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KHAI THAC MOI LIEN HE GIUA TRUC QUAN, TRi TUONG TUQNG KHONG
GIAN VA TU DUY TOAN HQC TRONG DAY HQC HINH HQC

O TRUONG TRUNG HQC PHO THONG

Dao Tam' va Pau Anh Tuén®
'Hgi Toan hoc Nghé An
*Ban Qudn li Ki tiic xd, Trwong Cao ding Si pham Nghé An

Tom tat. Tri twong twong khong gian ¢6 vai trd quan trong ddi véi hoc sinh trong viéc hoc
tap céc kién thirc vé hinh hoc ciing nhur van dung toan hoc vao thuc tién cudc séng. Bai viét
lam sang t6 mdi lién hé gitra ba thanh té truc quan, tri tuéng twong khong gian, tu duy toan
hoc. Nho str dung truc quan, théng qua hoat dong quan sét hoc sinh tri giac dang din céc
thudc tinh cua su vat, hién tuong, tir d6 xay dung cac biéu tuong ki ¢ va thong qua hoat
dong tu suy hinh thanh cac khai niém, cac quy luat. Khi c6 céc biéu tuong ki tc, céc tri
thirc vé& quan hé khdng gian, hoc sinh c6 thé gian tiép xay dung cac biéu tuong khong gian
MGi, qua d6 hinh thanh va phat trién tri tuong tugng khong gian. Viéc xac dinh mdi lién hé
nay 1a co s& cho viéc bdi dudng tri tuéng twong khdng gian cho hoc sinh trong day hoc
hinh hoc & truang trung hoc phé thang.

Tir khéa: Truc quan, biéu tugng khong gian, tri tuong tugng khong gian, tw duy toan hoc,
hinh hoc.

1. Mé dau

Tudng tuong 13 mot hoat dong tinh than quan trong caa con ngudi. N6 ¢6 mbi quan hé mat
thiét voi cac biéu tugng va tu duy va di dugc cac nha tdm Ii hoc quan tdm nghién ctu, ching
han cac cong trinh [1-3]. Tir lau, cac nha khoa hoc da nghién ctu vé khéi niém nay ciing nhu
méi quan hé ciia nd voi truc quan va tu duy toan hoc. Trong [4], H. Gardner da xem tri tuong
twong khong gian 1a mot trong cac thanh phan cua da tri tué. Trong [5], Vii Thi Thai di xay dung
dugc khai niém tri tuong twong khong gian cua hoc sinh tiéu hoc, dé xuat duoc cac bién phap dé
bdi dudng khéi niém d6. Trong [6], tic gia Nguyén Vin Thiém da dua ra cac phuong phap phat
huy tri twdng twong khong gian cua hoc sinh khi day hinh hoc phing. Chuong trinh mén Toan
trong Chuong trinh Gido duc phé théng 2018 c6 mach kién thirc Hinh hoc va Do ludng, mot
trong nhitng muc tiéu ciia mach kién thirc ndy & ca ba cap hoc la phét trién tri twong twong
khong gian [7].

Céc nghién ciru da chi ra ¢ trén dem dén nhitng két qua quan trong trong phan tich, phat trién
tri twgng tugng khong gian. Tuy nhién, cac tac gia chua quan tm nghién ctu mot cach sau sac
moi quan h¢ gitra truc quan, biéu twong, tu duy, dic biét 1a tu duy tryc gidc, tu duy logic, cac tri
thirc ve quan h¢ khong gian véi tri tudng tugng khong gian trong day hoc hinh hoc & truong trung
hoc pho thong. Trong bai viét nay chiing t6i phan tich lam sang té méi quan hé d6 nham 1am co s&
khoa hoc cho viéc dé ra cac phuong thic rén luyén tri tuong tuong khdng gian cho hoc sinh.
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2. Noi dung nghién cwiu
2.1. Céac khai niém va thuat ngir
2.1.1. Khéi niém vé truc quan

Pi tir 1au trong Ii luan day hoc X6 viét, nguyén tic tric quan duoc giai thich: “Nhu 1a mot
y&u cau cua viéc day hoc sao cho hoc sinh hinh thanh céc biéu tugng, khai ni¢m trén co so tri
gidc sinh dong, céc dbi tuong, hién tuong duoc nghién cau cua thé gisi khach quan hay la cac
biéu dién cua chung” [8, tr. 65].

