TAP CHI KHOA HOC ,
Khoa hoc Ty nhién va Cong nghé, S6 14 (4/2019) tr.1-9
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Tom tit: Trong bai bdo nay, ching t6i sé chimg minh mét sé tinh chdt co ban ciia m-dung tich, sau dé
chiing t6i ting dung cdc két qud vé m-dung tich dé dwa ra mét sé danh gid cho nang lwong cé trong cho I6p ham
&) (Q). Ngodi ra, ching t6i ciing dwa ra va chitng minh mot nguyén 1y so sanh cho 16p ham F, (Q).

Tir khéa: m-subharmonic functions, ham da diéu hoa dwdi,m-dung tich, todn tir Monge-Ampere phike,

toan tir m-Hessian phikc.
1. Giéi thi¢u

Viéc nghién ctru toan tir Monge-Ampere phtic ctia 16p ham da diéu hoa dudi trén mién
siéu 10i bi chan Qe C" 1a mdt trong nhimg chi dé duoc quan tim nhét trong nghién ctu 1y
thuyét thé vi phirc. Cho dén nay, nhiéu tac gia da nghién ctru va phét trién vin dé nay nhu U.
Cegrell, J. P. Demailly, V.Guedj, A.Zeriahi, S. Benelkourchi, L. M. Hai, P. H. Hiep... Tiép theo
do, cac tac gid noi trén cling mo rong viéc nghién clru todn tr Monge-Ampere phic cé trong, tur
d6 dat dugc nhitng két qua quan trong vé ning luong co trong cho mot sd 16p ham da diéu hoa
dudi trong céc tai lidu [2], [3], [5] va [7]. Gan ddy, trong [4], [6] va [9], cac tac gia da dua ra 10p
ham méi, tong quét hon cac 16p ham da dicéu hoa dudi do 13 16p ham m-diéu hoa duéi. Tuong
{mg véi viée nghién ctru toan tir Monge-Ampere trén 16p ham da diéu hoa duéi, ngudi ta nghién
clru toan tr m-Hessian trén 16p ham m-diéu hoa duéi, ndi trén. Nhitng két qua dang quan tim
dau tién thudc vé cac nghién ctiru ctia Z. Blocki trong [4] vao ndm 2005 va L. H. Chinh trong
[6] nam 2012. Tiép theo d6, trong [9].... Hung di dua ra hai 16p ham c6 trong hitu han £,.,(Q)
va F,  (€)va chi ra sy xac dinh cua toan tur m-Hessian trén ching. Mat khac, trong [6], tac gia
da dua ra khai ni¢m m-dung tich va budc dau nghién ctru sit dung m-dung tich vao nghién ctru
toan tr m-Hessian. Trong bai bao nay, chung toi dwa ra mot sd ching minh khac cho két qua
trong [10] vé m-dung tich, sau d6 ching toi tng dung cac két qua vé m-dung tich dé dua ra mot
s6 danh gia cho niang luong c6 trong cho 16p ham &) (Q). Ngoai ra, ching 61 cling dua ra va

chirng minh mot nguyén ly so sanh cho 16p ham F (Q).
2. Mt s6 khai niém
2.1. Ham m-diéu hoa duéi

Cho Q 13 mdt mién m-siéu 16i trong C". Khi d6, vdi mdi ham thuc kha vi lién tuc cap

hai u € C*(Q), dao ham cép hai tai diém cb dinh z, Q
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. i n
dd‘u :Ezk“u"";dz" Ndz,
Js
12 mot dang Hermite bac hai. Sau khi 4p dung phép bién ddi Unita ta thu duoc dang chéo
dd“u =é[ﬂ1dzl NdZ +ot Adz, NdE],

6 do A(u),..,A () la cac gia tri riéng cua ma trdn Hermite thuc (u, 7). the la
Au) = (A4 w),...,A,(u)) eR". Rorang, ta co6 (dd‘u)" A """ =mW(n—m)'H, (u)p",V1<m<n (2.1)
0do H,u)= Y 2, ..2, laHessian cAp m clia vector A(u)=(4(u),....A,(u)) eR". Viy thi

N
1S jy <vve< i <0

toan tir (dd‘u)" A "™, Y1<m<n, d6i v6i ham kha vi lién tuc cip hai duoc thay thé boi
Hessian cua vector A=(4,,...,4,).

Bay gio, chung t61 nhic lai dinh nghia ctia 16p ham m- diéu hoa dudi nhu trong [4],
[6]. Trudc het, cho C,,,, la khong gian céc (1,1)-dang véi hé so hang trong C. Véi moi
1<m<n, tadat:

(L1

I,=MeC,, AP~ 20,..n" AB"™" >0}

Pinh nghia 2.1. Cho # 1i ham diéu hoa duéi trén tap mé Qe C”, u goi 1a ham m -
diéu hoa dudi néu véi moi n,;..;m,, trong T’ ta co:

ddunmn..an, A" =0,

theo nghia dong. Ky hiéuSH (Q)1a tap cic ham m -diéu hoa dudi trén Q va SH S(Q)la tap
cac ham m -diéu hoa dudi 4m trén Q.

