 4 nao thi mei phén tit khic don vi déu
c6 cdp 2, trudng hop nay nhém 14 nhém Abel theo bai tip 2.7.

Nhém S, khdng giao hoén, chdng hana=(1,3,2),b=(2,3, 1)
6 aob # boa. Do v@y 8, khong 1a nhém cyclic. Vi S, cdp 6 nén

nhém con thue sy cia né c6 efp 1, 2, 3 nén déu 1a nhém cyclic.
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2.16. Véimoia e A, be Btacéd
abba) ' =atba b HeA (viaeA ba'b! eA)
ab(ba) > =(aba )b 'eB  (vi aba ' €B,b e B)

Vay ab(ba)™ € AnB = ab(ba)” =1, ab = ba.

2.17. a)Moixe X,a e [X X]tacd
x lax = a(awlx-lax) e [X,X]
do dé [X, X1 14 nhém con chuén téde.
Vaimoi x, ¥y € X, x_ly_lxy e [X, X)
= xy[X, X] = yx[X, X]. Vay %X,X} la nhém Abel.

b) % Abel & Vx,y € X, xyA = yxA
< VX, y € X, x‘lyu1 xy e Ao XXlcA
2.18. Gia sit ¥/, = [tA]. Khi d6, moi x,y € X
xA=t"A>x= 1:““&11,'511 €A
VA=ttA= y= tna2,a2 €A.
Do a,,a, € C(X) nén
Xy = tmaltna2 = t.mmknajaa2 ;
¥X = 'r,nazt:ma1 = tn+ma231 = tfmnalla2
Vay xy = yx.

2.19. D& thay ((S) 1a nhom con ctia nhém N(S). Moi x € N(S), a & C(S)
ta cin ching minh x 'ax e C(S). Véi mei s e S, dat
y=(x ax)s(x 'ax)™', ta s ching minh y = s Ta cb
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y = x laxsx talx. Do x « N(8) nén xSx 1 =8 , tile 1 35’ S

a8 xsx =5 = y= x 'ag'a x. Do a e C(S) nén as'a ' =g’
>y= x 's'x . Tuds y=xxsx x=s.

2.20, a) Thi truc tiép cdc tién dé cia nhém. Phan ti trung hoda la

(0, 0, 0), phén tir d6i xing cia (k,k,,k,) la

k3+1
((—1) kl, —kz,—k3 .

b) (1,0,0)°= (0, 0, 0). Véi n = 0 néu (1,0,0)" = (n, 0, 0) thi
(1,0,0™ = (m, 0, 0X1, 0, 0) = (n + 1, 0, 0). Do d6 (1,0,0)" =
(n,0,0)véi moin ¢ N. Turdé (10,00 = (,0,0) ' = (n, 0, 0)
véin <0 Vay A= {k,0,00t ke Z}.

Vdimoi x = (kl,kz,k3) eX,a=(k, 0,0) e Atacé

-1 k. +1
X ax = [(—1) ; kl,—kz,—ks} (k, 0, 0) (k. Ky k) = 2k, 0, 0) < A

Vay A 1la nhém con chuén tic cia X.
2.21. Anhxaf: Z >nZ,flk)=nkla dingcdu, dodé Z =nZ.
222, Chof: (Q,+) » (Z, +) 12 mdt dong cau. Gid sd A1) = m. Vdi

* 1 1 m 1
ik : ‘f == — = = _ -

—=m:ikvéimoike N.Suyram=0. Tirdé f{1) = 0. Véi

moi P Q.pe Z,qe N tac6
q
P_ = -
qf[;]—f(p)—pf(l)—o.

Vay f[EJ=O véimoi B ¢ Q.
q q
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2.23. Néu c6 m6t ddng cau f: (R ,+) — (R",.) thi tén taix € R sao
cho fix) = 1. Khi d6 ta gip mau thun vi

1= f(x)—f[z 2) f(%}f%]w.'