Ngay nay trong giao duc toan hoc ¢ truong trung hoc pho thong, tryc quan cua dbi tuong,
hién twong can nghién ctu caa hoc sinh khong chi 1a cac d6 vat, ddi tuong, qua trinh cua hi¢n
thuc xung quanh ma truc quan duoc sir dung c6 thé 1a hinh v&, hinh biéu dién cua cac hinh
khong gian, cac biéu dién truc quan, ké ca biéu dién truc quan dong.

Biéu dién truc quan dong duoc hiéu I1a cac biéu dién truc quan duoc xay dung trén man
hinh may tinh véi sy hd trg cua cac phan mém toan hoc dong cho phép hoc sinh thyc hién céc
thao tac “kéo ré, an/hién, tao vét, tinh tién, quay, do dac, tinh toan, sip xép dir liéu, thay ddi gia
tri c4c tham sd...” 1én cac dbi twong duoc biéu dién.

2.1.2. Biéu twong cia ki irc

Trong tdm i hoc nguoi ta hiéu: “Biéu twong cua ki tc 1a nhiing hinh anh caa cac déi
tuong, qua trinh va hién tuong khéng phai hi¢n dang dugc tri giac ma da dugc tri giac trudc
day” [9, tr. 43].

Céc biéu tuong 1a co s dé hinh thanh cac khéi niém. Tuy nhién mudn cho céc biéu tuong
dé tro thanh diém tya cho viéc linh hoi tri thirc thi cac biéu tugng phai phan anh duoc cac dau
hiéu dic trung d6i voi cac khai niém tuong Gmg. Dé biéu twong dat dugc cac yéu ciu néi trén
doi hoi hoc sinh tri gidc cac ddi twong, cac hinh anh tryc quan mot cach dang dan.

Trén co s& hiéu biét vé biéu tuong cua ki we, chiing toi quan niém biéu tuong cua ki tc vé
khong gian 1a biéu tuong cua ki ¢rc vé tinh chat va quan hé cua cac d6i tugng khdng gian.

2.1.3. Tri twéng twgng khong gian
* Tri tuong twong

Truéc hét ta hiéu tri tudng twong 1 viéc xay dung trong dau nhitng hinh anh méi trén co s
cac biéu twong da co [10].

* Tri tuong tuwong khéng gian

Trén co so hiéu Vé tri tudng tuong, chdng tdi quan niém vé tri tuong twong khong gian 1a
hoat dong tri 6¢ thé hién qué trinh bién doi nhing biéu twong khong gian d c6 nham kién tao
nhitng biéu trong khong gian mai.

Vi du 1: Trén co so hoc sinh di c6 biéu tugng hinh hop chir nhat: 6 1a hinh lang tru c6 cac
mit 12 hinh chir nhat, cac mit déi dién 1a cac hinh chir nhat bang nhau va hoc sinh da biét vé tir
dién gan déu, d6 1a hinh tir dién c6 c&c cap canh ddi dién bang nhau.

Khi d6 hoc sinh ¢6 thé hinh dung dwoc trong hinh hop chir nhat ABCD.A’B’C’D’ ¢6 cic
cip duong chéo sau ddy bang nhau: BD = A’C’; A’B=DC’; BC’ = A’D.

Tur d6, hoc sinh twong tuwong tir dién BDAC’ la tir dién gan déu. Khi d6 hoc sinh ¢4 thé
tuong tugng khong gian ménh dé sau day: “Tdn tai mot hinh hop chit nhat ngoai tiép tir dién
gan déu”.

