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HOI TU THEO D U N G LU'ONG C,^_^ TRONG LOfP j r (Q) 

Nguyen Van Phu 

Trudng Dgi hoc Dien luc 

Tom tut: Trong bdi bdo ndy, cimng loi chimg minh dinh ly hoi tu theo dung luong C trong lap 

T{Q) Cu the, chung loi chirng minh rdng neu ddy hdm w trong lop !F{Q.) hoi tu theo dung lupiig C 

den bdm u thoa mdn U ,[( > V G J^(Q.) ihi la co (p{dd' u )" hoi tu yeu den (p{dd''u)" theo nglua veu cua 

dp do voi moi hdm <p]_ PSHnC'(Cl). 

Tir khda: Hdm da dieu hoa duoi. todn tir Monge- Ampere phirc. mien sieu loi. lap hdm j F ( Q ) , hoi tu 

theo dung lup'ng 

1. Gioi thieu 

Ham da dieu hoa duai la lop ham quan trong trong ly thuyet da the vi. Hai bai toan ca 
ban cua ly thuyet da the vi la bai toan ve sir ton tai cua toan tu Monge - Ampere va giai 
phirong trinh Monge - Ampere. E. Bedford va B. Taylor trong [1, 2]) da chi ra su ton tai cua 
toan tu Monge - Ampere tren lap cac ham da dieu hoa dudi bi ehan dia phuang. Tiep do, 
U. Cegrell md rpng den cac ldp ham khong bi ehan dia phuang ma tren do toan tu Monge-
Ampere van xae dinh (xem [3, 4]). Trong qua trinh giai phuang trinh Monge-Ampere c6 mgt 
bai toan duac cac nha toan hpc quan tam do la moi lien he giua su hpi tu theo dung lupng va 
sir hpi tu theo dp do. Bai toan v6 sy hpi tu theo dung luang tren ldp cac ham da dieu hoa dudi 
bi ehan dia phuang dirac nghien cuu bdi Y. Xing. Trong Dinh ly 2.1 cua [10] Y. Xing chung 
minh duac rang tren cac ldp ham da dieu hoa dudi bi ehan deu dia phuang neu day ham u ̂  

hpi tu theo dung luong C^_^ d^n ham u thi ta co (p(dd"uy' hpi tii y6u den (p(dd'u)" theo 

nghia ySu cua dp do vdi mpi ham ^ L PSH n £"{^1). Viec md rgng k t̂ qua cua Y. Xing tdi 

ldp cac ham da didu hoa dudi khong bi ehan dupc nhieu nha toan hpc nghien cuu nhu U. 

Cegrell, P. H. Hiep,... (xem [6], [7], [8], [9]....). Trong [6], U. Cegrell da chung minh duac 

rkg nSu day ham u trong ldp :F(Q.) hpi tu theo dung luang Ĉ  den ham it thoa man 

u.,u>vEy^{Q) thitaco (dd'u )" hpi tu theo nghia ySu cua dp do den (dd'u)". Tiep theo, 

trong [7], U. Cegrell da md rpng kat qua trong [6] den trudng hop hpi tu theo dung luang 

C _̂,, Trong [8], [9], P. H. Hiep da ehiing minh duac rkg ndu day ham u^ trong ldp J^(ii) 

hpi tu theo dung lucmg C d8n ham u thoa man u.,u>veJ^(Q.) thitaco <p(dd''u^Y hpi tu 
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yeu den tpidd'u)" theo nghTa yiu ciia dp do vdi mpi ham ^i PSH(^€^(Cl). Trong bai oab 

nay, chung toi md rpng kat qua cua P.H. Hiep dgn trudng hop hpi tu theo dung lupng C,,, 

Bai bao dupc bo cue nhu sau: Trong muc 2, chiing toi nhic lai vh ldp ham da dih hoa 

duai dupc dua ra gan day bdi U, Cegrell. Tigp sau do chung toi nhae lai mot s6 khai niem ve 

su hpi tu theo Ĉ  va Ĉ  , dung luong. Trong muc 3, chung toi trinh bay kk qua chinh ciia 

bai bao. 