224. Gidstf: X o> X, fix)= x . D& thay f 1a mét song d4nh. Véi

moi x, y < Xta cé fixy) = (xy)_1 = y_lx—]' ; fix) fiy) = xﬁlynl

Do d6 f 1a ddng cdu < vx,y : y"IJ(-1 = Xﬁly_l &

-1 -1yE -1yt | X
(y X ) =(x ¥ ) < xy = yx © X 14 nhém Abel.

2.25. a) Phén tir trung hda la [IG 1s ), phén tir d8i xung cia
1 2
s o1 1
(XI’XZ) 1‘? (xl » Xy )

b) Chon (x,,x,}€ G, xG,, G, =[x,], G, =[x,]. D& dang théy
(xl,x2)m'n=(1G g ) V4 moi k sac cho (xl,x2)k=
[IG G ) tth = G’ k 1G2,suyrak fmk:in
Vi{m, n) =1 nén k : mn. Vay G, xG, 12 nhém Cyclic

v6i phén tif sinh 1a (x,, %, ).

Bay gi¥ gid si (m, n) = d > 1. Khi d6 goi k 12 bji chung
nhé nhdt cia m va n thi k < m.n. V6i moi (xl,xz) €

k
G, xG, ta c6 (x;,%,) =[1G1’ 162), titc 1a moi phan tir

déu c6 cdp < cdp cha nhém. Viy G, xG, khong 1a nhém

cyelic.
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2.26. (Z ») 14 mft nhém giao hodn, phdn t& trung hoa 1a 2, phén
ti déi ximg clia m 1a 4 - m.

Né’umcnthivdimgipez tac6:m+p-2<n+p-2=
mx*p<n=+p Vay(Z, % <)1a nh6m sip thd tu.

2.27. Gid st G = {gl,gz,..., gn} véi g, <g,<..<g, . Trudc hét ta
chimg minh g, =1,. That véy, néu 8 #1lgthi g <1, =
gf < g, , mau thudn vdi g; 12 phén tif nhé nh4t. Ti d6 ta
ciing ¢6

B <B18, <658, < <Ep 28, -
ta gdp mau thuln. Vay G phai vé han.

228.b) (a,b)=(a'b),(c,d)=(c’,d)=>a+b' =b+ a,c+d'=d+c¢’
= {a+c)+(b'+d)=(b+d)+(a'+e)
=@a+c,b+d~ (a+c’,b'+d)
= (a,b) +(c,d)=(a',b) +(c',d").

Vay quy tdc d4 cho la phép todn trén X .

C6 thé kiém tra tinh chét két hop va giao hodn cia phép todn
trén X m¢t cdach dé dang.

Phén ti¥ trung hoa : (a,3),aeX
Phén ti d6i xing cGa (a,b) 1a (b,a).
c}Véimoib,b’e Xtacba+b+b =b+a+b
=@+bb)~(a+b,b)= (a+bb)=(a+b’,b")
Moi x, y € X, chon tuy ¥ beX ta ¢6
Jx+y)=x+y+b+bb+h)
=(X+b,b)+(y+bb)
=j (0 +j ()
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3.1

3.2,

3.3.

3.4.

3.5.
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Vay j la déng cau.

Vé6imoi X, ye X, x#y >X+b+bzb+y+b
= (x+b,b) # (y + b,b) = j(x} = j{y). Vay j la don anh va do
dé 1a don cau.

d) Gia sit (a,b)e X, chon tuy ¥ ¢ ¢ X. Ta c6

@ab)=@+ce)+(c,b+e)=(a+cc)—(b+cec) =a—b.

CHUONG I11. VANH VA TRUONG

k
Ta ¢6 (—x)% = (-x}-x) = x> . Do d6 (-x)°* = ((—x)z) = x2K

(0 x = xx ! =1, (-x )x) = 1y, do d6 —x kha nghich
va (-0l =-xt
Phén tit khong 12 (0, 0); phdn ti d6i céa (m, n) 1a (-m, —n);
phén ti don vi 1a (1, 0).
Né&u X giao hodn thi v6i moi f, ge x® ,8 € Stach

(£8) (8) = Ks) . g(s) = gO).6) = (£ (5),
do d6 fg = g.f.
N&u X c6 don vi thi ham I, I(s) = 13 véi moi seS 1a phan t&
don vi cia X°.

