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Abstract: In the paper, we introduce the concept of upper central expo-
nent of linear stochastic differential algebraic equation of index 1. We prove
that upper central exponent is nonrandom and larger or equal to the top
Lyapunov exponent.
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1 Introduction

Late in the 19th century, Lyapunov published his profound thesis, which gave
birth to the qualitative theory of differential equation. In the thesis, Lyapunov dealt
with the long-term behavior of a system of differential equations. He had proposed
two methods for studying the systems: Lyapunov exponent method, and the method
of Lyapunov functions. Since then, the methods of Lyapunov have been widely used
and serve as key tools in investigating the (conditional) stability of the solutions of
systems of differential equations. Moreover, developing the method of Lyapunov ex-
ponents many researchers introduced various kinds of exponents as further tools for
the investigation of qualitative properties of systems of differential equations. The
Lyapunov exponents are estimated from above by the central exponents, were intro-
duced in 1957 [1], which are again Lyapunov exponents, only not of the solutions
themselves, but of functions obtained from the solutions of the system by applying
to these some averaging procedure. A consequence of this procedure is that the cen-
tral exponents have some properties which the Lyapunov exponents of the solutions
themselves do not have. For instance, the negativity of the highest Lyapunov expo-
nent of the linear system a’ = A(t)x does not always imply the stability of the trivial
solution of the system 2’ = A(t)x + g(x,t). But the negativity of the upper central
exponent of the first system does imply the stability of the trivial solution of the
second system.

The theory of Lyapunov exponents applied to the framework of the ergodic theory
leads to a whole new field of research: the theory of random dynamical systems [3]. In
[4] has considered the Lyapunov exponents and central exponents of nonautonomous
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linear stochastic differential equations (SDE) and proved that they are nonrandom.
The results that author got based on the tools of the classical theory of Lyapunov
developed by Millionshchikov [10], |11} and the theory of two-parameter stochastic
flows by Kunita [I3]. The central exponents is an upper bound of the Lyapunov
exponents.

On the other hand, several technical problems, e.g. in the context of computer-
aided design of electronic circuit, the modeling of circuits under the influence of
electronic noise leads to the problem of investigating the stochastic differential alge-
braic equations (SDAE). The class of SDAE of index 1, plays an important role in
models with an algebraic component, as e.g. in modified analysis nodal techniques
from electrical engineering under the influence of inner electrical noise (see [7]). This
comes from the fact that the technique of modified analysis nodal without noise yields
a DAE of index 1 if and only if the network contains neither CV-loops nor LI-cutsets
(see [12]) and under some additional conditions, the noise sources do not appear in
the constraints (see [9], [14], [15]). For a SDAE of index 1 under certain conditions, we
are able to transform it into a system consisting of a SDE and an algebraic equations
(see [5]). So that we may use methods and results of the theory of SDE to them.
In [5] and [7], the authors introduced the concept of Lyapunov exponents, Lyapunov
spectrum and Lyapunov regularity of a SDAE of index 1.

The paper is organized as follows: in the next section we recall some basic notions
about two-parameter stochastic flows, the Lyapunov exponents and central exponents
of linear SDE; The induced two-parameter stochastic flows, Lyapunov exponents and
the Lyapunov spectrum of SDAE of index 1. In Section 3 we introduce the concept
of central exponent of linear SDAE of index 1 and prove that it is nonrandom and
compare with top Lyapunov exponent.

The following notations are used throughout the paper: G is the Grassmannian
manifold of all k-dimensional subspaces of R™; U, is the subset of all nonvanishing

vectors of a linear subspace U C R"; ||.|| is the standard both Euclidean norm on R"

and operator norm, T|; denotes the restriction of the operator T on U with operator
T

norm ||T|y|| = sup,ep. ”Hi—x”)”

2 Preliminary

2.1 Stochastic differential equation and two-parameter stochas-
tic flow

Consider the nonautonomous linear SDE

dz(t) = Fy(t)z(t)dt + iﬂ(t)x(zﬁ)thj, t e RY, (2.1)
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where the matrix-valued functions Fj : R — R™ " j =0,...,d, are continuous and
(W;) denotes an d-dimensional Wiener process given on a probability space (€2, F,
P) (see [2]).

