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Mémen quan tinh la mdt dai lwgng trong vat ly. Bay dwgc xem nhw mét dai lwgng giup tinh
toan cho mét vat ran dang trai qua mot chuyén déng quay quanh mét truc ¢ dinh. N6 dwoc
tinh toan dwa trén sy phan bd khdi lwong trong vat thé va vi tri ctia truc quay, do dé, cung
mot dbi twong cé thé co cac gia tri quan tinh rat khac nhau tuy thudc vao vi tri va huéng cia
truc quay. Ngoai ra mémen quan tinh co thé dwoc coi la dai dién cho lwc can cua vat thé
thay déi van téc goc, twong tw nhw khéi lwong biéu thi kha nang chéng lai sw thay dbi van
tbc trong chuyén doéng tinh tién theo cac dinh luat chuyén dong cliia Newton.

M6émen quan tinh, vat ran dong chét.

The moment of inertia is a quantity in physics. This is seen as a quantity that helps calculate
for a solid body to undergo a rotation around a fixed axis. It is calculated based on the mass
distribution in the object and the position of the spindle, so the same object can have very
different inertia values depending on the position and direction of the axis of rotation. In
addition, the moment of inertia can be considered to represent the resistance of an object
changing angular velocity, similar to the mass indicating its resistance to velocity changes in
translational motion according to the laws of displacement. Newton's movement.

Moment of inertia, homogeneous solid.

1. GIOI THIEU

Momen quan tinh | caa mot vat quay quanh
truc ¢6 dinh c6 vai trd quan trong trong viéc
tinh toan céc dai lugng chinh trong chuyén
dong quay nhu: Momen lyc M =14, dong

2

nang quay K = |a2) va dong lugng quay

L=lw.

Viée xac dinh dugc mdmen quan tinh déi véi
cac vat ran la viéc khdng dé dic biét 1a nhiing
vat thé c6 hinh dang, kich thudc bat ki. Theo
C4C tai lidu toi da biét thi chua co tai liéu nao
giai chi tiét cach xac dinh mémen quén tinh
ma chi dua ra cac cong thirc cho cac vat thé.

Vi vay tac gia da nghién ctru cac phuong phap
toan hoc khac nhau dé xac dinh mémen quén
tinh cua ba dang vat ran d6 1a dang: dai, mat,
khoi.

2. PHUONG PHAP NGHIEN cUU

Tac gia st dung hai phuong phap toan hoc
cua giai tich dé chiing minh céc cong thuc
tinh mdmen quén tinh cua cac vat ran dong
chét.

3. KET QUA VA THAO LUAN

Vi du 1: Tinh mémen quan tinh cua thanh
ddng chat khéi lwong m, chiéu dai |, truc quay
nam & mot dau thanh.
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Cach 1: Phuong phap tinh téng, giéi han:

M6men quan tinh caa hé chat diém m; di voi
truc quay A cach n6 mot khoang r; dugc Xac

K

2

A :Zmiri .
i=1

Giai: Chia thanh ddng chat thanh k phan
bang nhau, nhu vy mdi phan cé khéi luong

dinh la: |

m 3 . )
m, = phan tha i tinh tor truc quay ra co

khoang cach dén truc quayr, = (2 |2—kl)|
§ k=4
4 =
. -
: s
i Hinh 1

Moémen quan tinh cua thanh bang tdng
modmen quan tinh cua cac doan tao nén no
(cac doan nay co thé xem nhu mot chat diém
khi k tién dén vd cuing)
| =lim) mr’

k—)ooZ
Thay céc gia tri m; va r; da tinh ¢ trén ta dugc
két qua:

k 212
(2| Dl
I =lim
k—)ooZ]; 4k2
2, Q2 _1\2
| = lim mI21 +3 +...4;(2k 1)
k—oo 4k
:,!im mlz(k(ZK Ii)k(aZk +1)]
3 (1)
- 2 4k _k
=lim ml 5
koo 12k
L
3

Céach 2: Phuong phap tich phan

Cong thic chung dé xac dinh mémen quén
tinh cua vat thé: 1, = j r2dm.
r

> dx <«

! |

>

TVt v CLLGELLLEE

Hinh 2

A

Vr: C6 chiéu dai I; khéi lugng m; khoang cach
tir dm dén truc quay A la r=x nén tich phan s&
lay trén thanh c6 chiéu dai tir 0 dén |.

