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In recent years, the approximate solution of the system of nonlinear
equations has been studied by many scientists, especially the class of
systems of nonlinear equations with a large number of equations. The
third-order Newton - Krylov method solved these systems very well
with the speed of cubed of convergence. The convergence of iterated
formula has been proofed, however, its only has been confirmed by
experiment. In this article, we will present the speed of convergence
of the third-order Newton - Krylov method and give the proof for the
speed of convergence of iterated formula simultaneously. Moreover,
the article also presents a consult of experiment to proof for the speed
of convergence of the Newton—Krylov method.
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TU KHOA

Tbc d6 hoi tu

Su hdi tu

Phuong phap Newton-Krylov bac ba
Cong thuc lap

Hé phwong trinh phi tuyén

Nhirng nam gan day, viéc giai gan ding hé phuong trinh phi tuyén
duoc nhiéu nha khoa hoc quan tdm nghién ciru, dac biét 1 16p cac hé
phuong trinh phi tuyén cé s6 phuong trinh 16n. Phwong phap Newton
—Krylov bac ba giai quyét rat tot 16p céc hé phwong trinh nay véi toc
d6 hoi tu bac ba. Su hoi tu cua céng thac lap da duge ching minh,
tuy nhién vé téc do hoi tu cua né chi dugc khiang dinh qua thuc
nghiém. Trong bai b4o nay, ching tdi trinh bay vé téc d6 hoi tu cua
phuong phap Newton — Krylov bac ba, dong thoi dua ra chitg minh
cho tdc do hoi tu cua cong thuc 13p. Ngoai ra, bai béo con trinh bay
mot két qua thuc nghiém d& minh ching cho téc do hoi tu cua
phuong phap.
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1. Gi6i thi¢u
Xét hé phuong trinh phi tuyén
Fz =0, (1)

t 7
trongdo F'= f =z .f, © ;...;f x voi f :R" — R lacac ham phituyen (i =1,2,...,n).

Phuong phap Newton dugc cong bé lan dau tién vao nam 1685, sau do duoc nhiéu nha khoa
hoc phat trién va cai tién sang giai hé phuong trinh phi tuyén véi su hoi tu bac cao [1]-[3]. Trong
[4] d4 trinh bay phuong phap New — Krylov bac ba dé giai quyét hé phwong trinh (1) nhu sau:

Buoéc 1: bat

F x’",
:En+1 = n - 1 4 ! (2)
F/[z —~F'z Fz ]
n 2 n n

T S . 1 -

va bién d6i cbng thuc (2) thanh F’ [:c L R ] z, , —v, =—Fux (3)
n 2 n n n n n
Buéc 2: Pat k z, = —%F/ ¢ F z  vachuyén phuong trinh (3) thanh

, 1

F'x kx :_EF T, (@)

Budéc 3: Ap dung phuong phap Krylov [5] dé tim nghiém gan dung & r ~ cua phuong trinh

(4) va viét cong thic (3) viét lai nhu sau
F’ r+kx s =-Fuzx , (5)

Voi T, =8 t+. (6)

Buéc 4: Ap dung thuat toan Newton-Krylov dé tim nghiém = ciia hé (5), (6).

Sy hoi tu cua cong thuc 1ap da dugc trinh bay trong [4], [5], tuy nhién tg‘)c d6 hoi tu cua cong
thirc 13p chi dugc khang dinh qua thuc nghi¢m. Bai bao nay trinh bay ve toc do hoi tu va dua ra
chang minh cho toc do hdi tu ciia phuong phép. . o

Cau tric cua bai bao gom 4 phan: Sau phan gisi thiéu la Phan 2, trinh bay ve toc d6 hoi tu va
dua ra viéc (;hl’xng minh cho toc do hoi tu cua cdng thac lap; Phan 3 trinh bay mot s6 két qua thuc
nghiém; Cudi cung la phan Két luan.

2. Toc dd hoi tu

Pinh nghia 2.1 (Téc d§ hdi tu) (Xem [6]) Xét day e =1 —a, néu ton tai mot ham k-
2 k

, . k1 . .
tuyen tinh K € LIR" x...xR",R"| sao cho e :Kefl’+O“enH , VoI e: =le,...,e| va

He “ la chuan Euclid thi = duoc goi 1a hoi tu dén a voi tée do hoi tu cép & .
Pinh ly 2.2 (Sw hji tu ctia phwong phap Newton-Krylov bic ba) Cho &nh xa F' : R" — R”"

kha vi lién tuc trén mot tap 16i m¢ D c R". Gia sir ton tai z° € R" va «,5 >0 thoa man
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-1 . i
S z,rcD, F' 2 ton tai,

—1 2\ . z
F' o Hgﬁ va F’eLipw S z*,r . Khi d6 ton tai so

e > 0 théa man véi méi z° € S z',e day z,,,... xac dinh boi cong thic (2) hoi tu dén z".

binh ly 2.3 (Toc dd hoi tu caa phwong phap Newton-Krylov bac ba) Cho anh xa
F :R" — R" thoa man cac diéu kién cua Dinh 1y 2.2 va c6 dao ham dén cap ba trén D c R".
Khi d6 ddy = xéc dinh bgi cong thirc (2) hoi ty dén z* véi toc do hoi tu cap ba.