Kunita [I3] has introduced a concept of two-parameter stochastic flows which
is a dynamic approach to the theory of SDEs since under mild conditions an SDE
generates a two-parameter stochastic flow ®g,(w) of linear operators of R™ and the
solution of satisfying initial value condition z(0) = zy, is a stochastic process
given by the formula z(t) = ®,,(w)xo. Conversely, under a reasonable condition a
two-parameter flow of diffeomorphisms of R"™ generates an SDE. Therefore, there
is a one-to-one correspondence between smooth SDEs and smooth two-parameter
stochastic flows. Now, we recall the concept of two-parameter stochastic flow on a
probability space (2, F, P) with state space R". A two-parameter stochastic flow of
diffeomorphisms of R” is a family of continuous maps {®,,(w) : w € §,s,t € R"}
which satisfies the following properties for almost surely

(1) @s1(w) = Pyt 0 Dy (w) holds for all s,¢,u € RT, where o denotes the composi-
tion of maps;

(11) @ (w) is the identity map for all s € RT;
(111) the map @ ,(w) : R™ — R™ is an onto homeomorphism for all s, ¢ € R¥;

(iv) ®s4(w)x is differentiable with respect to x € R"™ for all s, € R™ and the
derivative is continuous in s, 1, x.

We shall assume that the properties (i) — (iv) above are satisfied for all w € Q. Note
that fixing an w € 2 the two-parameter stochastic flow ®,;(w) is an analogue of
the Cauchy operator of a linear system of differential equations. Millionshchikov [10],
[1T] had discovered that there are several equivalent definitions for the Lyapunov
spectrum. Nguyen Dinh Cong used following definition [4]: for a given two-parameter
stochastic flow @ ,;(w) of linear operator of R", the extended-real numbers

1
Ap(w):= inf  suplimsup ;log [Pos(w)z|, k=1,..,n,

VEGn—k+1 2eV  t—oo
are called Lyapunov exponents of the flow @, ;(w). The set consisting of the Lyapunov
exponents Aj(w) > Ay(w) > -+ > A\,(w) is called Lyapunov spectrum of the flow
®, ¢(w). The extended-real numbers

m—1
1
Qp(w) := inf  inf limsup — log || Pir (s w il E=1,2,...,n
kw) = inf - inf lmsup o Zz_; g | Piri+1)7 (W)log iz @V
are called the central exponents of the two-parameter flow ®,,(w). The Lyapunov
exponents and Lyapunov spectrum, central exponents of (2.1) are, by definition,
those of two-parameter stochastic flow @, (w) generated by (2.1). It was proved that
Lyapunov exponents, central exponents of (2.1)) are nonrandom (see [4], [§]).
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2.2 Lyapunov exponents of stochastic differential algebraic
equation

Let us consider the linear SDAE of index 1

A(t)dx(t) + t)dt + Z B;(t)z(t)dWi =0, t € RY, (2.2)

where, matrix-valued functions A, B, B; : Rt — R™™ are continuous and (W;) de-
notes an d-dimensional Wiener process.

We assume that A(t) is singular with rank A(t) = r < n and smooth kernel
ker A(t), i.e. there exists a smooth projector @ € C'(R™, R™ ") onto ker A(t). Recall
that the SDAE is said to be of indezx 1 [3], if

(i) the deterministic part of is a DAE of index 1, i.e. Ay(t) := A(t)+Bo(t)Q(t)
is nonsingular on R*, where By(t) := B(t) — A(t ) "(t), P(t) =1 — Q(t);

(i1) Bj(t)r C A(t) for all (t,x) e RTx and j =1,...,d.

If the SDAE ({2.2) is of index 1, then the inherent SDE of (2.2]) (under P) is (see [5],
[6])

du(t) = (P' — PAT'Bo)u dt+ZF (t)dWi, t e RT, (2.3)

where Fj(t) = —A7'(t)B;j(t)Pun(t), j = 1, ...,d. Denote Qean = QA;'By and
P..n .= I — Qcun. Note that Q.. is a projector onto ker A which is independent of
the choice the projector Q.