C6 thé chi ra sy ton tai bang cach qua cac cip canh ddi ngudi ta dyng céc cap mat phang
song song. Cac cap mat phang nay cat nhau tao thanh mot hinh hop chir nhat.
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B’ C
Qua vi dy nay cho thay: Tri twong tuong khdng gian khéng chi 1a hoat dong xay dung biéu

tugng Moi trén co s& CAC biéu trong dd c6, ma con trén co so CAc tri thue da 6. Trong vi du

trén, tri thire da co 1a: TOn tai duy nhat mot cap mat phang song song di qua hai duong thang

chéo nhau.

2.1.4. Khai niém vé tw duy logic

Do céc dbi twong cua tri tuong tuong khong gian la cac mbi lién hé, quan hé, cac quy luat
toan hoc can phai duoc kiém ching vé tinh ding sai. Vi véy tri tuong tuong khéng gian can phai
gan véi tu duy logic. Theo tac gia M.Iu. Koliagin: “Tu duy logic dugc dic trung boi kha nang rat
ra cac hé qua tir cac tién dé da cho, kha niang phén chia triét dé cac trudng hop riéng, kha ning dy
doan két qua cu thé bang con duong i thuyét, tong quat hda céc két qua thu dugc” [11].

Ciing gidng nhu céc loai hinh tu duy khac, tu duy logic ciing c6 diém tua tir céc truc quan
sinh dong.

Vi dy 2: Tir vi tri twong ddi gitra mot duong thang va dudng tron dugc xét nhd su phan chia
cac trudng hop khoang céch d tir tim dén dudng tron do: Néu d > R thi duong thang nam ngoai
duong tron; néu d < R thi duong thang cat duong tron tai hai diém; truong hop riéng d = 0 thi
duong thang d6 chira duong kinh ciia duong tron; néu d = R thi duong thang do la tiép tuyen Nho
Viéc xét su twong tu gitra duong thang va dudng tron, tuong tw gitra mat phang va mit cau va bleu
tuong truc quan, hoc sinh c6 thé phat hién ménh dé: “Néu khoang cach d tir tdm O ctia mat cau
dén mat phang (P) bé hon ban kinh R cia mat cau thi giao gitta mat phing va mit cau 1a duong
tron thugc mat phing do c6 tam la H — hinh chiéu cua O 1én (P) va ban kinh r = vR? —d? .

Biéu tuong truc quan noéi ¢ day co thé duoc tao nhu sau: Hinh tron dwoc han bing thép,
gan két véi day cung duoc duc 16 & trung diém. Hé thdng trén c6 thé quay xung quanh truc
xuyén qua hai diém 1a hai ddu mat dudng kinh cua duong tron, sao cho duong kinh AB duoc
dinh vi nhu hinh v& dudi. Khi quay nhanh quanh truc ¢ dinh dugc cim vao gia d&, cac vi tri
cua duong tron trong khdng gian tao biéu twong mat cau, con day cung MN quét mot duong
tron. Cac diém M, N quay tao biéu tugng duong tron.

MCA :
L1/

Gido vién ciing c6 thé tao biéu twong trc quan nho sir dung phan mém toan hoc dong.
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2.2. Quan niém vé méi lién hé giira tri twong twong khong gian va tw duy truc giac

Theo tac gia M.Iu. Koliagin: “Tu duy truc giac dic trung boi su thiéu ving cac budc Xac
dinh 5 rang. N6 c¢6 khuynh hudéng tri giac thu gon toan bo van dé ngay lap tirc. Nguoi ta c6 thé
dat duoc cau tra 161 “dang” hodc “sai™ [11, tr. 143].

Ngay nay sy phét trién cua tu duy tryc giac da cudn hdt nhiéu nha su pham toan tién bg.
Khi n6i vé vai tro cia tu duy truc glac trong day hoc toan, V|en sT AH. Konmogorov & Lién
bang Nga di viét: Khap moi noi c¢6 thé cac nha toan hoc da ¢ gang lam cho cac van dé duoc
nghién ctru cua ho dugc truc quan bang hinh hoc,... Tri tuéng twong hinh hoc hay nhu ngudi ta
da noi “Tryc gi4c hinh hoc déng vai tro to 16n trong hoat dong nghién ctru hau khip tat ca cac
linh vuc todn hoc, tham chi ca nhitng van dé triru twong” [11, tr. 44].

