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HOI TY THEO DUNG LUQNG C, , TRONG LOP F(Q)

Nguyén Vin Phi
Truong Pai hoc Dién lic

Tém tit: Trong bat bdo nay, chung 16i chimg mink dinh I hot tu theo  dung heong C,Fl trong lop
F(Q) Cu the, ching 16i chimg minh ring néu day ham u, trong lop F(Q) hor tu theo dung hromg C .
dén ham . thoa man uu >veF(Q) thiwaeco p(dd' u)y' hoi véu dén o(dd‘w)" theo nghia yéu ciia
4 dovei moi ham @l PSH O L*()).

Tir khéa: Hem da diéu hoa dcr. toan ur Monge- Ampere phirc, mién siéu 161, 16p ham F (). hoi 1
theo dung heong
1. Giéi thiéu

Ham da diéu hoa dudi 1 16p ham quan trong trong 1y thuyét da thé vi. Hai bai toan co
ban ciia ly thuyét da thé vi 13 bai todn vé sy tén tai ciia todn fir Monge - Ampere va giai
phuong trinh Monge - Ampere. E. Bedford va B. Taylor trong [1, 2]) da chi ra su tén tai ciia
tén nr Monge - Ampere trén 16p cdc ham da didu hoa dudi bi chan dia phiong. Tiép do,
U. Cegrell m& réng dén cic 16p ham khéng b chian dia phuong ma trén dé toan tr Monge-
Ampere van xic dinh (xem [3, 4]). Trong qua trinh giai phuong trinh Monge-Ampere ¢6 mét
bai toan dugc cac nhé toan hoc quan tdm d6 1a mdi lién hé giita su hdi tu theo dung lugng va
sur hoi ty theo dé do. Bai todn vé su hdi tu theo dung lugng trén 16p cac ham da diéu hoa dudi
bi chan dja phwong dugc nghién ciru boi Y. Xing. Trong Dinh 1y 2.1 cba [10] Y. Xing chimg
minh duoc ring trén céc 16p ham da didu hod dudi bi chan déu dia phuong néu day ham v,
héi tu theo dung luong C, | dén ham u thi ta c6 p(dd*u )" héi ty yéu dén (ddu)" theo
nghia yéu ciia 46 do vi moi ham ¢L PSH N L™ (). Viéc mé réng két qua cia Y. Xing t6i
16p cac ham da diéu hoa duéi khong bj chin duoc nhiéu nha toan hoc nghién ctru nhu U.
Cegrell, P. H. Hiep,... (xem [6], [7], [8], [9]....). Trong [6], U. Cegrell da chimg minh dugc
1ing néu day ham u, trong l6p F(Q) boi tu theo dung luong C, dén ham u thoa man
up uzve F(Q) thitacs (dd”u})" héi ty theo nghia yéu cua dé do dén (ddu)". Tiép theo,
trong [7], U. Cegrell di mé rong két qua trong [6] dén truong hop héi tu theo dung lugng
C,_,- Trong (8], [9], P. H. Hiep da chimg minh digc ring néu diy ham u, trong l6p F(Q)
héi tu theo dung lugng C, dén ham u thoa man u,uzve F(Q) thitacd p(ddu))" héi tu
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yéu dén @(dd‘u)" theo nghia yéu cua d6 do véi moi ham (p|_ PSH N L*(Q). Trong bin bau
nay, ching t6i mo rong két qua cia P.H. Hiep dén trudmg hop héi tu theo dung hrong C,

Bai bao duoc b6 cuc nbu sau: Trong muc 2, ching t6i nhic lai vé 16p ham da diéu hoa
dudi dugce dua ra gan day bai U. Cegrell. Tlép sau d6 ching toi nhic lai mét s6 khai niém vé

sir héi ru theo C, va C, | dung lugng. Trong muc 3, ching 151 trinh bay két qua chinb cta
bai bao.
2. Mt s6 khai piém

Trudc tién, ching téi nhic lai khai niém ham da didu hoa dudi nhu san.

Dinh nghia 2.1. Cho X 14 khédng gian t6pd. Ham u: X [0, 4c0) goi la nura lién
tye trén X néu véi méi @l » , tap:

X, ={xeX ux)<a}

1a mé trong X. Ham v: X — (—0,+0] goi la nira lién tuc dudi trén X néu —v nua
}ién tuc trén trén X.

Pinh nghia 2.2. Cho Q la tdp m& trong » . Ham w: X —[—c,+0) goi la didu hoa
dudi trén Q néu né nira lién tuc irén irén € va théa man bét ding thirc duéi trung binh trén
O nghia 12 véi moi @e € tn tai & > 0sa0 cho vdi moi 0< 7 <8 taco:

() < Lr" u{o+re")dt.
2w o
Ki hiéu tap cac hdm dién hda dudi trén Q 1a SH(Q).