Suppose that ®;,(w) is a two-parameter stochastic flow generated by . Then,
2(t) = Pogn(t)Ps4(w)P(8)0, o € R™, is the solution of satisfying the initial con-
dition z(s) — g € ker A(s), t > s > 0. As in [0] we call ¥, (w) 1= Pogn(t)Ps+(w)P(s)
the induced two-parameter flow of . For any z € R", s,t € RT, we have

Upi(w)r = Pun(t)Por(w)P(0)x
= Pn(t)Ps(w)Pos(w)P(0)x
= Vo(w)¥os(w)e. (2.4)

Following the ideas in references [4], [T1], the Lyapunov exponents of an SDAE ([2.2))
of index 1 are defined by the formula (see [6])

A (w) = inf  suplimsup — log||\If0t( Joll, k=1,...,r (2.5)
VEGn_k+1 2eV  t—o0

The set consisting of the Lyapunov exponents A\j(w) > A(w) > -+ > A\ (w) is
called Lyapunov spectrum of (2.2)). Lyapunov exponents are measurable and are non-
random.
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3 Upper central exponent of linear stochastic dif-
ferential algebraic equation of index 1

In this section we consider nonautonomous linear SDAE (2.2]) of index 1. Let ¥y, (w) =

Proon(t)Ps:(w)P(s) be the induced two-parameter flow of (2.2)), where, ®,;(w) is a

two-parameter stochastic flow generated by inherent SDE ([2.3)).

Using the approach of references [4], [6], we introduce the notion of upper central
exponent for (2.2]).

Definition 3.1. Let U, (w) be the induced two-parameter flow of . Then

m—1

1
Aw) = nf imoup 3 108 [ ininno ()l o | (3.1)
m—0o0

is called the upper central exponent of the two-parameter flow Vs,(w). The upper
central exponent of SDAFE is, by definition, the upper central exponent of the
induced two-parameter stochastic flow generated by the SDAF.

Theorem 3.2. The upper central exponent A(w) of SDAE 15 always greater
than or equal to the top Lyapunov exponent \(w).

Note that already in the deterministic case the above relation can be strict for an
example of a two-dimensional deterministic system (see [1]).

Proof. Acording to (22.5)), we have the top Lyapunov exponent of SDAE ([2.2)
1
A1 (w) = sup limsup — log || o (w)z]|.
zeR™  t—o0 t
It can be computed via a discrete-time interpolation of the flow: for any 7" > 0,
1
A1(w) = sup lim sup s log [| Vo mr(w)x]|. (3.2)

z€R™ meN,
m—o0

For any 7" > 0, m € N, and x € R", we have

£4)
[Womr(W)zll =" ¥ mm-1)yrmr(@)¥o,mm-1yr(w)z|
< -1y mr (W) v, oy @' Y0, (m-1y7 (W) ]
< MY en-nyrmr (W)lwg g syr@re |l - ([ Po,r (W) e [[[|2]]-

Therefore, for any 7" > 0 and m € N,
1
o8 el < Z 10g Wit i1y () s | + 10 1]
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From this inequality and (3.2)), we get for any fixed 7" > 0,

m—1

. 1 1
M(w) = sup lmsup 7 log [ Womr (@) < Hmsup ZlogH\I’zT(m (@)l wg iz (wyn|

m—00 m—>oo
Consequently,

m—1
1
A(w) < inf limsup o Z 10g |7 i1 1)1 (@) vy e ]| = Aw).
m—r0o0

The theorem is proved. O

Theorem 3.3. The upper central exponent A(w) of SDAE (2.3) is not random.
Proof. For N € N,, and T > 0, denote {y := Zl 0102 [| Wiz (i11)7 (W) |wg i (w)re || Then

the random variable &y has finite second moment. This implies

1
limsup —=&n = 0, almots surely.
m—soo MT

Therefore, for any N € N,

m—1
1
Aw) = %Ii%l”fnlesllfp_mT N+‘%110gIIWiT,<i+1 7(W)|wg iz @)k |l)
m—o00 =

= inf hmsup— Z IOgH‘I’zT i+1)T (W)’\I/o,iT(w)R"H

=0 77T—€>§o i=N+1
= inf hmsup_ Z logH\DZT(H-l (w >|\I’NT,iT((I>O,NT(W)P(O)Rn)H
T>0 men ml’, < N+1
m—00

