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The vector optimization problem with set and inequalities constraints
(also called as multiobjective optimization problem with constraints) is
considered in this paper for which the data is of real Banach spaces.
Using the regularity condition in the sense of Clarke’s derivatives in
which the objective function and the constraints function are Gateaux
differentiable at the given optimal point, we provide the dual second-
order nec- essary optimality condition for the local weak Pareto
minimum of the vector optimization problem through the Clarke
generalized derivatives and the Pales-Zeidan type second- order upper
generalized directional derivatives. The result obtained in the literature
is new and also illustrated by an example for our findings.
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TU KHOA

Diéu kién can t6i wu cap hai

Cuc tiéu Pareto yéu dia phuong
Pao ham suy rong Clarke

Diéu kién tdi wu

Dao ham theo hudng suy rong trén
cap hai Pales-Zeidan

Bai toan toi wu vai rang budc tap va bat dang thic (hay con goi la bai
toan tbi uvu da muc tidu c6 rang buoc) dugc nghién ctu trong bai bao
nay véi dir lidu trong khong gian Banach thuc. Sir dung diéu kién
chinh quy trong truong hgp dao ham Clarke trong d6 ham rang budc
va ham muc tiéu la kha vi Gateaux tai diém t6i wu cho truée, ching
t6i thiét lap diéu kién téi wu can cap hai dang d6i ngau cho cyc tiéu
Pareto yéu dia phuong cua bai toan t6i vu thong qua ngdn ngir dao
ham suy rong Clarke va dao ham theo huéng suy rong trén cap hai
dang Pales-Zeidan. Két qua thu dugc trong bai bao 13 méi va ching
t6i cling d& xuat mot s6 vi du cho md ta két qua mai cua bai béo.
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1. Mé dau

Gia sit X la mot khong gian Banach, C la mot tap con mé khac rong trong X , ham gia tri
vecto f=(f,...,f):C— RP va cac ham gia tri thuc g, :C — R,i=1,2,...,m. Trong bai bao
nay, ching toi nghién ctiu bai toan tbi wu vecto véi rang budc tap va bat dang thirc dang:

min f (x) (hay f(x)—>min) (p) thoa man x e K

Trong d6, tap chap nhan dugc K cua bai toan téi uu vecto (P) ¢6 dang:

K:={xeC:g,(x)<0,i=12,...,m}.

Mot vecto x eK duoc goi 1a cyc tiéu Pareto yéu dia phuong cua bai toan téi uu vecto (P),
néu tan tai mot 1an can min f(x) U cua X sao cho khong tn tai batky x e K nU dé

f.(x)< fj(X),j =12,..,p.

Truong hop U = X, tir “dia phuong” c6 thé bé qua cho nghiém cuc tiéu Pareto yéu.

Néu mot vecto x e K 12 mét cuc tiéu Pareto yéu caa bai toan tdi uu vecto (P) thi cling 1a mot
cuc tiéu Pareto yéu dia phuong cua bai toan. Do d9, trong nhi’éu bai toan t6i wu, tinh chat nghiém
dia phuong dugc uu tién trong thict 1ap tinh hiru hi¢u “can” cap 1vacap 2.