Véi A=(A,....A)eR" va 1<m<n ta dit:
S,AN= 2 A4,

1< < n
va
I, =15 201"{S, =20} N---N{S, =0}.

Gia st ‘H ky hiéu 1a khong gian vector (trén R) céc ma tran Hermite cip nxn. Vi

AeH, tadat A(4)=(4,....,4,) e R" 1a cac gia tri riéng cua 4. Dat:
Sn(A) =S, (A(A)).
Nhu trong [8], ta dat:
Tw={AdeH:(A)eTl,}={S 20}N---N{S, >0}.

Dinh nghia 2.2. Gid st w,...,u, e SH, (Q) L, (Q). Khi do, toan tir m-Hessian

H, (u,...,u,) duge xac dinh boi:
ddu, n---ndduy A B"" =dd (u,dd u, , ~-- Addu A BT

Chu y rang, theo Dinh 1y 2.1 trong [1] thi H, (u,,...,u ,) 1a mot dong duong dong song
bdc (n—m+ p,n—m+ p) va toan tir ndy lién tuc dudi diy giam cac ham m-diéu hoa duéi bi
chan dia phuong. Do d6, voi p=m, ddu; n---~nddu, A " 1a mot do do Borel. Pac biét, khi
u=u =---=u,eSH (QnNL () thido do Borel:

H, (u)=(ddu)" Ap"™,

duogc goi 1a m-Hessian phtrc ctia ham m-diéu hoa dudi u.

2



2.2. Cac lop Cegrell
Tiép theo, dwa theo [6], chiing t6i nhic lai cac 16p ham & (Q)va F"(Q) nhu sau:

&' =&" () ={ueSH,()NL(Q): lim u(z) = O,IHm (u) < +oo},

F'=F"(Q)={ueSH, (Q):u, e(C?n,uj \:u,sup'[Hm(uj)<+Oo}-
Q

6do H, (u)=(ddu)" A" la Hessian cta u.

Dua theo [9], ching t6i dinh nghia cic 16p sau. Cho y:R™ — R™ la ham tang va
1<m<n Dbat

={ue PSH (Q):Hu,;} =&, u, N\u :sup e (u;)= sqp.[—x(uj)(dd”uj)m AR < oo},
J J 0
={uePSH (Q):V K€Q,Fve F",v=u trong K}.

Chu y ring, nhu trong [6] va [9] thi F"(€) < F" (€. Do do, tir [9] néu u € F" (),
thi toan tir Hessian phuc H, (u) = (dd‘u)" A" dugc xac dinh nhu mot do do Radon. Vi
vay, tich phan:

J.Q —(u)(ddu)" AB" " duoc hiéu theo nghia tich phan Lebesgue.

2.3. Khai niém m-dung tich

Dinh nghia 2.3. Gia st £ Q 1a Borel. Khi dd,m-dung tich cua tip E, ky hiéu 1a
C, (E) va dugc xac dinh boi:

C,(E)=sup?[(dduy" AB"™" :u e SH,(Q),~1 <u <0},

3. Mt s6 ing dung ciia m-dung tich

Trong muc nay, trude hét chung t61 dwa ra mot danh gia cho nang lugng c6 trong cua
mot 16p hamm-diéu hoa duéi. Trude hét, chung t6i chimg minh két qua téng quat hon trong

[2] cho 16p ham SH, (Q) va &£ (Q).
Mg¢nh d@é 3.1. Cho u,v e SH, (Q). Khi do:
L., (ddu)" AB™ =1, (dd" max(u,v))" AB"™.

Chirng minh. Dit v, = max {u,—j},v, = max{v,— j}. Khidé u,,v, e PSH ()L,
tur d6 theo [4], do lirral(uj (2)=v;,(2))=0 taco

L., (ddu)" AB™ =1, (dd max(u,v))" AB"™.

Mat khac, {u>v}c{u,>v, }boi vi néu u > v,u; =max{u,—j},v,, =max{v,—j—1}

thi u; = max{u,—j} >v,,, =max{v,—j—1}. Turdo ta co:



Lol (ddu)” AB™"
= l{uw}l{wfﬂ(dd" max(u,v))" A" "1, .1 M’V}}j}(ddc max(u,v,—j))" AB"".

u>v} {max{
s v

Sir dung 1y luén nhu trong [2] ta dugc 1. ,(dd“u)” AB"™ héi tu manh theo do do
Borel t¢i do do p, =1, (dd‘u)" AB™.

