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CAN SAI SO HOLDER TOAN CUC CHO CAC HAM NUA
PAI SO KHA VI

Hoang Phi Diing’

Tém tat: Trong bai bao nay, ching téi mé réng mot sé két qua trong [5] ctia H. V.
Ha and P. D. Hoang vé cén sai s6 Holder toan cuc cta tép murc dudi

[f<t]={xeR"| f(x) <t}

ttr I6p ham da thire 1én I6p ham nira dai s6. Ngoai ra, ching téi dwa ra mét sé vi du
cho théy sw khéc biét vé két qua trong truong hop ham nira dai s6 so véi ham da
theee.

Ttr khod: cén sai s6 Holder toan cuc, ham nira dai sé, tap céc gia tri Fedoryuk.
1. MO PAU
Cho f:R"—>R la mot ham nia dai sé6 kha vi. Voi teR, dat

[f<t]= {xeR” |f(x)£t} va [a], =max{a,0}.

Pinh nghia 1.1 ([4]). Ta néi rdng tap khic réng [ / <¢]c6 mot can sai s6 Holder toan

cuc (goi tat 1a CSS) néu ton tai cac sé thuc &, B,¢ >0 sao cho

[f @) =] +[f () ~t]] 2 cdist(x,[f <t]), v6imoi xeR” (1)

Su ton tai ctia cac can sai sb c6 nhiéu ung dung vao cac bai toan khac, chéng han nhu
trong su phan tich tinh hoi tu cta thuat toan, trong cac bat dang thic bién phan, trong giai
tich nhay, ... Nhitng nghién ctru vé cén sai s6 da c6 duoc su chu N rat nhiéu, thé hién qua
mot s6 lugng 16n cac bai bao xuét ban trong nhitng nim gan day (ching han, xem bai bao
[3,7,9]). Mot s6 nghién ciru vé 6n dinh cua cén sai s6 khi nhidu gia tri ¢ cling dd duoc thuc
hién, két qua vé 6n dinh c6 thé tng dung vao nghién ctru s 6n dinh va hoi tu cia cac
thuédt toan 1ap. Trong bai bao nay, chiing t6i xét cac ham nura dai s6 va m& rong mot sb
két qua trong bai bao [5]. Cu thé hon, chiing t6i quan tm dén cau hoi sau: Véi nhiing gia

tri ¢ nao thi [ f< t] c6 can sai sd Holder toan cuc. Noi cach khac, cong thuc cua tap

A (f)= {t eR| [f < t] co CSS} nhu thé nao? Khi nao tip nay khac rdng trong truong
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hop f1a ham nira dai s6 lién tuc hodc kha vi? Chung t6i lién hé tap A, (f) v6é1i mot sO gia
tri ddc biét cua tap cac gia tri Fedoryuk sau day

Igm(f):z{te]R:E!{xk}cR", Vf(xk)H—>O,f(xk)—>t}.

k
x| e,

Tap cac gia tri Fedoryuk 1a tong quat hoa ciia tp cac gia tri toi han thong thuong va
n6 ¢6 nhiéu mdi lién hé to pd cua cac tap dai sb va nira dai s6 (xem [6,8]). Béng mot sd
vi du, chung t6i chi ra rang, trong truong hop 2 bién, két qua ddi v6i ham nira dai s6 ¢6
su khac biét so vai ham da thie. Vi vay, Pinh 1y 3.6 va 3.7 duoc trinh bay trong bai bao
nay 1a mot mé rong khong tim thudng cho cac két qua trong bai bao [5].

2. NOI DUNG NGHIEN cUuU

2.1. Mot s6 két qua trong hinh hoc nua dai s6
Trong muc ndy, ching t6i nhic lai mot s6 khai niém va két qua co ban trong Hinh
hoc nira dai s6. Muc nay ching t6i tham khao trong [1,2,6].

Dinh nghia 2.1. M{t tap con nira dai s6 ciia R” 1a mot tip gom cac diem (x,,...,x,)
thuéc R” thoa min cac phép toan Boole trén cac dang thirc va cac bat diang thirc ciia cc
da thirc hé sd thue. Noi cach khac, mot tap con nua dai sb tao thanh 16p nho nhét cac tap
concia R", ky hiéu S4, sao cho

i. NéuPeR[x,....x,], thi {xeR"|P(x)=0}eS54, va {xeR"|P(x)>0} thudc
SA ;

ii. Néu AeS4, va BeSA,,thi AUB,ANB va R"\ 4 thudc 54, .