Tur nhan dinh trén, ching t6i cho rang tri tuong tuong khdng gian 1a mét linh vuc cua tri
tudng tugng hinh hoc va tir d6 tri tudng tuong khong gian thuoc pham tru cta tu duy truc giéc.

Thong thudng tu duy truc giac dua trén sy quen biét nhitng kién thire co ban & linh vuc da
cho véi ciu tric cua chung. Piéu d6 cho phép con ngudi thuc hién duoc dudi dang cac budc
nhay, su chuyén tiép nhanh chéng, sy bo qua cac mat xich riéng biét trong qué trinh 1ap luan.
Nhiing ddc tinh nay doi hoi sy kiém tra cac két luan bang cac phuong tién phan tich, quy nap
hoic suy dién.

Tir sy phan tich trén, chiing tdi cho rang trong qué trinh day hoc toan, tu duy truc giac ciing
nhu tri tudng twong khong gian chua dam bao kién thirc dung dan vé cac ddi tuong. Bé dam bao
tinh chinh xéc vé céc kién thtc can phai tién hanh qua trinh Iap luan logic, dia vao tu duy logic.

Nhiéu nha su pham cho rang c6 thé dau tién can sy hiéu biét truc giac vé kién thic va chi
khi d6 méi 1am quen hoc sinh vé&i phuong phap hinh thirc cua suy dién va chiing minh. Tir d6
ching tdi cho rang viéc phét trién tri twong tuong khong gian gitp hoc sinh tiép can cach phat
hién van dé.

Vi du 3: Nho tri thire vé hinh hop va tri thire vé cac bat bién cua phép chiéu song song, hoc
sinh ¢6 thé tuong tuong khong gian dua ra ménh dé&: Hai dudng thang song song la hinh biéu
dién cua hai duong thang chéo nhau.

C6 thé mo ta tri twong twong khdng gian cua cac em nhu sau.

A D
’: ;Trong hinh hop ABCD.A.B:C.D,, cac
B/ /. C duomg thing AB: va CiD; la hinh biéu
.’! . édign cua hai dwong thang chéo nhau
Al ] _..N D AB:vaCD..
B, Cy

C6 thé nho tu duy logic, 1ap luan ménh dé noi trén 1a dung. That vay, qua hai duong thang
chéo nhau c6 thé dung cap mat phiang song song lan luot chira chung. Khi do6, thuc hién phép
chiéu song song theo phuong song song véi hai mat phang va khong song song vaéi mét trong
hai duong thang chéo nhau, 1én mat phang (P) cit hai mat phang song song noi trén, ta sang to
duoc ménh dé trén 1a dung.

Nhu vay, qua vi du trén ta thiy nhiéu khi tri teong tuong khong gian c6 dugc nho do thuan
thuc cua céc tri thire da c6 va kha nang hinh dung céac hinh khong gian, cac quan hé khdng gian
chir khéng phai nho str dung hinh anh tryc quan tryc tiép.

2.3. Méi lién hé giira trwe quan va tri twéng twong khong gian
2.3.1. Méi lién hé theo phwong thirc thir nhat
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Tir sy phén tich trén ta thay viéc chuyén tir tryc quan sang tri tuong tuong khong gian dugc
thuc hién thong qua céc biéu twong cua ki tc vé khong gian.

Biéu twong cua ki ¢c vé& khong gian 12 san pham cua tri giac truc tiép cac déi twong, hién
tuong, qué trinh hoac tri giac hinh anh that ctia chiing. Trong treong hgp nay, mot trong nhiing
nhiém vy chu yéu cua viéc sir dung cac tai liéu truc quan 1a hinh thanh nhitng biéu twong cu thé
trong ki &rc cua hoc sinh.