A:{m+n%lm,nez} khong 14 vanh con cia R.

That vay 35 <A nhung ¥5. 35 ¢A.



3.6.

3.7.

3.8,

3.9.

3.10.

Vdimoia, be CX),xeXtacH:
(a-b)x=zax-bx=xa-xb=x(a-b)=>a-beCX)
(ab) x = a(bx) = a{xb) = (ax) b = (xa} b = x(ab) = ab € C(X).
a) Gid st a € X, a khong phdi la u6c cila khong, n_ la cap
cia a. Ta s& ching minh n, =s. Hién nhién 1<n, <s. V6i
moix € Xtaco _
(nax} a= x(naa) =x.05 =04.

Vi a khong 1a uéc cia khéng nén n_x =0y vimoix ¢ X.
Suy ra n 2s. Vay n =s.
b) N&u a c6 cdp hitu han thi tuong tu a) ta ¢ n x =0, vdi

moi X € X, méu thudn véi X ¢6 déc sd khéng.
¢) Suy ra tir a).

Moix e X, ta cé —x=(—x)2=x2_:x:>—x=x.
Mgix,yeX, (x+y)2-_-x+y:$ x2+xy+yx+y2=x+y
= xy +yx =0 =Xy = —¥yX = Xy = yX.

a)a,bemX = a=ma',b=mb' @>a-b=m {a-b') ¢ mX,

aemX Xxe X>ax=ma'x € mX, Xxa = xma’ = mxa’ € mX.
ba,beA=om(a~b)=ma-mb=0=a-~b e A

acA xeX>max)=(ma)x = 0x =0, m(xa) = x(ma)=0
=>axe A xae A
x,yecA+B> x=al+b1,y=a2+b2,al,a2eA,bl,bzeB

=>Xx-y=(a ~a,)+(b -b)ecA+B.

z e X, x=a1+b1 cA+Bozx= za1+zb1 € A+ B,

XZ = alz+blzeA+B.
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8.11. a) Moi x+IO,y+IG‘E}{0 taco xy +1; = yx+1I

vixy—yx.—.OEIo. |
b) X/ giaohodin o Vx, y e X, xy-yx el [ 1.

3.12. Gidsif: Z — Z la déng cdu vanh. Khi d6
fL=fD=ADAD=>KDHE-1)=0
= f(1) = 0 hosic f{1) = 1.
Néu f{1) = 0 thi fin) = 0 véi mgi ne Z,
Néufill)=1thifin)=nvédimoine Z.
Véy chi c6 hai déng cdu tir vanh Z vio Z la déng c4u khéng
va dong céu dong nhat.
3.13. b) N&u f(a + bv7) = a + b1l la déng cfu thi
| f7) = £(7+0J7) =7+ 011 =7
R7) = £{0+TX0+ VD) = £0 + V). £0 + ¥7) = VIT.VII =11,
ta gip mau thuin.
¢) Néu f: Q(7) - Q(/11) 1a déng cfu thi A1) = 1. Tir d6 suy
ra fi7) = 7, STV = 7= ((4D)) =7 = 17y = V7
Pay 1 mt diéu mau thuin, vi V7 ¢ QWIT).
3.14. a) {O}nguyén t& <> xy =0thix =0 hosicy = 0
<> X 1a mién nguyén.
b) {0} t5i dai <> moi ideal A cia X, A # {O}thi A=X
<> X chi ¢6 hai ideal 12 {0} va X
< X la trudng.
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¢) Pnguyénts < xy e Pthix e Phosicy ¢ P
Sx+Ply+P)=0+Pthix+P=0+P
hoicy +P=0 + P.
<3 1%'19 mién nguyén.
d) M t6i dai <> X{, chi 6 hai ideal tm thutmg Ia {0’%\5} va X4,
© X¢ 1a tradng
e) Suy ra tif ¢) va d) vi moi trudmg 13 mién nguyén.
3.15. Ta chi cdn ching t6 F(A) 1a mét trudng con.
Gid st a=xy " e F(A),b =zt  F(A), Khi d6
a-b=(xt-zy)yt) " e F(A)
Né&u thém b = 0 thi z # 0 do d6
ab ™’ = xy_lt,z"1 = (xt)(yz)_l e F(A).
8.16. a) Phin tir khong 1a (0, Oy ), phén t& déi cta (m, %) 12 (~m, —x).
Phén tir don vi 1a (1, 0).
b)h (x +y) = (0, x + y) = (0, %) + (0, ¥) = h(x) + h(y);
hixy) = (0, xy) = (0, x) (0, y) = h(x} h(y),