2. Mot so khai niem 

Trudc tien, chung toi nhae lai khai niem ham da diSu hoa dudi nhu sau. 

Djnh nghla 2.1. Cho X la khong gian topo. Ham u: X ~>[-^xi,+co) gpi la nua lien 

tuc tren Xneu vdi moi a\_ » , tap: 

X^^{x^X : u(x) < a} 

la md trong X. Ham v: X —> (-co,-K«] gpi la mia lien tuc dudi tren Xneu -v mia 

lien tuc tren tren X. 

Djnh nghia 2.2. Cho Q la tap md trong » . Ham w: Ji'-> [^x,-KC) gpi la dieu hoa 

dudi tren n neu no nua lien tue tren tren Q va thoa man bSt d^ng thiic dudi trung binh tren 
Q nghTa la vdi mpi (OGQ ton tai 5> Osao cho vdi mpi 0 < r < 5 ta co; 

1 f27r 
u(o))<— w(co+re' )dt. 

271-''' 

Ki hieu tap cac ham dieu hoa dudi tren Q la SH(C1). 

Dinh nghia 2.3. Cho Q la tap md trong » ". Mpt ham »:Q —>[-co, +co) duac gpi la 

ham da dieu hoa dudi tren Q neu no thoa man dong thdi hai dieu kien: 

(i) u nualientuc tren tren Q; 

(2i) Vdi moi dudng thang phiic 2r\O.^0 , ban che ciia ii len mpi thanh phln lien 

thong cua inCl la mgt ham dieu hoa dudi. Ci day i = \a + Ab:a GQ.,b G» ",A G» | . 

Tap tat ca cac ham da dieu hoa dudi tren Q ki hieu la PSH(D.). 

Djnh nghia 2.4. Cho tap md Q e» " Khi do Q duac gpi la mien sieu 16i ndu Cl la 
tap md, bi ehan, lien thong va ton tai mpt ham da dieu hoa dudi, am, lien tuc, vet can u tren 
n, nghTa la: 

a .̂ = {z GQ : «(z) < c] c c a, Vc < 0. 

De kiem tra rang mpi hinh cau trong » " la mot mien sieu loi. Ta se dua ra mot vi du 
v8 mien khong sieu loi la tam giae Hartogs: 

D:={(z,w)Lc':|2|<|wl<l}. 

That vay, gia su phan chiing rang D la mgt mien sieu loi. Khi do, theo dinh nghTa t6n 

tai mpt ham da dieu hoa dudi, am, lien tuc, vet can u tren Dva thoa man vdi mpi ((^,n)[ fD 

ta co: 
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lim u(z,w) = 0. 

Ta dat: 

i /g(w) = I/(0,W). 

Khi do, Wp la ham da dieu hoa dudi am tren iniSn: 

A = {wLC:0<|w|<l | . 

Vi(O,0)L/I'va 

lim iiJw)^ lim H(0,IV)^0. 

Do do, theo dinh ly khu ki di chung ta co the md rpng u tdi mpt ham da diSu hoa 

dudi tren mien: 

A' = {wLC:|w|<l} 

bang each dat u^(0) = 0. Theo nguyen ly cue dai, ta co u^ .. D, diSu nay vo ly. Do do, 

D la mpt mien khong sieu loi. 

Trong bai bao nay, ta luon gia thiet O. la mpt mien sieu loi trong » " neu khong co 
giai thich gi them. 

Bay gid ta gia su Q la mgt mien sieu loi trong » ". Ta nhae lai ldp ham dupc dua ra 
bdi U. Cegrell trong [3] va [4]. 

£^{Q) = {(pe PSH-(Q) 1-^1^(0.): Mm (p(z) = 0,^(dd'(py<<x^]. 
n 

^ ( n ) = (p G PSH(Q): 3(p^ G E^(a),(p^ i tp tren Q. sao cho sup^ j{dd'(Pj)" ^ ~ 

Tiep theo, ta nhae lai khai niem ve sy hpi tu theo dung lucmg: 

Dinh nghia 2.5, Vdi mpi tap Borel E trong Q., dung lugng C, va C _̂| cua tap E 

dupc xae dinh nhu sau: 

C/E) = C^^(E,n)^s\xpU(dd'(p)": <p ^PSH(n),-] <(p<o[. 