Théng qua tri giac nhiéu lan c6 chu dinh dé tim hiéu cac thudc tinh caa cac doi tugng, cac
quy luat hoc sinh c6 duogc cac biéu tuong cua ki tc. Tir cac biéu twong cua ki tc ndy, théng qua
cac hoat dong suy doan, suy luan c6 1i dé xay dyng céc biéu tugng khdng gian méi. D6 chinh 1a
tri tudng tugng khéng gian.

2.3.2. Méi lién h¢ theo phwong thirc thir hai

Truc quan ciing dugc ding 1am diém twa cho cac thao tac tu duy khac nhau dé vach ra cac
thugc tinh ban chét cua cac dbi tugng, cac mdi lién hé c6 tinh quy luat giira cac d6i twong, qué
trinh va hién tuong. Tir d6 dé hinh thanh cac tri thac néi chung va tri thirc vé méi lién hé khong
gian ndi riéng.

Khi tri thire vé cac mdi lien hé khdng gian nhuan nhuyén, hoc sinh cé thé xay dung cac
biéu twrong khong gian mai théng qua viéc tri giac gian tiép tai licu.

Theo [9], ta hiéu tri giac gian tiép 1a tri gidc ngdn ngit, 10i noi, sy Mo ta cac ddi twong, hién
tugng, qua trinh, su kién va cac méi lién hé co tinh quy luat. Tri giac nay doi hoi hoc sinh phai
thong hiéu ting tir ngir, timg tu tudng duoc nghién ctu trong qua trinh hoc tap.

Chung t6i md ta tri twong tugng khdng gian thdng qua tri giac gian tiép, sir dung céc kién
thirc da duoc hinh thanh nhuan nhuyén trong qua trinh tu duy.

Vi du 4: Hoc sinh kha, gioi c6 thé tuong tugng khong gian hinh dung dwgc mot mit phing
vudng goc véi duong chéo AC; cua hinh lap phuong ABCD.A;B,C,D; tai trung diém O cua
dudng chéo d6 1a mét hinh luc gi4c tao boi giao cua mat phang di qua trung diém cac canh
khong cit duong chéo AC1 véi cac mat caa hinh lap phuong.

Ho hinh dung dwoc nhu vay 1a do ho tri gidc gian tiép hiéu duoc trung diém cua cac canh
khong cit duong chéo AC, cach déu hai dau mat cua duong chéo d6. Khi do, tam giac c6 dinh
1a trung diém ctia cAC canh noi trén va ddy 1a AC; 1a tam giac can. Khi d6, doan ndi trung diém
ctia canh néi trén véi trung diém O cua dudng chéo 1a duong cao cua cac tam giac can do.

Thé Bé thuan tién theo ddi ching tdi md ta cac yéu td vira phan tich qua hinh biéu dién cua
hinh lap phuong va thiét dién nhan dwoc nhu sau.

Trén hinh v&, néu ta goi R 1a trung diém cua CD thi d6 dai doan thing AR = C4R, do d6
tam giac RAC; la tam giac can tai nén RO la duong cao tam giac RAC; suy ra RO thudc mat
phang thiét dién. Tuong tu, ta 90i M,N, P, Q, S lan luot 1a trung diém cua cac canh BBy, A;B;,
A¢D;, DD, BC thi cac doan thang OM, ON, OP, 0Q, OS thugc mat phang thiét dién. Nhu vay
mat phing di qua va vudng goc voi trung diém duong chéo AC, cua hinh lap phwong
ABCD.A;B;C,D; cit cac mit phang caa hinh lap phuong theo luc gidc déu MNPQRS.

A D

B, C
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2.4. Méi lién hé giira tw duy logic va tri twéng twong khong gian

Do két qua cua tri tuong twong khong gian trong day hoc toan la cac ménh dé gia dinh vé
cac mdi lién he, quan hé cua cac di tugng khong gian can duoc kiém ching. Bé khang dinh tri
tuong twong khong gian dung ta can phai chitng minh bang lap luan logic, sir dung tu duy logic.

Nguoc lai, tir tu duy logic cho ta cac tri thirc todn hoc, nhing tri thirc nay 1a co s& cho tri
tuong tuong khong gian tét.