Viy h 1a dong cdu. Ré rang x = y = (0, x) = 0, v)
=> h(x) # h(y) nén h 1a don céu.

3.17. b) Phdn tif khong 1a %, phén tit d5i cia = 1a =X Phan ti
X . X X

1 1 . 1
don vi la —A~=x—., phén tf nghich déo cia _x_ 201a X
lA X X X
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¢) j(x+y)=x+y=-1"—+1l=j(x)+j(y)
lA A A -
jGey) = - "’{ = %Ty“ = X)),
ATTA A TA

vay j la déng cdu. Mat khdc x = y thi — = 2 = j(x) = j(y),
A A

vay ) 1a don cau

-1
1 | .
d) Ta c6 1‘=—"-.—%=i.["—J —xx .
X' 1, x lA 1,

5 O Op . ab
3.18. a) Phin t khéng la , phan to déi cla la
0 0F c d

v

—a -b 1. 0O
[a ].Phﬁntfrdo‘nvjla PR
- -dJ - P lF

b} Thi truc tiép.

c¢) Phéan tif nghich d3o cda (: ;} ,ad—be =013

dad-be)™ - blad - be)™
~ead-be)t  atad-be)"

a, b a b
3.19. a) V&i 2z, =( 1 1], z, =[ 2 2] ta c6
-b, a -b, &,
. 2 _[al_a2 bl*sz cC
1 2
—(b1 _b2_) a —a,
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Y g = [ala2 -b,b, ah, + b.a, cc
e T —
1 ~(ab, +bia,) a8, b,b,

by .
MQiz:[E ]eC,z#O,zcénghichdﬁolé
-b a
a -b
2 2 2 2
,l_la +b a +b e C.
b a

2 2
a2+b a2+b

a, +a, 0 a 0 a, 0
0 a, +a, 0 8, a,

= ja) +jlay).

a,a, 0 . a, 0 a, 0
0 a,a, 0 a, 0 a,

= jla,) .ja,)

Tinh don 4nh 13 hién nhién.

2 (-1 0 a b
T = = — i
c)Tach i [0 _1] 1 va mot (—b a] e C
ab-_aO+0b_a'0+01b0_a,b
b oal lo a) b o) lo a)le1 ojlo p)72 "

a b
320.8) o, =[_ _:], . z[_z _2] c 2
S T -b, a,
b
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a,a, - b1b2 a1b2 + bl az
449, =
2

-bl.c.:.z—a.lb2 —b1b2+a1 a

€2

[ a,a, -b b, a;b, +b, a,

~{ayb, + bl% a,a, - b,b,
a b - _
Mgiq=[_b _Jez,dgit a=aa+bb.
-b a

a=0ca=b=0dod6q=0thia>0 Tids

-k

@ e 2.

Qlol R (|ml
R

a b
e} Véimoiq=| _ —| €2 dit a= +ia,, b=b +ib
T a 4, +1a, y 10y

3

,8,,b..b, € R, ta c6
8),89,D,b,

q = a1+ig2 b1+ib2
-b, + ib, a - ia,

(% 0, [ 0N, (0 B, 0 b,
0 a, 0 -ia, —bl 0 1b2 0
=a, +a2I+b1J+b2K.