Giai: Chia thanh thanh cac doan nho c6 chiéu
dai dx, goi x la khoang céach tir dx dén truc
quay, dm 1a khéi lwong cua dx;

Vi thanh dong chat nén d—”‘:% suy ra
m
dm= m%
£ ,m ml?
:J.rzdmzszdm:'[xz—dx:— (2)
v 5 | 3

Vi du 2: Tinh mémen quan tinh cua dia tron
mong hoic khéi try dic déng chat.

Céch 1: Phuong phap tinh tong, gisi han (tinh
mémen quan tinh cia dia tron mong, dong
chat).

Giai: Ta s& chia dia thanh k lop, mdi 16p day

—, dién tich I6p tha i tinh tr tdm ra la
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{(—) —((I 1)R)} nén khéi lugng

16 thir i tinh tir tim dia ra s 12 m, =m ‘12,
T
khoang céch tir tim dén dudng trung binh cua
s (2i-DR
lopla r = .
2k

M6men quén tinh cua dia bang tong moémen
quén tinh cua cac cac 16p tao nén no (cac lop
nay cé thé xem nhu cac vanh tron khi k tién

k
deén vo cung) I =lim > mr?
k—o0 i1

Thay céc gia tri m; va r; da tinh ¢ trén ta dugc

iB 2 _ (i_l)R 2}
|—nmim [(k) G P
k—o0 < 7Z'R2 . 4k2
(2i-2)°
| =limmR?
k—o le 4
4 2
=EimmR2% 3)
_ mR?
2

Cach 2: Phuong phap tich phan boi. (Tinh
moémen quan tinh caa khdi tru dac déng chat).
Céac cong thirc sau day duoc trich dan va xay
dung tir chuwong 1 (Phan hé toa 6 Descartes) -
[3] Vi Kim Thai, Binh Van Tinh, “Gido trinh
Vit li dai cuong”, NXB Lao dong (2016).

Cu thé nhw sau: r=xi+y.j+zk, trong do

i, j,k1a 3 vecto chi phuong, don vi, nén ta co:
r2=r.r=(xi+y.j+zk)(xi+Vy.j+zk)
X3+ yZ]Z 22K+ Xy.i. ]+ xzik
+yX ji+yz. K+ zxki+zyk.j
=x*+y*+7°

Ap dung két qua trén vao viéc tinh mémen
quan tinh cua vat thé chiém thé tich V c6
khéi lugng riéng p(x,y,z) céch truc quay

A  mot khoang r duoc xac dinh:

= .[.” r’p(x,y, z)dxdydz .

Vay mémen quan tinh d6i véi cac truc Ox,
Oy, Oz lan luot 14;

I, = J'J.J'(y2 +2°)p(X, Y, z)dxdydz
l, = ”J'(x2 +29)p(X, Y, z)dxdydz

I, = ”j(xz +y?)p(x, y, 2)dxdydz

Tuong tu ta c6 mémen quén tinh d6i voi cac
mit phang Oxy, Oyz, Oxz lan luot Ia:

oy = Iﬂ 2°p(X, Y, 2)dxdydz
\%

oy = _[” X p(x, y, z)dxdydz
\%

low, = _m y?p(x,y, z)dxdydz
\

M6men quan tinh ddi vai gc toa do cua vat
ranla: I = _m(x2 +y2+2%)p(x, Y, z)dxdydz .
\

Giai: Chon truc hinh tru Ia Oz, mat day Oxy,
chiéu cao h, ban kinh hinh tru 13 R, ti khéi
p =const .