Nhung do 1 —1,.,, nén 1, (ddu)" AR =1, (dd° max(u,v))" AR,

{u>v}1{u>—oo} {u>v}
Tir ménh dé trén, ta thu duoc két qua quan trong sau:

Dinh ly 3.2. Cho u,v e SH, (€2). Khi do

J ddu)" AB"" = J (dd max(u,v))”" A" ™.

{u>v} {u>v}

Chirng minh. Trudc ta chimg minh

I(ddcu)’" AR > j (dd* max(u,v))" AB"". (3.1)

That vay, v6i moi heC’(Q),h=-1 trén gid cua (dd‘u)”" AB"™" ta dat

®=max{u,v} va theo cong thirc tich phan timg phan:

[-h(ddw)" B = [—oddh A (dd° @)™ AR < [-udd“h A (dd“w)"" AB""
Q Q

Q

= j —hdd‘u A(dd®)" AR =..= j —h(dd“u)" A"
Q Q

Cho h——1 taduogc (3.1).

Ap dung Ménh d¢ 3.1 ta duoc (dd“u)" AB"™" = (dd° max(u,v))" AB"™ trén {u>v}.
Twr do suy ra:

j(ddf max(u,v))" AR = j (dd* max(u,v))" AP"" + j (dd* max(u,v))" AB""

{u>v} {ugv}

< j (ddu)" A" + j (dd* max(u,v))" A"

{u>v} {usv}
Vay tir (3.1) ta duogc:

j ddv)" A" < j (ddu)" A", (3.2)

{u<v} {usv}
Tur do thay v béi v—¢ trong (3.2) ta co:

j ddV)" A" < j ddu)" A" < j (ddu)" A"

{u<v—-g} {usv—g} {u<v}

Choe — 0 ta duoc:



j ddVv)" AR < j ddu)" AR

{u<v} {u<v}

Tiép theo, chung ta c6 két qua sau ddy vé m-dung tich ctia ham trong 16p £ (Q).

Pinh 1y 3.3. (i) Véimoi u e & va t>0 ta cé j (ddu)" AB"™" <t"C, (u<—t),

{us—t}

1
(ii) Véimoi ue & va t20 tacé C,(u<—1)<— j (ddu)" A"

{us—t}

Chirng minh. (i) Do max{u,—t} =u trén {u=—t} va u € £ nén lil’ng u(z)=0.
Mit khac 0Q c {u>—t},Vt >0 nén:

j (dd® max(u,—))" AB"" = j(ddcu)"’ AR

That vay, ta co thé coi u 1a lién tuc. Khi d6, chon Q' €Q sao cho u=—¢ trén 0.
Vay véi moi € da nhd, u=—t gandQ, va néu yeC*(Q') véi x=1 gan {u#—} vi vay
{u#—t} 1atdp mé nén ddy = 0trén {u#—t} va

,[Q, x(ddu)" AB"" = J. x(ddu)" AB"" + J- x(ddu)" A"

{u#—t} {u=—t}

= j udd®y A (ddu)"" AR + j udd y A (ddu)"" AB""

{uz—t} {u=—t}

= [ uddy n(dduy™ Ap"™" = [ max(u,—0)ddy A (dd‘u)"" AB""

fu=-1} {u=-1}

= | xdd* max(u,~t) A(dd“uw)" A" == [ g A(dd max(u,—tu)"" AR
{u=—t} {u=—t}
Vay I o x(dd° max(u,—t))" AB"™" = J o xddu)" AR

Ap dung Ménh dé 3.1, ta c 1., (dd‘u)" AB"™" =1, (dd* max(u,~))" AB"".Khi do:

[ @duy B = [ (dd*max(u,~t))" AB"™"

{us—t} {us—t}

=" [ (da max(%,—l))’" AB" <1"C, (u < —1).

{u<—t}
(i1) Ta co:

C, (u<-2t) =sup{ J dd Q)" AB"" 9 SH,(Q),-1<¢ <0}

{u<-2t}

= sup {,[{ud}(dd‘)(p)’" AR ipe SH, (Q),-1< ¢ <0}

<sup {J‘{uw_]}(dd‘(p)’” AR peSH, (Q),-1<¢<0}.

Khi do6, ap dung Dinh 1y 3.2 ta duoc:



Vo oy aprsl, sty aper,
{?<§0*1} {7<(P*1} t

va

C,(u<-2t)< sup{,[{u I}(afafccp)'” AR e SH, (Q),-1<9p<0}
L

c M m n—m
Ssup{,[{u«p_l}(dd 7) AR :peSH, (©2),-1<p<0}

<), @@ty = [ @ g
sl t {u<—t}

Vay "C, (u<-2t)< j (ddu)" A"
{u<—t}

Tiép theo, sir dung két qua trén, ching toi dwa ra mot danh gia cho ning luong ¢
trong ctua ham thudc 16p &".