3.21. a) Néu trdi lai 1 <0 thi 0 < -1 = 0(-D<(-1})(-1)>0< 1,
ta gdp miu thudn. Vay 0 < 1.

b) Néu 0 < a nhung a ' <0 thi a_l.a<0.a:>1<0, ta gip
méu thuin. VayO<a=0< a™>, 0 < a_1:>0<(a_1)—1=a.
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3.22.

¢) Theo b) a < l),l:u'1 <0= a bl >0. Tirdé

a<b<0 o aabl<balbl<oalp!

oblealco.
d)a<bh =>a+a<a+b<b+b

= al+al<a+bebl+hbl

=a(l+D<a+becb(l+1)

Vil+1>0nén (1+1) " >0. Tirdé
—=a<(a+h ‘{1'+1)_1 <h
Vayco x, =(a+b1+1) dd a<x, <b

Tuong ty ta lai tim duge x,,a <X, <X, .. Ta tim duge v6 s§

xthéamina<x <b.

Né&u ¢6 mét tht ty < d€ bién trudng s6 phde € thanh mot
trudng sdp thit iy thi 0 < i’-50<-1.Ta giip mAu thuin.

CHUONG Iv. MOT VAI LGP VANH PAC BIET

4.1,

Vi X l1a vanh chinh nén tén tai ceX, <a, b> = <¢>. Ta s8& chi
racvad dlién két. Ta c6 a, b € <c> nén cla, clb = cld. Mat
khédc, ce<a,b> nén tén tai x,yeX, ¢ = ax + by, dla, dlb =
dle.

42. a)Xétp: X > % 14 toan c&u chinh tdc. V6i moi ideal B cha

X/, p ' (B) 1a ideal cia X. Do X la vanh chinh nén
p L (B) = <b>. Tit d6 B = <b + A>.
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b) Vanh %/ c¢6 moi ideal déu la ideal chinh. Do d6 X la
vanh chinh < %/ 1a mién nguyén < A 1a nguyén t4.

4.3. a) Gia sir A 14 mdt ideal chita <p>. Khi d6 A = <a>. Suy ra p € <a>

4.4.

= p=ab. Vi p bt khd quy nén all hoticbil. Khid6 A =X
ho#ic A = <p>. Vay <p> 12 ideal tdi dai.

b) Gid sit P = <p>. Néuplabthiabe Pdodéac Phoacb ¢ P
tic 1a pla hofic plb. Vay p 14 phdn ti nguyén 3, tir d6 p 1a
phan ti chinh quy. Theo a) P 1a t4i dai.

¢) Tap D = lax+bylx,yeX} la mdt ideal cla X, do 46
D=<d>Via=al+b0eD,b=a0+bleDnéndla,
dib. Dod € D nén d = as + bt, s,teX. Néu ¢ ¢6 cla, ¢lb
thiclas + bt = cld.

Né&u %/ 1a vanh Euclide thi X/ 1a mién nguyén, do d6 A la

ideal nguyén t3. Nguge lai néu A 12 ideal nguyén to trong X

" thi hotic A = {0}, hogic A 1a ideal t5i dai (Bai tdp 4.3 b)). Khi

d6 X/ = X hoiic X/, 12 mot truimg, Vay X/ 1a vanh Euclide.

4.5. a) Gid sif F la m{t trudng. Khi d6 6 : F* 5 N, § (x) = 1 v6i

4.6,
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moi X € F* la dnh xa bién F thanh vanh Euclide.

b) N&u A 1a trudng thi moi x € A*tacéd 1=xx ', x = 1.x =
51 vadx)z21l=>8Mx)=1.

Ngugce lai, néu 3 1a 4nh xa hdng thi v6ix = 1 va y = 0, t4n tai

g, r € A sao cho 1 =yq + r. Néur # 0 thi 5(r) < 8&y) mau

thuan vdi & 1a 4nh xa hing, do d6 r = 0. Vay moi y = 0 déu c6

nghich déo, A 14 mét trudmg.

Gid sir da thuc 6 dang

ax” +a x4 .+
0 1 ot a .



Via,= 0 nén chon a; c6 2 cdch. Chon a,,1#0c63 céch.