Ttir sy phan tich cac nghién ctu trén, chung t6i dwa ra so do méi lién hé giira truc quan, tu
duy logic, tri tudng tuwgng khéng gian va tri thirc nhu sau:

True quan

h 4

A 4 A
Tri twdng tugng | Trithire
khoéng gian | [* >

So d6 trén dwoc dua ra tir sy phan tich cac méi quan hé gitra cac thanh té: Truc quan, tri
tuong tugng khong gian, tu duy, dac biét la tu duy logic.

Trong d6 so &6 nhan manh cac méi lién hé sau:

- Tryc quan 1a diém twa cho tu duy noi chung, néi riéng 1a tu duy logic. Nguoc lai, tir tu
duy triru tegng, noi riéng la tu duy logic dat trinh d§ bac cao lai dugc soi sang boi tryc quan
phong pht hon.

- Théng qua tryc quan xay dung céc bicu twong khong gian, tr d6 dé xay dung cac biéu
tugng moi — Tri tudng twong khong gian. Nguoc lai, néu ngudi ¢o tri twdng twong khong gian
tdt thi s& nhin nhan truc quan phong phl va sau sic hon.

- Do san pham cua tri tuong tugng khong gian cd thé dung hoac sai nén ching can duoc
kiém chang nho tu duy logic. Nguoc lai, néu co tu duy logic tét thi cac gia thuyét dé ra nho tri
tuong twgng khong gian ¢6 co s¢ khoa hoc.

- Nho ¢6 tri thie vé méi lién hé khong gian phong phi cho phép hoc sinh dua ra cac biéu
tugng khéng gian méi mot cach gian tiép — do 1a tri tuong twong khong gian. Nguoc lai, nhd ¢d
cac ménh dé 1a san pham cua tri tuong tugng khong gian, ching sé& tré thanh tri thiic méi thong
qua kiém chung logic.

- Nha su pham Xcatkin dd khang dinh rang: “S& khong c6 gi trong dau 6¢ vé nhitng gi ma
trude d6 khong dugc cam thu truc giac” [8, Tr65]. Nhan dinh nay cé nghia la tri thuc c¢6 duoc
bat dau voi cac ddi tuong truc quan, bat dau bang tri giac. Nguoc lai, néu c6 tri thic triru tuong
vé mdi lién h¢ khéng gian thi cho phép nhin nhan truc quan phong pha hon.

Tir su phan tich trén cho ta thdy, trong tdm cua viéc day hoc hinh hoc & trudng trung hoc
phd thong 1a giai quyét tot cac mdi lién hé bién ching gitra cac thanh té néu trong so db trén.

3. Kétluan

M&i lién hé giira truc quan, tri trong tugng khong gian, tu duy logic va tri thic toan hoc co
vai tro rat quan trong trong viéc phat trién tri tuong tugng khong gian cho hoc sinh ¢ truong
trung hoc pho théng. Céc tac gia da phan tich lam sang to moi quan h¢ do va khai thac moi lién
hé nay 1a co s¢ cho viéc dua ra cac giai phap nham phét trién tri trong twong khodng gian cho
hoc sinh trung hoc pho théng gép phan dbi mai gido duc toan hoc trong giai doan hién nay.
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ABSTRACT

Explore the relation among intuition, spatial imagination
and mathematical thinking in teaching geometry in high school

Dao Tam® and Dau Anh Tuan?
'Mathematical Association of Nghe An
’Dormitory Management Board, Nghe An College of Education

Spatial imagination plays an important role in learning geometry as well as applying math
to the real life. This paper illustrates the relationship among the visual elements, spatial
imagination and mathematical thinking. Memorial symbols are created by using intuition and
observing students the right perception of the attributes of things, phenomena. The concepts and
rules are formed through the students’ thinking activities. Students are able to create new space
symbols indirectly by memorial symbols and knowledge of spatial relation. The identification of
this relationship is the basis to foster the spacial imagination for students in teaching geometry
at high school.

Keywords: Intuition, spatial symbol, spatial imagination, mathematical thinking, geometry.
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