Dinh ly 3.4. Gia sit x:R™ —R™ la ham tang sao cho Y(2t)=ay(t),a>0. Khi dé
Voel&

& (@)~ [1/(=Di"C, (@ <—1)d.

Chirng minh. That vay, theo Pinh 1y 3.3

t"C,(p<-20< [ (dd°9)" AB"™" <1"C, (¢ <),

{o<-1}

Chu y rang:

SR N3]

20 [ @do) Ap

{o<—t}

&r(9) = [—x(o)(ddg)" AB"" =

Khi do:
TX'(—t)t’”Cm (p<-21)<e; ()< ]gx’(—t)thm (p<—1).
0 0
Mat khac:
IX'(_O{J oy = - Ix'(—%)m J @y g

Nhung ta lai co:

L P I SO o e
!%(5)(6161 ®)" AB dt=5£x<—5> [ @doy" Apdt.

{o<—t}



Do @06, tir gia thiét x(2¢) > ay(t),a >0 ta duoc:

0 o0

[~ Cdd o) np""dr 2 [ o dd o) A,
7 a2

[0 [ @d oy npdi-

{p<—21} 2m+l 0
Suy ra:
T ’ m 1 K ’ m
[10ee, (o <202 —[1/(~t)"C, (9 <—).
0 a2 0
Vay:

& (@)~ [1/(=Di"C, (@ <—t)d.

Tiép theo, dwa vao Ménh dé 2.10 trong [6], chung t6i c6 két qua sau ddy vé m-dung

tich, m& rong cac két qua vé dung tich trong [1] va [10].
Ménh dé 3.5.

a) Néu E,C E, cQ, cQ,thi C,(E,,Q,)<C,(E,,Q);
b C,\JEN<D C(E);
Jj=1 Jj=1

¢)Néu EcDeQ, cQ,eC"thiC,(E,Q)<C,q C,(E,Q,);

D,Q,.Q,
d) Néu E, /" Ethi C,(E,) /"C,(E).

Ching minh. Panh gi4 a), b) va d) dé dang suy ra tir dinh nghia cta m-dung tich.
Chung ta chimg minh khang dinh c). That vay, do ta c6 thé pha D béi hitu han cic qua cau
chira trong  Q, nén theo a) va b) ta co thé gia st raing D=B(z,,7) va Q, =B(z,,R), & d6
B(z,7) 1a qua cau tAm tai z ban kinh r. Bay gio 1dy u € SH, (Q,) sao cho —1<u<0. Dit

w(2)=(R=r*) ' (|z—z,[" -R?).
Khi d6 v € SH, (C"),y =0 trén 0Q, va y<~—1 trén D. Pit:
~ |max{u,y} khi zeQ,
u=
v khi zeQ,\Q,
viv=(+e)'u-c), voi c=lyl., . Khi do ta c6 veSH,(Q,),-1<<0 va
H (v)=(+¢)"H,(u) trén D. Do d6 C, (E,Q)<(1+¢)"C,(E,,Q,).

Cubi cung, chiing ta c6 két qua sau day cho 16p ham F"(Q), twong ty nhu Ménh d¢

2.5 trong [6] cho ham m-diéu hoa dudi bi chin triét tiéu trén bién.



Pinh ly 3.6. Gid su- u,ve F"(Q) véi uzv trén  va T=dd‘p, A---~nddp, , AB""

\or) ¢, €&, (Q),Vj=1,....,m-1. Khi do ta co:

[1]

2]

[3]

[4]

[5]

[6]
[7]

[8]

jdd"u ATéjddCVAT.
Q Q

Chirng minh. That vay, theo cong thirc Stokes va >V trén €, ta duoc:
I—(pddcu AT = J.—udd"(p/\T
Q Q
< j—vdd ‘OnT
Q

= j—godd"w\T
Q

v6i moi ¢ € £"(Q). Cho ¢ \v -1 ta dugc:

jdd”u/\TdedCV/\T.
Q Q

Loi cam on: Bai bdo dwoc hoan thanh véi sw tdi tro cia Pé tai B2017-TTB-09.
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THE M-CAPACITY AND SOME APPLICATIONS

Doan Thi Chuyen, Vu Tien Thanh
Tay Bac University

Abstract: In this article, we figure out some basic properties of m-capacity before applying the results

of m-capacity to make several estimates for weighted energy in the class £ (€2). Moreover, we also present and

prove a principle of comparision in the class f;ﬂ (Q).

Keywords: m-subharmonic functions, plurisubharmonic functions, m-capacity, complex Monge-Ampere
operator, complex m-Hessian operator.