Tap nira dai s6 ¢6 céu tric sau day.

Ménh dé 2.2 ([2]). Moi tdp con nura dai $6 cia R" la hop cua hitu han cdc tdp con
nuta dai so co dang

{x eR"|P(x)=0,0,(x)>0,...,0,(x) > O}, voi leN va P,Q,,...,0, € R[xl,...,xn].

Dinh 1y sau day déng vai tro quan trong trong chimg minh nhiéu két qua ctia Hinh
hoc ntra dai so

Pinh Iy 2.3 (Tarski-Seidenberg [2]). Cho A ld mét tdp con nira dai sé ciia R™ va
7 :R"™ > R" la mét phép chiéu chinh tic lén n toa d¢ dau. Khi dé z(A) la mét tap con

nira dai so cua R".
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Dinh nghia 2.4 (]2]). Cho 4 = R”.Motham f: 4 — R dugc goi la ham ntra dai )
néu db thi {(x, eR"xR:y= f(x)} ctia n6 1a mot tap con nira dai s6 trong R" xR .

Ta liét ké mot so tinh chét cua céac tap nua dai s6 va cac ham ntra dai sd.

1. Hop, giao va phan bu cia tap nira dai s6 ciing 13 tap nira dai s6. Tich Dé cac cia
cac tap nira dai s6 1a nira dai s6. Bao dong va phan trong ctia mot tap nira dai sé ciing 1a
ntra dai s6.

2. Hop cua hai anh xa nua dai sb 1a mot anh xa nira dai s6. Anh va nghich anh cia
mot tip nira dai s6 qua 4nh xa nira dai sb ciing 14 cac tip nta dai sb.

3. Néu S 1a mot tap nira dai sb thi ham khoang cach xac dinh boi cong thic

dist(.,§):R" - R,x > dist(x,S) = inf {||x —y|:ye S} ciing 1a nira dai sd.
2.2. Su' ton tai cua can sai s6 holder toan cuc

Cho f:R" —R la mot ham nira dai s kha vi va  €[inf /', +).

Pinh nghia 3.1 ([4]). Cho S 1a mét tap con ciia R” . Ta néi rang

i) Mot day {xk } cR”" duogc goi la ddy loai mot ctia tap [ £ <¢] trén § néu

{xk} c S,

35> 0:dist(x*,[ f <¢])2 5 >0.

xk||—>oo,f(xk)>t,f(xk)—>t,

ii) Mot day {xk } —R" dugc goi la mot day loai hai ciia tap [ £ <¢] trén S néu

{xk}cS,”x""—)oo,ElMeR” (1< f(x*) <M < +oo,
dist(x*,[ £ <#]) > +o0.

Néu S =R" thi ta goi ngan gon la diy loai mot va diy loai hai.

DPinh 1y sau day cho ta diéu kién can va du cho su ton tai cua can sai s6 Holder toan
cuc, d6 1a két qua trong [3,7] va 1a mé rong cia Pinh 1y A trong [4]. C6 thé thiy, dic
trung cua cén sai s6 Holder 14 nho vao hai loai day dac biét nay.

Pinh 1y 3.2. Cho f:R" =R la mét ham nira dai s6 lién tuc. Khi d6, hai diéu sau la
tuwong dwrong:

1) Khong ton tai dady loai mot va loai hai cua [f < t] ;
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ii) [/ <t] ¢6 cn sai s6 Holder toan cuc, tirc la ton tai a, 3,¢ >0 sao cho

[f(x)—t]f+[f(x)—t]f chist(x,[f St]), voi moi x e R".

Chii ¥ 3.3. Ta c6 thé mo rong dinh 1y trén cho cac ham dinh nghia duoc trong mot
cAu trac o-tdi tiéu nao do (xem [7]), mot ddi tugng cua hinh hoc dai sb thuc, chtra ciu
triic cla cac tap nua dai $6.

Ky hi¢u

F!={teR:[f <t] co day loai mot} va F ={t e R:[/ <t] c6 day loai hai}.

Tap F? ¢6 mot tinh chat quan trong, thé hién trong ménh dé sau déy.

Ménh d&3.4. Néu t e F’ va t'<t, thi t'e F”.