Taco: 1= ,o_m(x2 + y?)dxdydz
\%

Chuyén sang hé toa do tru ta duoc:

X=rsind
y =rcosé,
z2=12
0:0->2rx
r-0o->R
z:0—>h
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2r R h R4 1
., =p£ d@_[r3dr£dz =p2z=h =Ep7rR4h

1 2 2 1 2
==(p7R°h)R* ==mR
> (pRh) >
4)
Véi m = pzR*hla khdi lwong cua khéi try.
Vi du 3: Tinh mémen quén tinh cua khéi cau

dic dong chat khdi lwong m, béan kinh R, mat
d6 khdi lwong p = const .

Cach 1: Phuong phap tinh téng, giéi han:

Giai: Tuong ty nhu viéc tinh mdémen quan

tinh cua dia tron dic, ta chia khdi cau thanh
K 16p 6 @ déy%  thé tich cua I6p thit i tinh

te tam ra la V._ {( —)° (( kl)R)} ,

tuong ung v(yi khoi luong
V. i d-La| o o
m =m——-Lt—=m| (=)’ - (—>)° |, bén kinh
' A7R*/3 [(k) ( K )}
cia mat cau trung binh cua 16p the | 1
_(2i-)R
! 2k

Momen quéan tinh cia khéi tron dugc tinh
bang téng mémen quan tinh cua cac 16p (co

dang mat cau) tao nénné | =lim= 2 Zm r

k—)oo

Thay cac giatri m, va r, da tinh ¢ trén va rat

gon ta dugc:
— i J— 2
2 2 R?lim z (3i* =3i+1)(2i-1)
k—o0 “ 4k5
2 12k5 /5 2 ©
=-mR? Iim—5+'"=—mR2
koo 4K 5

Cach 2: Phuwong phdp tich phan boi:
Giai: Goi R la ban kinh khéi cau, p=const,
truc quay theo Oz, tm khdi cau tai O:

Ap dung cong thirc tinh mdmen quan tinh dbi
Véi truc quay Oz ta co:

= I”(xz +y?)pdxdydz
= pJ-J.J. (x* + y*)dxdydz

Trong d6: V 1a khéi cau tam O, ban kinh R.

Chuyén sang hé toa d6 tru

X=rsind 0:0-2rx
y =rcosé, r-o->R
1=1 2:—R? =12 - R? —1?

= pm r*drd0dz

V/

2r R JRZ -2
:pJ.dQIr"‘dr I dz

0 0 JrR? -7

2r R JR2 1?2
:2pJ.d<9J‘r3dl’ _[ dz

0 0 0

= ZpTdé?ji r*vR? —r2dr
0 0

—RY)d(R?-r?)

= pTd@T\/RZ —r*(R*—r?
0 0

R

2 52 3
=27 p| =(R*=r?)2 —==R*(R*—r?)2
5 3 .
87
=" pR®
157
:émR2 (6)

Vi m= gﬂRSp la khéi Tuong cia khéi cau.

Vi du 4: Tinh mémen quan tinh cua vat thé
ddng chat p(x, y, z) = const gigi han boi mién

Vi x>0y>0;2>0; ( +y+zj<1 dbi voi
a C

géc toa do.

Giai:
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M6men quan tinh ddi vai gbc toa do cua vat
ran la:

= Iﬁ(xz + Y% +2°) pdxdydz
b(l—f) c@-2-Y

oo [or 1

0

x> +y?+7° dz

. b(l—g)

-l |

0 0

x_y
ca-2-Y
( a b)

{(x2+y2)z+%23} dy

a b(l——)
pffdx | o0+ v —-D

0 0

Y)*1dy}

LeaXe
3 b

. b(l——)

= p{[ dx j [cx? (1——)+cy (1——)

0 0

C, 2 5, C X Y3
2y +y)+—(1-=-)°]d
b( y+y°) 3( " b)] v}

=p{T[cx2(1—5)y+1cy3(1—5)
5 a” 3 a

abc
= p.E(az +b2 +C2) (7)

Vi du 5: Tinh mdmen quén
tinh cua vat thé dong chat
p(X,y,2)=const doi Vvai
mit phang Oxy duoc gigi
han bai mién V véi:

(X* +y*+1z°)<2az; (X*+y*+z°)<a’ (a>0)
Giai:

Nhimg diém trén giao tuyén cua hai mat cau
(X +y?+7%)<2az; (C+y*+22)<a’ co dd

cao thoa man 2az=a’do d6 z :%
loy = p][[ 2°dxdydz

=p|[[ z?vdxdydz + p[ 2% dxdydz
—1, 1 N )

M3t phang z = % chia mién V thanh hai mién:

Vl:{(x,y,z)ev:zzg}

b(1- )
c 3 X Y
T ERYR Sy - (- dx
b( Y y) el )] ; VZ:{(x,y,z)eV:z<%}
bc
- of[bexa-2 2+—cb3 1- %y 12 a
'0[-([ ( a) 3 ( a) x ) Ta co: |1=pIZZdZH dxdy ma
3 a Sa)
—lcb3(1—5)4+bi(1—5)4]dx LB
a 12 ﬂdxdy:S(z):fz(x +y)=n(@ —-z°) do @6
X bC +Cb3 Sa)
—p[—j X*(1-2)"dx I(l——) dx] : bs s ;
a 20 2 a’z’ 2 478’ p
|, =p[ 2 (a - 2*)dz = pr(——-T)| =
X bc? +cb3 : 3 5 480
j( — 4 )dx+ j(l——)d] ; a
a 2
be X 2x* X |" bc®+ch? -a Tuong
—p[—(——4— —) (1——) (=) ] a a
a 58. 12 5 0 I 2 9 2 d 2az4 25 2 aSJZ-p
7*(2az-7%)dz =1 =—T
e, bc+cb3_] ”pl( ) TR )
2 30 12
Vay
a’bc +ab’c +abc® ol = oo 59 )
=p. = —+— =—23a°
60 480 40" " ag0" "
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Vi du 6: Tinh mémen quéan
tinh coa vat thé hinh tru
rong ban kinh hai day la
R: va Ry (Ry < Ry) ddi
voi  gbc toa do biét —
p(X,y,2) =const.

=

e -

Hinh 7

Giai:
Goi chiéu cao cua hinh tru 1a h, p dung cong
thirc tinh momen ddi vai gbc toa do:

Iy = m-(xz + v +2%)p(x, Y, z)dxdydz

Chuyén sang toa d¢ try:

X=rsin@ 0:0->2rx
y =rcoso; rR—->R,
1=1 z:0—>h

2z

R, h
Khi d6 ta co: |O=pjd9jdrjr(r2+z2)dz
0 R 0
R, h
= p27 [ dr [ (r*+r2°)dz
R, 0
h

2 rz®
=p27r.|.(l’32 +—)| dr
R 3

0

: rh®
= p27 [ (r°h +dr
Ry

4 213 |Re
S LLE
476,

:ﬂph(R2;R1 +h? RZ;Rl). 9)

4. KET LUAN

Nhu vay r0 rang khi st dung hai phuong phap
todn hoc khac nhau t6i da tinh dugc mdémen
quan tinh cua céc vat ran dong chat cho ba
dang vat thé: chiéu dai, mat, khdi twrong tng
véi cac cong thac (1), (3), (5), (7), (8), (9).
Trong cac vi du 4, vidu 5 va vi du 6 t6i chi su
dung tich phan dé tinh mémen quan tinh. Vi
moi cach s& c6 nhiing thuan loi va kho khin
riéng tuy thugc vao so truong cia nguoi hoc.

C6 thé mo rong dé tinh mémen quan

tinh cho thanh dbéng chat véi truc quay
2

di qua tam thanh: |=rT11_2, cho qua ciu
rong | =EmR2,...
3

Trén day 1a nhiing két qua ma t6i da nghién
ctru va tinh toan, hy vong véi nhiing két qua
nay co thé 1a tai liéu tham khao cho giang vién
va c4c em sinh vién khi can xac dinh mdémen
quan tinh.
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