Bai toan t61 uu vecto (P) voi di€u kién Lipschitz dia phuong duge nhiéu tac gia quan tim
nghlen ctru trong thoi gian gan day, nhung gia thiét vé ham muyc tiéu va rang bude it nhat 1a kha
vi lién tyc. Trong nhiéu két qua vé linh vuc diéu kién t01 uu cap 2 tét hon cép 1, nghia 1a diéu
kién tdi uu cap 2 ‘chua nhlpu thor}g tin hon diéu kién toi wu gap 1, chung con lgm min quqc c;}c
thong tin trong di€u kién to1 uu cap 1. Trong nhiéu bai toan to1 uu vecto, cac diéu kién to1 uu cap
1 khdng the str dung cho kiém tra ket qua toi uu hay thiet ke thuét toan so trong thyc hanh ma can
dén di€u kién t61 wu cap 2. Day la ly do chinh tai sao chung toi can nghién ctru di€u kién t6i uu
cap 2 trong bai bao nay. B¢ ban doc c6 mét goc nhin toan dién hon vé cac dicu kién toi uu cap 2
da biét, chung toi gidi thiéu mot vai van dé mang tinh lich sur da dugc dé cap trong Cé(; bai belO uy
tin nhu sau: Nam 1999, Bonnans-Cominetti-Shapiro [1] s dung dao ham parabolic cap 2 d€ thiet
lap diéu kién can t6i vu vecto c6 rang budc; nam 2003, Guerraggio-Luc [2] nghién ctu dieu kién
t6i uu cAp 2 cho bai toan téi wu da muc tiéu vecto véi dit lidu trong 16p C%* va C*, va ciing
trong thoi diém nay, Jiménez-Novo [3]-[5] thu duge dicu kién t0i wu cap 2 cho bai toan t6i uu
vecto voi dir liéu 1a cac ham kha vi duge mo ta thong qua cac tap tiép lién cap 2. Ké tlep dén nam
2010, Gutiérrez- Jlmenez Novo [6] str dung cac tap tiép tuyén cap 2 thiét 1ap diéu kién t6i wu cap
2 cho bai toan tdi ;Ia myc tiéu c6 rang budc; nam 2018, Luu [7] biéu dién diéu kién ti wu cép 2
dang co ban va doi ngau cho bai toan toi uwu da myc tiéu véi rang bude str dung dao ham theo
hudng cap 2 dang Pales-Zeidan. Gan day nhat vao nam 2020, Constantin [8] cung cap diéu kién
tbi wu cap 2 dang co ban theo dao ham suy rong Clarke va dao ham theo hudng cép 2 dang Péles-
Zeidan.

Nbi tiép két qua cua Constantin [8], chung t61 cung cap trong bai bao nay diéu kién tbi wu can
cip 2 dang dbi ngau cho cuc tiéu Pareto yu dia phuong trong khong gian Banach vi dir li¢u bai
toan Lipschitz dia phuong tai thoi diém t6i wu cho trudce. Ngoai ra, chung t6i ciing dé xuat mot sd
vi du mo ta két qua mdi cua bai bao.

2. Kién thirc chuén bi

Trong bai bao nay ching t6i quy udc:
0x(—0)=0 va 0x c0=0,
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V6i mdi sb tw nhién n, ky hiéu 1, 1atap n sb tw nhién dau tién bat dau tir 1. Phan trong topo
va bao dong poto cia mot tap con A trong X duoc Ky hiéu twong tng bai convA va riA. Sb
phan tir cua tap A dugc mo ta nhu |A.

Dinh nghia sau dong vai tro then chdt trong bai bao, ban doc cd thé thiy trong Clarke [9], V.
I. Ivanov [10] and Constantin [8].
DPinh nghia 2.1 Cho f Ia mot ham gié trj thuc Lipschitz dia phwong trén mot tip mg C  cua

X va X, € X . Ta c6 cac dinh nghia sau:
(a) Pao ham suy rong Clarke cua f tai X, duoc xac dinh bai:
. f(x+tv)— f(x
f0(%,,v) = limsup (x+tv) = 1)
(x)—>(x0,0") t
(b) Pao ham theo hudng suy rong trén cap hai kiéu Pales-Zeidan cia f tai X, dwoc xac dinh boi:
. f(x, +tv)— f(x,)—tf(x,;v
fOO(XO,V)Z=|ImSUp ( 0 ) g O) ( 0 )
t—>0" L
2
Chuy 2.2 Theo Clarke [9], néu X 1a hitu han chiéu, f 1a Lipschitz dia phuong xung quanh