Chirng minh. Tir gia thiét, ton tai mot ddy loai hai theo ¢. Gia st rang day d6 1a {x*}
, khi do “xku—>+oo,EIMe]R:t<f(xk)SM sao cho dist(xk,[fSt])—>-l—oo . Tu
inf f<t'<t,tacod [f<t'|c[f <t].

Vi vay, dist(x*,[ £ <¢]) 2 dist(x*,[ f <t]) . Noi cac khac, dist(x",[f <1']) > +o0

. Tir d6 suy ra {x*} 1a mot déy loai hai ctia [f<t], hay t'e F’.

sup{teR:teFf},Ff =D,
inf f JF =,

+

Dinh nghia 3.5 ([S]). bBat A, :{

h, dugc goi la nguong cua cén sai s6 Holder toan cuc cua f.
Chung t6i mo rong két qua sau day trong [5] tir cac ham da thirc cho cac ham nira dai
s0 lién tuc.
Pinh 1y 3.6. Ta ¢
(h,+0)\F'  khi h, e F’,
A= [h,,+0)\F'  khi h, ¢F’,
[inf f,+0)\F| khi F} =&, inf f >—oo0,
R\F! khi F> =@, inf f =—o0,
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Chitng minh. Tt Pinh 1y 3.2, ta ¢6 tap [ f <t] 6 can sai s6 Holder toan cuc néu va
chinéu ¢ ¢ F' UF?. Do Ménh dé 3.4, tathdy F’ s&la mot khoang vé bén trai cia ngudng
h, . Tt d6 ta c6 cac kha ning sau:

o F’=Q néu h, =inf f;

o F’=R néu h, =+o0;

o F?=[inf f,h,] hoic F*>=(—o0,h,] néu h, € F?;

o F?=[inf f,h,) hoic F?=(—w,h ) néu h, ¢ F_.

Hai muc cudi véi gia sit /' (inf /) = vi néu nguoc lai thi ta khong 1dy ddu mit
bén tri clia . T cac trudng hop trén, ta suy dugce cong thirc cua tap A, (f) da néu
trong dinh ly.

MGéi lién hé giira tap A, (f) voi tap céac gia tri Fedoryuk trong truong hop f'1a ham
ntra dai s6 kha vi 1 nhu sau:

1. F'cK, (f);

That vay, dat X = {x eR"| f(x)> t} , khi d6 X'1a mot khong gian mé tric du voi mé
tric Euclid thong thuong va ham f: X — R bi chan dudi. Gia st £ € F! va {x*} 1a day
loai mot cua [f < t] , khi d6

kaH —>oo,f(xk) Zt,f(xk) —¢, 36 >0 sao cho dist(xk,[f < t]) >06>0.

Dit & = f(x*)—t, ta co & >0 v g —0 (khi k - +0). Dit 4, =,[g , 4p dung

Nguyén 1y bién phan Ekeland (xem, chang han [6]), ta suy ra ton tai mot diy { yk} cX,

sao cho
SO St = fG) vadist(y5 x4 )< 4,

ngoai ra, voi x € X,x # yk bat ky thi

F@)2 ()~ Edist(x. "), (1)
k
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Tu dist(yk,xk)ﬁlkz & —0 va dist(xk,[fﬁt])25>0 kéo theo hinh cau

B[yk,gjz{xel[{";dist(yk,x)sg} chua trong tdp X. Tu (1) kéo theo

A _ k
SO T IO S | i mei weR?,
T

u|=1 va r€[0,4). Cho r—0 ta c6

<Vf(yk),u> > [e, . Pt u=— Z; Ey 2 , khi d6 ta duoc HVf(yk)H < Je . Két hop véi
y

FOM) >t va Hyku — o, taco te K, (f) (dpem).

2. Néu [f < t] c6 mdt day loai hai thi tdn tai mot day loai hai {y"} cling cua [f < t]
thoa man cac tinh chit sau: ”Vf(yk)” —0 va lim fO* ek, (f) . Dic big,
[, M]NK, (f)# D, trong d6 M :=sup, {f(yk)} :

3. Néu h, #+oo, thi h, €K, (f).

Dinh ly sau day tra 101 cho cau hoi khi nao thi tap A, (f) 1a khac rong.

Pinh Iy 3.7. Néu tip K, (f) la tdp hitu han, thi A (f)#D.