Do vay theo quy tdc nhédn ta ¢6 2.3" da thdc bac n trong
Zs{x].

4.7. Bing thi tryc tiép ta thiy 1x® +14 c6 dung 4 nghiém trong
zl§ la 1,4,11,14.

4.8. a) D& thdy hiéu hai da thic thujc I[x] 1a mot da thic thude

I[x]. Gia s f(x) € I[x], deg fix) = n, g(X)eAlx], deg g(x)=m.

. . n+m n+m-1
Khi d6 fix) g{x) = cyx +¢X o CoL

trong d6 mdi ¢, 1a tdng clia cde tich cla hai phén ti, cé it nhét
mdt phin t& thude 1. Do I la ideal nén moi tich nay déu thude L
Tudé e elvsii=0,1,.,n+m, tite 1a fix) g(x) e HxI1.

b) Xét 4nh xa ¢ : Alx} - (84)[x], v6i moi

n . n__ .
fx)=Y ax dat o(fx) =Y ax,
i=0 i=1
trong 46 a_i =a, +1 e#{. D& kiém tra ¢ la m{t toan céu
vanh. Mit khac

n .oon . _
ker ¢ = {f(x) =Yax|Yyax = o}
i=0 i=0

1] o
= {f(x) =Yaxla =0vii=0,1,.., n}
i=0

1] .
= {f(x) =Y ax eAlxlla elvsii=0,1,.., n} = Iix}.
i=0

Do dé theo dinh i déng céu vanh A[x}{[x] = Al o= (8] x)
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4.9,

4.10.

4.11,

108

¢) I nguyén tg trong A & 4/ 1a mién nguyén < () [x] 1a
mién nguyén < A["}{[x] I3 mién nguyén < I{x] nguyén t3.

Xét 4nh xa ¢ : Alx] o A, f(:.:)=a0 +.¢3¢1x+...+a’:lxn — a
Khi d6 ¢ 1a mét toan cdu vanh va _
ker ¢ = {f(x) € AlX]| f(x)ix} = <x>.

0"

Vi vay A["}éx) =A.

Chi cén ching minh 3) = 1), tic 14 cdn ching minh néu
Alx] 12 vanh chinh thi mei x € A, x = 0 déu c6 nghich dao.
Xét ideal <a, x> cia Alx] sinh bdi hai phén tif a va x. Do Alx]
1a vanh chinh nén <a, x> = <d> véid ¢ A. VidIx va dla
nén d khé nghich. T d6 <a, x> = Alx]. Do 1 ¢ <a, x> nén
ton tai fx), g(x) e Afx] sao cho 1 = af(x) + xg(x).

V6i x = 0 ta c6 af{0) = 1. V4y a kha nghich.

Vi A 1a mién nguyén nén A[x] 12 mién nguyén, do dé Alx] c6
trutng cdc thuong xdy dung theo bai tdp 3.17. Cde phén ta
céia F(AI]) c6 dang 1 ; , %) « Alx], g(x) € Alx] \ {0}. Phép

todn trén F(A[x]) xdc d;nh bdi
fi(x) + fo(x) _ fl(x)gg(x) + g1(x)5(x)
g1(x)  golx) g1 (x)gs(x)

fl{x) f2(XJ - fl(X)f2(X)
g1(x) ga(x) g (X)ga(x)

F(Alx]) 1a tép cdc phén thic hitu tf trén vanH A. Vay néu A
1a m¢t mién nguyén thi cdc phan thde hiu ti trén A tao
thanh mt trudng véi cdc phép todn nhu trén.



4.12. a) a=v5+¥5 = a-v6=4%45 = a2—2J§a+5=\/§

= o?+5=v62a+1) = (& +5)7 = 52a +1)?

= af ~10a? - 200+ 20 = 0.

Vay o la nghiém cda da thdc x';‘ ~10x2 -20x + 20 € Z[x].