Ve X

X, chinh quy trong truong hop cua Clarke va kha vi Gateaux tai X, cua f duogc ky hiéu boi
f€(%,)(v), (v € X),thi chang ta ludn c6 ding thire ding:
f20%,v) =% (%) V), ve X
bic biét, néu f 1a kha vi Fréchet va lién tuc xung quanh X, va kha vi theo huéng cap 2 tai
X, theo hudng vV € X, ta ciling thu duoc:

fO(%,v) = (%)), ve X

O day
£ (%,,v) = limsup f(x, +tv) - f(;(o)—tVf (Xo:V)
t—0" L
2

va VT (x,) la dao ham Fréchet tai X, ctia ham f .

Vi mdi x e K (didm chp nhan dugc), tap chi sé hoat cuia bai toan téi wu vecto (P) ky hiéu

1():=1{iel,:g,(x)=0}

Khi d& cap dén dit liéu caa bai todn (P), luon gia thiét ring cac ham ,,..., f, va g, (i  1(X))
Lipschitz dia phuong trén tap mé khac rdng C < X , cac ham g, (i el \ I(;()) lién tyc tai diém
chép nhan dugc X .

Mot phuong v e X duoc goi la trong tam tai diém X néu:

fj°(>_<;v)§0, jel,
{gi" X;v)<0,ie I(>_<).
Véi trong tdm Vv, ky hiéu:

J(?(;v):{j el :fj°(§<;v)=o},

http://jst.tnu.edu.vn 249 Email: jst@tnu.edu.vn


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

TNU Journal of Science and Technology 226(07): 247 - 253

I (>_<;v): {i el (>_<):fi°()_<;v):0}

Chuan héa rang budc cip 2 dang Zingwill ky hiéu (ZSCQ) dugc thoa man néu:
B()_(;v)g Ai>_<;v ’
A(;(;v)::{We X :Vie I(;(;v)ﬂgi >0:
] ()? +tv+ %tzw) <0Vt €(0; gi)}

B(;(;v)::{We X :gio(;(;w)+ g{"’(};v)so,w c I(Q;v)}

Pinh 1y 2.3 (xem Constantin [8]) Gia sit x € K 1a mét cuc tiéu Parteto yéu dia phuong cua
(P). Khi d6, véi moi hudng trong tdam v e X thoa mén (ZSCQ), hé sau khéng c6 nghiém
we X

f°(>_<'w)+ f°°(§'v)<0 je J(;('v)
{g (xw+gI ( X;V <0|e|(xv

Trong do:

3. Két qua méi caa bai bao

Xét bai toan toi wu vecto co rang budc tap va bat dang thace (P) dugce xéc dinh trong phan 2.
Mot dicu kién toi uu can cap 2 dang doi ngau cuc tieu Pareto yeu dia phuong cua bai toan (P)
theo ngbn nglr dao ham suy rong Clarke va dao ham theo hudng suy rong trén cap 2 duoc thiét
lap nhu sau:

Pinh 1y 3.1. (Piéu kién téi wu cAp 2 cho x € K 13 mét cuc tidu yéu dia phwong dang dbi
ngiu) Cho x € K 1a mét cuc tiéu Pareto yéu dia phuong cua bai toan (P). Gia sit X hitu han
chiéu, cac ham muc tiéu va cac rang bugc ham [ fp vag;lie I(x)) chinh quy trong truong

hop cua Clarke va kha vi Gateaux tai X . Khi do, v6i moi hudng trong tdm v e X thoa man
(ZSCQ), ton tai A; > O(j el (>_<;v)) va khong dong thoi bang 0 sao cho véi moi we X |

2(7 )ﬂi fe ()_(XW)+ 5 ),uigie()_(XW)Z 0, 1)
jedix;v iel{x;v
At (xfw)+ % 149™(x)w)=0 @)
jedlx;v iel xv
,uigi()_()zo,‘v'l el,. (3)

Chutng minh. Gia str tat ca cac gia thiét cua dinh 1y 3.1 duoc thoa man. Do X hitu han chiéu,
cac anh xa ham f,...f, vag, (i € I(x)) chinh quy trong truong hop cua Clarke va kha vi

Gateaux tai X, ching ta suy ra cac dang thic sau ding:
f jo(;cv)z fe ()_(XV), jed (>_<;v)
07bev)0° (x)v). i < 1(cv).