Chirng minh. (Tuong tu Pinh 1y 4.1 trong [5])

Phan ching, gid st A ()= . Tu gia thiét tap Fedoryuk khac rdng va tinh chat
F'c K, (f) ,tacd F' cling la mot tap hitu han. Khi do, tir cong thirc cua tap A, (f), ta
c6 A, (f)=2 néuvachinéu h, =+w0. Vivay, véi ¢, € (inf f,+), ton tai mot day loai
hai cta [ f <t,]. Tirtinh chat sb 2 trén day, ton tai M, >, va a, €[t,,M,|nK,(f). Lay
t, sao cho M, <t,. Do h, =+ nén ton tai mot day loai hai cia [ £ <t,]. Vi vay ton tai
M, >t, va a, sao cho a, € [tz,Mz]mlgw (f) Lap lai qua trinh nay, ta tim dugc day vo
han {a,} thod min 4 <a, <...<a,<... thudc tap K, (/). Do d6 #K, (f)=-+=.
Diéu nay 1a mau thuln véi gia thiét ciia dinh 1y. Tir d6 ta c6 diéu phai chimg minh.

2.3. Truong hdp ham nua dai s6 kha vi hai bién
Ta c6 Hé qua sau ddy trong truong hop f£1a mot ham da thirc hai bién thuc.
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Hé qua 3.8. (Dinh 1y 6.1 trong [5]) Cho f:R?* —»R la mét ham da thirc hai bién,
khido A, (f)#OD.

D6i voi ham nira dai sb va ham da thic thi ¢ trudng hop nay c6 mét su khac biét kha
16n. Biéu nay thé hién & chd, ham da thuc thi tap Fedoryuk 1200 ( f ) ludén 1a mot tap hiu
han trong truong hop hai bién, do d6 ta co hé qua trén, trong khi d6, ham ntra dai s6 hai
bién thi tip Fedoryuk khong nhat thiét phai 14 tip hitu han. Diéu d6 thé hién trong hai vi
du sau day.

Y

Vi du 3.9. ([7]) Xét ham nira dai s6 f(x,y) = .y
+ X

Ta lay day {xk}k sao cho x* =(k,a(1+k%)),acR, khi d6 ta c6

”xk” — o, f(x*) =a,Vf(x") = 0. Didu nay kéo theo K, (f)=R.

2

Vi du 3.10. Xét ham nua dai sd g(x, y)=1y - . Xét day {x*} sao cho
+ X ‘

X =(k,«/a(l+k2)),a €R,a>0, khi d6 ta c6 ||| >0, g(x*) =a, Vg (x') - 0. Tix do

kéo theo K, (g)=[0,+o).

3. KET LUAN

Két qua chinh & ddy, tirc 1a Dinh 1y 3.6 va Dinh 1y 3.7, thyc chét 13 hai mé rong cua
cac két qua trong bai bao [5] ciia Ha Huy Vui — Hoang Phi Diing, da tra 101 dugc cho ciu
hoi tu nhién ban dau, d6 1a khi nao thi tap A, (f) khac rong trong trudng hop £ 1a mot
ham nira dai s6 kha vi. Bén canh d6, hai Vi du 3.9 va 3.10 d3 chi rd su khac biét trong gia
thiét ciia Dinh 1y 3.7, d6 1a tap Fedoryuk trong truong hop ham nira dai s6 hai bién co6 thé
1a tap vo han, tir 46 c6 thé tap A, (f) khong khac rong giéng nhu trong truong hop f1a
ham da thuec.
Acknowledgements: Téc gia xin cam on cdc phdn bién vé nhitng binh ludn va chi dan
cuing chita 16i cho bai bdo nay.
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GLOBAL HOLDERIAN ERROR BOUNDS FOR DIFFERENTIAL SEMI-ALGEBRAIC

FUNCTIONS
Hoang Phi Dung

Abstract. In this paper, we extend some results in [5] of H. V. Ha and P. D. Hoang
on global Holderian error bounds of the sub-level set:

[f<t]={xeR"| f(x)<t}

from polynomial functions to semi-algebraic functions. Moreover, we give some
examples which show the difference between polynomial functions and semi-
algebraic functions.

Keywords: Global Holderian error bounds, semi-algebraic functions, the Fedoryuk
values.
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