Pinh nghia 2.3. Cho Q la tdp md trong » “. Mot ham 1 : Q —[—o0,+00) duoc goi la
ham da diéu hoa dusi trén Q néu né thoa man ddng thoi hai didu kién:

(1) u nua lién tyuc trén rén Q;

(2i) V&i moi duong thang phirc £NQ# @, han ché cia » 1én moi thanh phan lign
théng cia Q2 1a mot ham diéu hoa dusi. O day £={a+1b:a eQ,be>", 4 e }.

Tép tht ca céc ham da didu hoa dudi frén Q ki hidu la PSH(CY).

Dinb nghia 2.4. Cho tap m& Q e» ™ Khi dé Q duoc goi 1a mién sién 15i néu Q 13

tap ma, bj chan, lién thong va 10n tai mét ham da didu hoa dudi, Am, lién tuc, vét can u trén
Q, nghia la:

Q ={z eQ:u(z)<c}ccQ,‘v’c<0.

DE kiém tra ring moi hinh cdu trong » " 14 mdt mién siéu 18i. Ta sé& dua ra mét vi du
vé mién khdng sidu 16i 14 tam giac Harfogs:

={(z,w)|_ C? :|zl<‘w|<l}.
Thit vay, gia sir phan chimg rang D 1 mdt mién siéu 18i. Khi d6, theo dinh nghia 13n
tai m§t ham da didu hoa dudi, 4m, lién tuc, vét can u trén Dva thoa man véi moi (é»U)L fD
ta co:
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w(z,w) =0,

lim
(=m)(n.)
Ta dat:
1 (w) = u(0,w).
Khi d6, v, 1a ham da diéu hoa du6i 4m trén mién:
A={w|_ C:0<|w|<l}.
Vi (0,0) fD va

C_I’I‘IEDHO(W) - (o.ulul—r‘]?cm”(o' w=0.

Do d6, theo dinh 1y khir ki di chiing ta c6 thé mé rong u, 161 mbt ham da didu hoa

dudi trén mién:
A :{Wl_ C:|w|< l}

bing cach dit u,(0) =0. Theo nguyén ly cyc dai, 1a ¢é u, ..0, diéu nay vé 1y. Do do,
D 12 mt mién khdng siéu 16i.

Trong bai bdo ndy, ta luén gia thiét QO 13 mot mién siéu 18i trong » ” néu khéng co
gidi thich gi thém.

By gio ta gia st Q 12 mot mién siéu 16i trong » . Ta nhic lai 16p ham duge dua ra
bai U. Cegrell trong [3] va [4].

£ ={pe PSH ()L (2): :ljg\zlzp(z) = O,I(dd‘ )" <o},
Q

F(Q)= {q; € PSH(Q):3¢, € E,(Q),9, Lo trén Q sao cho sup, _[(zid‘qa/ ) < m}

Tiép theo, ta nhic lai khai niém vé syr hoi tu theo dung huong:
Dinh nghia 2.5. Véi moi tip Borel E trong Q, dung luomg C, vd C,_ clatip E
duge xéc dinh nbu sau:

C.(E)=C,(E,Q)= sup{j(ddqo)" 1p €PSH(Q),-1<p< o}.
£

C, (E)=C, (E,Q)=sup U(ddfq; ) Add”
E

Z|

: O<p< l}

Day ham u, L PSH™(Q) duoc goi 1a héi tu theo dung lugng C, dén ham u néu
C(Kffu, 1> 8) >0 khi j> e vsi VK cCQVE>0.

Day bam u, | PSH™(Q) dugc goi 14 hoi tu theo dung luong C, dén ham v péu

C"‘,(Kr\lu}—u|>5)—>0 Khi j =0 véi VK QVE>0.
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Tur dinh nghia trén chung ta ¢6 nh4n xét sau:

iy Néu u, hoi tu dén ham u theo dung lugng C thi 4 hoi tu dén ham u theo nghia
” , hoi ry
dé do.

i1y Theo Dinh li Dini va tinh tua lién tuc ctia cic ham da didu hod duéi ta c6 néu day
ham da diéu hoa dudi i, dom diu tang hoc don digu giam t6i ham ul PSH(C)khi j—>®
thi ta co u, héi tu dén ham u theo dung luong C,.