C,,_^(E) = C _,(£,a) = jwp j | ( J £ / » " A dd'\z\' ,0 < ^< 11 

Day ham w L PSH-(Cl) dupc gpi la hoi tu theo dung lupng Ĉ  den ham u neu 

C , ( i : n t - w | > ( J } ) ^ 0 khiy"->-^vdi \/K(Z(zayS>0. 

Day ham u L PSH-(Q) dupc gpi la hpi tu theo dung lupng C^, dSn ham ii neu 

C (.^OIM - M | > ^ ) ^ 0 k h i 7 ^ w v d i VA:cca ,V^>0. 
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Tir dinh nghTa tren chiing ta co nhan xet sau: 

i) Neu u^ hpi tu den ham u theo dung lupng C thi u hpi tu d§n ham u theo nghia 

dp do. 

ii) Theo Dinh li Dini va tinh tua lien tuc eiia cac ham da di6u boa dudi ta co neu day 

ham da dieu hoa dudi ii don dieu tang hoae dem dieu giam tdi ham u L PSH(Q.) khi y -^ °° 

thi ta CO u hpi tu den ham u theo dung lucmg C . 

iii) Neu day ham u L PSH''(Cl) duac gpi la hpi tu theo dung luang C, den ham n thi 

no cung hpi tii theo dung lupng C_| den ham it. That vay, vdi mgi KaczO. va mpi 

0 < ^ < 1 ta CO 0<(o + |z| <M(Q.) tren ^ , d do M(n) chi phy thupe vao dudng kinh cua 

Q. Taco: 

\ldd'((p + \z\')J =(M{Q))"n dd'(j^)\ <(M(Q))"C (AT). 

Mat khae, ta co: 

(dd'(p + dd\z^)\ =[dd'(p)\n{dd'(pY \dd\z\-r... n{dd'(pY \dd\z\. 

Nhu vay, ta co: C,_,(-^) < A(a)C_^(K). 

3. Djnh li hoi tu theo dung lirong trong lop T(Q) 

Trong [7], U. Cegrell da chiing minh duac rSng neu day ham u trong ldp ^^(Q) hgi 

til theo dung lupng C _̂| den ham u vdi dieu kien u >u^ GJF(Q) thi ehung ta co (dd''u^)'' 

hpi tu ylu d8n (dd'u)" khi j —>• co. Trong phan nay chung toi trinh bay mpt ket qua la md 

rgng cua ket qua tren. 

Djnh ly 3.1. Neu ddy hdm u trong lop T(0.) hoi tu theo dung luoTig C den hdm 

u thoa mdn u ,W>VGJ^(Q) thi ta co ipiddhij)" hoi tu yeu den (p(dd''u)" theo nghia yiu 

cita do do voi moi hdm ^ L PSH (^ ZT (Q). 

ChuTig minh. LSy/L C^(0.),f 0, chiing ta cSn ehiing minh: 

\im\f^(dd'u^)" =\ f<p(dd''u)". 
•'~™n n 

Gia sii ^(dd'u )" hgi tu yeu den dp do /j. Theo Dinh ly 2.1 trong [4] ta l4y day ham 

(p, L E^(Q.)nC(Q.). (p^ J (p. Tir gia thuyet u^ hpi tu theo dung luong C^_^ d8n ham u va 

theo Dinh ly 1.1 trong [7] chiing ta eo (ddht^)" hgi hi den (dd' u)" khi y -> co theo nghTa ygu. 
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Do do, chnng ta co 

| /rf ,u=lmi| /p(rfrf 'u,)"<limsupl hinj/p,(rfrf'i(_)''j--linmipl J/p,(rfrf 'u)"| = |/(!'(rf(' '«)'' 

Nhu vay, fi < (pidd'u)". 