B)a=i+ 32 = @-0%=2 = (@®-3a-2)-iBa®-1) =0

= [(@® - 3a-2)~i302 + DJl(e® - 3a-2) +iBa + 1] = 0

= (®-3¢-22+@BaZ+12=0

= a6+-3a4—4a3+3a2+12u+5=0

Viy « 14 nghiém clia phuong trinh

x® +3x% —4x® +3x2 +12x +5=0.

4.13. a)x + 1, b) x% + 1.

4.14. a) Theo so 46 Horner
1 2 -3 R 1
-1 1 1 -4 0 )

-1 1 0 -4 0
1 1 a3
-1 1 @

Tit so 46 trén ta c6

xtr2x® _3x% _4ax 41 =
= x4+ -2x ¢ 1% - B+ DZ 4 d(x+ 1) +1

b) (x-1° +5(x - 1)* +10x - 1% +10x - 12 + 5(x ~ 1) + 1.
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4.15. a) fix) = ax® + bx? +ex +d
fix-D=ax-1D*+bx-1%+cx-1)+d
=ax3+(—3a+b)x2+(3a~2b+c}x+(-a+b—c+d)
fix) - fix - 1) = x° khi

1

a==

3a -1 :i
~3a+2b=0 = 4b=§,dtuyy

a-b+c=0 1

c==

6

Vay f(x) = %x3 + %x2 + El)_-x +d.
b} Theo a) ta ¢6 1% = f(1) - RO)
2% - f2) - K1)
n2 = fin) - fln - 1).
Cong cdc ddng thite nay, ta duge

Sp = f(m) = £(0) = =nd + snZ + 1p o BB 212041
3 2 6 6

4.18. Gia s x1 1a mdt nghiém hifu ti cda f{x), khi 46
ax?+bx1+c=0 = {ax1)2 + biax1) + ac = 0.
Dat y, = ax; thi y; la nghi@m hitu tf ctia phuong trinh
y2 +by +ac=0,

do d6 y; 12 s8 nguyén. Goi y2 la nghiém thi hai cia phuong
trinh nay thi y2 cing nguyén. Ta c6 y;+yy =~b,
¥1.¥2 = ac, do dé abc = —y,yo(y; + ¥9). Vi trong 3 s8 nguyén
¥i» Y2, Y1 +¥g 6 it nhat mét s6 chdn nén abe chén. Tir d6
trong 3 88 a, b, ¢ ¢6 it nh&t mdt s& chin.
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CUA NHA XUAT BAN GIAQ DUC

100 céu héi va dap vé viéc day toan & Tidu hoe Pham Dinh Thyc
Day toén & Tiéu hoc biing phiéu giao viéc Pham Binh Thuc
Gidng day cdc y&u t6 hinh hoc & Tiéu hoc Pham Pinh Thuc
Giai bai toan & Tiéu hoc nhu thé nao ? Pham Dinh Thye
M6t s8 van dé suy luan trong mén toan & Tigu hoc Pham BDinh Thyc
Phuong phap sang tac dé toan & Ti€u hoc Pham Binh Thyc
Toéan chon lgc Tigu hoe Pham Binh Thyc
Day hoc cdc tap hgp s6 & bac Tiéu hoc Nguyén Phy Hy (cb)
Day hoc phép do dai lugng & bace Tidu hoc Nguyén Phy Hy (cb)
$8 hoc Dau Thé Cap

Ban doc ¢6 thé mua séch tal cac Cong ti Sach — Thist b truding hoe
& cac dia phugng hofic cac clia hang sach clia Nha xuat ban Giao duc :

- Tai TP, Ha Nbi : 187 Gidng V8 ; 232 Tay Son ;
23 Trang Tién ; 25 Han Thuyén.
-Tai TP. Ba Ndng  : 15 va 62 Nguyén Chi Thanh.
- Tai TP.HO Chi Minh : 104 Mai Thi Lyu, Quan 1 ;
451 B - 453, Hai B4 Trung, Quan 3 ;
240 Trdn Binh Trong, Quan 5.
Tai TP. Can Tho © 5/5, dudng 30/4.

Website : www nxbgd.com.vn
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Gia : 10.500 d
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