iii) Néu day ham 1 L PSH™(Q) duoc goi 1 hoi tu theo dung lugng C, dén ham it thi
né ciing hoi ty theo dung luomg C, dén ham . That vy, v&i mei K ccQ va moi
O<p<ltacs 0< w+|z|2 <M(Q) trén K, & d6 M(Q) chi phu thuje vao dwong kinh cia
Q. Tacé:

2

ol ol et :
J{e o+ =] | i) <@reo,

Mit khéc, ta c6:
[ddr¢+dd|zr)]“ =(dao) +n(dd‘4o)"” | ddzf +... n(ddw:)"" | ddlaf .
Nhu viy, ta c6: C_(K) < A(Q)C (K).
3. Pinh li hdi tu theo dung hrgng trong lop F(Q)
Trong [7], U. Cegrell da chimg minh dugc rang néu day ham u, trong 16p F(2) hoi
tu theo dung luong C_ dén ham u voi didu kién u, zu, € F(Q) thi ching ta cé (dd“u/)"

hoi tu yéu dén (ddu)" khi j— co. Trong phén nay ching (61 trinh bay mot két qua 1a mo
rong cda két qua trén.

Dinh Iy 3.1. Néu day ham u  trong lop F(Q) héi tu theo dung hromg C,_, dén ham
u thoa man u,u >ve F(Q) thi ta co qo(ddru}.)" héi tu yéu dén @(dd“u)" theo nghia yéu
ciia d do véi moi ham @l PSH A L*(Q).
Chirng minh. Léyfl_ Cy(Q),f 0, chingta cAn chimg minh:
tim| fotady <[ fotdd v

Gia sit p(dd‘u )" hai ty yéu dén d6 do . Theo Dinh 1y 2.1 trong [4] ta 13y day ham
%_L Ea(Q)mC(a)' gak} @, Tir gia thuyét u hoi ty theo dung luong C, | dén bam  va

theo Dinh ly 1.1 trong [7] ching ta 6 (ddu )" hdi tu dén (dd"1)” khi j —> o0 theo nghia yéu,
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Do dé, chiing ta cé:

_ o R D
J-fd,u:lxmj-fw(dd u,) SI'mSl’PLllmIfwl(dd u) J—llmsupLJ‘f(pk(dd’u)"J=.[f(p(dd'u)".
a ey tmr - NI (RS n

Nhu vy, 4< (ddu)".
M3t khac, tir chimg minh cia Dinh ly 1.1 trong [6] chiing ta co:
lim [ h(dd‘u )" = [ h(dduy", vl E,(©).
L P
Do do., J‘Q(dd‘u)" = lime(dd‘ul ) =Ja’,u.
a " )

Tir do, chung ta co p = p(dd“u)".

Hé qua 3.2. Néu day ham u irong lop F(Q)hoi wu theo dung hrong C, | dén ham u
thoa man uuzve F(Q) thi ta co h{p) (dd“u} Y' hgi tu dén (@) (dd°u)" theo nghia yéu
ctia d6 do véi moi ham pl. PSH AL (€2), h| C(» ).

Trude khi chimg minh Hé qua 3.2, chiing ta nhic lai mét két qua bé trg trong Bé dé
3.3 dudi ddy. Noi dung ciia BS dé 3.3 chinh 14 Ménh dé 2.4 trong [9].
Bé ad 3.3.

Dar: SPSHAL (Q)={¢-W;¢,WL PSHAL (Q)}.

Khi d6. néu g, w| SPSHAIL (Q)thi pw| 6PSH L ().
Chirng minh HE qua 3.2.
Ly fL C2(Q),f 0, ching ta cén chimg minh:

}i_{glfh(w[(dd"u, Y - (dd"uy']=0.

Pat A= sup{qa(z) iz EQ}. Xép xi ham lién tuc / bing day céc da thicc P, thoa man:
Iimsup{‘Pl(x) - I1(.\')| xlL [—A;A]] =0.
ot

Theo Bb dé 3.3 1a c6 P () L SPSH ~ L*(©). Do 6, theo Dinh Iy 3.1 ching ta cb:
lgni ” (¢)[(dd‘u, ' ~(dd“uy|=0.

Tir d6, ching ta c6 diéu phai chimg minh.
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CONVERGENCE IN C,_, - CAPACITY IN 7(Q)

Nguyen Van Phu
Electric Power University

Abstract: In this article, we study the theorem of convergence in CIH- capacity for functions in

F(Q). Namely, we prove that if u, is the sequence of functions in  JF (§2) converges to u in C,P| - capacity

and U \uZVE F(Q) then p{dd" u/)"convcrgex to @(dd u)" in the weak sense of measure.

Keywords: Plurisubharmonic functions. the complex Monge-Ampere operator, hyperconvex domain,

a class of functions in F(Q) convergence in capacity.
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