= inf llmsup— Z 1Og||‘I’zT i+1)T 7(w )|‘1’NT,iT(W)Rn||'
T>0 meN Z N+1
m—0o0

Now, for N € N,,T > 0, put

m—1

1
f(T,N,w) —hmsup— Z Log | Wiz (i+1)7 (W) @ 7, i (w)re |-
men - M, S
m—00

Similar to [§], we have

inf f(T,N,w) = inf f(T,N,w).

T>0 TeN,
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Denote Ft := (W, —Ws,0 < s < u < t). Note that F, = F{, where F, := o(W;,0 <
s < t),t € RT, is the natural filtration of Brownian motion (W;);>¢. Then, f(T, N,w)
is Fry-measurable, since W (w) = Pugn(t)Ps(w)P(s), t > s > 0, is Fi-measurable.
Therefore, for any N € N, the random variable A(w) is measurable with respect

to the o-algebra () Fryp. Hence A(w) is measurable with respect to the tail o-
TeN.

algebra () [ Fap- Since Brownian motion has independent increments, the tail
NEN,TEN,
o-algebra (| [ Fxop is trivial by Kolmogorov’s zero-one law. Consequently, the
NeN,TeN.
random variable A(w) is degenerate, i.e., nonrandom. The theorem is proved. [

Theorem 3.4. Let be an SDAE of index 1 with coefficients A(t), B(t), Aj",
P'(t), Bi(t),i =1,...,d are bounded. Then the central exponent A(w) of SDAE

1s smaller than or equal to the central exponent of the corresponding inherent SDE
23

Proof. Let ®g,(w) be the two-parameter stochastic flow of the inherent linear SDE
(2.3) and Vg (w) = Pon(t)Ps(w)P(s) is the induced two-parameter flow of (2.2)).
For any t > s > 0, we have

U (W) = Pregn(t)Ps ¢ (w) P(s).

Hence,
W (@)oo @rn ]| < Vs (W) < ([ Fean (@) [ Ps,e (W) P(5)]]-

Consequently,

log [[ W, (W)l wy, . (wyrr || < 10g || Pean (8) || + log || 1 (w)[| + log [[P(s)]]-

This implies that for any 7" > 0,m € N,

m—1 m—1
> 108 | Wiz i+1)7 (@) wg srwyme | < M(10g || Pean (t) [ +10g [|P(8)])+ ) _ og | @i a4nyr (W)
=0 =0

From the condition on bounded of P.,,, P and the relations P = A;'A, Q =1 — P,
Pean =1 — QA (B — AP') it follows that

m—1

1

m—1
. ) ) . 1
B Hmoup o D 108 [Wer iy (9) oo | < ik, timeup S 3 o 1 ()]

m—0o0 m—00

The limit in the right hand side of this inequality is the upper central exponent of
SDE (2.3]) and the limit in the left hand side is the upper central exponent of SDAE
(2.2)). The theorem is proved. O
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TOM TAT

sO MU TRUNG TAM TREN CUA PHUONG TRINH VI PHAN
DAI SO NGAU NHIEN TUYEN TINH cHIi SO 1

Nguyén Thi Thé
Khoa Todan, Truong Dai hoc Vinh, Viét Nam
Ngay nhan bai 12/10/2022, ngay nhan dang 21/11/2022

Bai bao nay ching to6i gidi thieu khai niém s6 mii trung tam trén cho phuong
trinh vi phan dai s6 tuyén tinh chi s6 1. Chung toi chiing minh rang doéi véi phuong
trinh vi phan dai s6 ngau nhién tuyén tinh chi s6 1 thi s6 mii trung tam trén 1a khong
ngau nhién va 1én hon ho#c bang sé mi Lyapunov 16n nhat.

Twu khéa: S6 mii Lyapunov; s6 mii trung tam, Phuong trinh vi phan ngau nhién;
Phuong trinh vi phan dai s6 ngau nhién; Dong ngau nhién hai tham so.
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