Sau day, chiing tdi dua ra chimg minh Dinh ly 2.3. Trong chimg minh nay, ta dat e, =X —X

‘ =80 (x*) _
va CJ. =—— ] =123..
it F(X)
Dé ching minh Binh 1y 2.3, ta s& chi ra ¢ ham K — tuyén tinh sao cho
€n+1 = Kes + 0 HenH4 '

Truéc hét ta viét lai cong thic (2) nhu sau x,, =%, —F'(y,) " F(X,),
Voi Yn :Xn_%F'(Xn)_lF(Xn)'
Ap dung cong thuc khai trién Taylor cua ham F(x) tai x" taco
F(x):F(x*)+F’(x*)(x—x*)+%F”(x*)(x—x*)2+%F”’(x*)(x—x*)3+OHX—X*“4.
Khi d6 F(xn):F’(x*)(xn—x")+%F”(x*)(x—x")2+%F”’(x")(x—x*)g+O“x—x"”4
—F(X)e, + i F(x )el + S F7(x Jed +Ole |
= F'(x")(e, +C.e +Cie3 +Ole, ).
Ap dung cong thirc khai trién Taylor cia ham F’(x) tai x* ta c6
F'(x) = F’(x*)+F”(x*)(x—x*)+%F’”(x*)(x—x*)z+OHX—X*H3.
s , o w( s RN A " «
Khidé  F'(x,)=F (x )+F (x )(xn—x )+§F (x )(x—x )2+0Hx—x H3
= F'(x)(1+2C.¢, +3Ce? +Ole,[").

F(x,) F(x)(e+Cel+Cel+Ofe)

Podo )" F(x)(1+2Ce, +3C€2 +Oe, )
:[u ~2C,g, +(4C2-3C, )e2 +Oe, ﬂ(en +Ce2 +Cied +0le, )
=e,—C,e/ +(2C; -2C,)e3+Ole,|".

Suy ra Fa) 1o Lceri(czoc,)e+Ole

2F'(x,) 2" 2
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Do d6 Y, =X +>¢€,+Cel —(C-C,)el+OJe, |

n

=13
Y, —X H

I +2C2(yn _X*)+3C3(yn —X*)z +O||en||3}

{| +2C,e, +(c§ +%cgje§ +O||en||3]

=F'(x
" () el il Ol
F'(¥,) I+C2en+[C22+nge§+0||en||3
4
~[1-ce-esi rolef e e v ol
=en—[C22—%je§+O||en||4.
Vay Xn+1:Xn_F,(yn)_lF(Xn)

_x e {cg _%jeg Lole,
¥ {c; _%jeg ol
Dodé e, = (022 —%) e +Ole, |, vay Pinh Iy 2.3 dugc ching minh.

3. Két qua thuc nghiém

_ Trong phén nay, ching t6i dua ra mot sd vi du va bang cach sir dung Matlab dé tim nghiém
gan dang cua hé thdng qua cong thac Iap (3). Trong céc vi du nay, cac budc lap sé dung lai khi
HF T, H < 10" va chung t6i ciing dwa ra thoi gian chay cua thuat toan.

Vi du 1 : Giai gan dung hé phuong trinh :
rr,r, =1
g, +z,—z, =0 (7

2 2 2
T +x2—|—x3—9

\ \ T
Ta chon nghiém gan dung ban dau la 2° = 1, —1, 0.1 ,sau khi thyc hién 4 buoc lip véi
thoi gian chay 0.125 (s) ta duoc nghiém gan dung cuaa hé (7) 1a
T
= 2.14025812200518, — 2.09029464225523, — 0.22352512107130 .

Ma code :
Clear all
Syms x1 x2 x3
Format long ;
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f = [X1*x2*x3 ; x1+x2-X3*X3; X1 *x1+x2*x2+x3*x3];
y = [x1; x2 ;x3]; xn =[1; -1, 0.1];

R = Jacobian(fy) ;

m =0 ; tic;

While (m<100)

a = subs(R, {x1, x2, x3}, {xn(1), xn(2), xn(3)} ;
A=a*a; B=a’*b;

Tol = 1eM-13 ; z0 = zeros(2 ;1);

kn = fom(A, B, z0, tol) ;

% (Tinh nghiém gan ding k(xn) ciahé F' an k an = —%F n )

yn = xn + kn;

a = subs(R, {x1, x2; x3}, {yn(1), yn(2), yn(3)});
b = -subs(f, {x1, x2, x3}, {xn(1), xn(2), xn(3)});
A=a*a; B=a’*b;

Tol = 1eM-13 ; 20 = zeros(2 ;1);

kn = fom(A, B, z0, tol) ;

% (Tinh nghiém gan diing sn ciahé F' an+k an sn=—F an )

XN = Xn + sn;

If norm(B)< 1e”-13 breack;

else

m=m+1;

end;

end; toc;

Sfprintf(‘Thoi gian thuc hién.’); disp(toc),

If (m=100)

fprintf(‘Khéng héi tu sau 100 lan lgp”);

else

Sprintf(‘Sé lan lap 1a’); m

fprintf(‘Nghiém la’); xn

end.

Vi du 2: Giai gan ding hé phwong trinh :
vz, +rz +xz, =0
r,x, +z,x, +xz, =0 ®)

vz, +rz, +z,o, =1

vz, +zx —zx, =0
N N N T
Bang cach chon nghiém gan ding ban dau z° = 0.5, 0.5, 0.5,— 0.3 , sau khi thuc hién ba

budc lip véi thoi gian chay 0.156 (s) ta dugc nghiém gan dung cia hé phuong trinh (8) 1a
0.577350269189626,0.577350269189626, 0.577350269189626, — 0.288675134594813 .

4. Két luan

Bai bao da trinh bay vé toc do hoi tu cua phuong phap Newton — Krylov bac ba dé giai he
phuong trinh phi tuyén. Dy la ket qua quan trong dé nhdm tac gia tiep tuc xay dung cac cong
thic 1ap cai tién cta phuong phap Newton — Krylov.
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