Mat khae, til chiing minh cua Dinh ly 1.1 trong [6] chiing ta co: 

\im\h(dd'itj =\hidd'tt)'yhl £ „ ( n ) . 

Dodo \{p{dd^u)'' -\mi\(p{dd^tt )" = \dfi. 

Tir do, chiing ta co fl = (p{dd'it)". 

He qua 3.2. Neu day hdm u trong l&p T{Q.)h&i lu theo dung litcntg C ^ den hdm u 

thoa man u ,M>vGj^(Q) thi ta co h{<p){dd'tt )" hoi tti den h{tp){dd^u)" theo nghia yeu 

cita do do v&i moi hdm ipL PSH(^lf(Q.),h\_ C(» ). 

Trudc khi chimg minh He qua 3.2, chung ta nhiic lai mot ket qua bo trg trong Bo de 

3.3 ducfi day. Noi dung cua Bo de 3.3 chinh la Menh de 2.4 hong [9]. 

Bo fle 3.3. 

Bat: SPSHi^C(Q.) = \<p~ii/• (p.ii/l PSHr^C(Q.)]. 

Khido. niu ip^iyV SPSHnV{p.)thi ipy/V SPSHr^L'in). 

Chiing minh He qua 3.2. 

L a y / L C ^ ( n ) , / 0, chung ta can chung minh; 

\m\Mip)li<ld'u )"-{dd'uy~\ = 0. 
'^'i L ' 1 

Dat .4 = sup{p(z) :z e n j . X a p x i h a m l i e n t u c h bSng day cac da thirc P^ thoa man: 

limsup{|p(.v)-A(.T)|:.vL M ; ^ ] } = 0. 

Theo B6 dS 3.3 ta co P (tp) L SPSHr\L^ (Ci). Do do, theo Dinh ly 3.1 chiing ta co: 

\im\fl'^(ip)\(dd'u)"-(dd'u)"'\ = a. 

'~^"' tl 

Tir do, chiing ta co dieu phiii chiing minh. 

TAI LIEU THAM KHAO 

[1] E. Bedford and B. A.Taylor, (1982), A new capacity for plurisubharmonic functions. 

Acta Math, 149 no. 1-2, 1-40. 

29 



[2] E. Bedford and B. A.Taylor, (1987), Fine topology, Silov boundary, and (dd'j . >• 

Fund. Anal, 72(2)225-251. 

[3] U. Cegrell, (1998), Pluricomplex energy. Acta Math, 180 187-217. 

[4] U. Cegrell, (2004), The general definition of the complex Monge-Ampere operator, 

Ann. Inst. Fourier (Grenoble), 54 159-179. 

[5] U. Cegrell, (1978), Delta-plurisubhamionic fimetions. Math. Scand. 43 343-352. 

[6] U. Cegrell, (2001), Convergence in Capacity, Newton Intistute preprint N101046-

NPD(http;//www.arxiv.org/). 

[7] U. Cegrell, (2012), Convergence in Capacity, Canad. Math. Bull. Vol. 55 (2), 242-248. 

[8] P. H. Hiep, (2008), Convergence in Capacity, Ann. Polon. Math. 93 91 -99. 

[9] P. H. Hiep, (2010), Convergence in Capacity and applications. Math. Scand. 107 90-102. 

[10] Y. Xing, (2008), Convergence in capacity, Ann. Inst. Fourier (Grenoble), 58, 5 

1839-1861. 

CONVERGENCE IN C , - CAPACITY IN r(n) 

Nguyen Van Phu 
Electric Power University 

Abstract: In this article, we study tlie theorem of convergeiice iii C^^,- capacity for faticlions in 

.?-'(Q). Namely, we prove that if u is the sequence of functions in !F(0.) converges to u in C _.- capacity 

and tt , i (>ve.?"(Q) then tp(dd'u )" converges lo (pifld'u)" in the weak sense of measure. 

Keywords: Plurisubharmonic functions, the complex Monge-Ampere operator, hyperconvex domain, 

a class of functions in .7^(Q), convergence in capacity. 
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