Xét tap:
= ,e}_&v (xXX X.e}gv (XXX
:=J€}‘(_£v (XXX .eEvg (XXX)_JE}‘&V{ XW ):we X} IEI]&V){gF()?XW):We X}
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ma phan trong twong d6i cua L khong chira vecto |, & day

Xét tap L::JI&V) (XXX IEIng. (XXX
=.g){,-<xw-wex}

jedlxv

X H { S(x)w):we X |

I€| XV

ma phan trong twong d6i cua L khong chira vecto |, & day

. (_ floo()_(;v), f‘f"x () (>_<;V)’
_ gfo()_(;v), oy — gﬁ%;v} ()_(;V)j'

S¢ di ta c6 két qua nhu trén 1a do X hitu han chiéu, tap L 12 mot non 15i va theo gia thiét
rang hudng trong tim Ve X théa man (ZSCQ), theo Pinh ly 2.3, L khdng chira vecto | va
ngoai ra phan trong twong ddi cua L ciing 1a tap khac rdng. Sir dung dinh ly tach mot diém va
tap 1a phan trong twong ddi roi nhau (xem Rock-afellar [11]), ton tai A, 20(] € J(?(;v)) va

> O(i el (;(;v)) khong dong thoi bang 0 thoa méan cac bat dang thirc sau:
Gy Gy
Z‘(f A fj (XXW1)+ 2&7 H9; (XXWZ)Z 0
jed x;v) iel x;v)
vai moi W, w, € X va
A fj°°(>_<;v)+ ) Mg;’(’(};v)zo
jed x;v) iel x;v)

Do d6, cac diéu kién (1)-(2) dung. Dat £ =0 trong trudng hop i el \ I()_(;V), nhan dugc
két qua (3).

Dbinh ly dugc chitng minh.

Trong truong hgp cac ham muc tiéu va rang bugc cua bai todn (P) kha vi Fréchet, lién tuc
xung quanh diém t6i wu va kha vi theo huéng cip 2 tai diém d6 theo huéng trong tam ve X,
chlng toi thiét lap dicu kién can t6i wu cap 2 dang d6i ngau cho cuc tiéu Pareto yéu dia phuong
theo dao ham theo hudng cap 2 qua Dinh ly sau: ) ) ) )

binh ly 3.2. (Dieu kig¢n can toi wu cap 2 dang doi ngau cho cuc tiéu Pareto yeu dia
phwong theo dao ham theo phwong cap 2) Gia s tat ca cac gia thiét cia Dinh 1y 3.1 dugc théa

man, cac ham muc tiéu va rang buoc f,,..., T vag, (i IS I()_()) cua bai toan (P) kha vi Fréchet,
lign tuc xung quanh X, va kha vi theo huéng cp 2 tai diém do theo huéng trong tam v e X théa
man (ZSCQ), ton tai A, > O(j € J(;(;v)) va 2 >0(i e |,) khong ddng thoi bing 0 sao cho Vi
moi we X ,

,Z‘(f (XXW I%ﬂ) ,uigiG()_(XW)Z 0, (4)

el X;V)+i§x S v)z0 ©

19, (x)=0,viel,. (6)
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Ching minh. Ap dung Binh 1y 3.1, tén tai 4, >0(j € J(x;v)) va 4, >0(i € 1,,) khong déng
thoi bing 0 sao cho véi moi We X, céc dieu kién (1), (2) va (3) duoc nghiém dang. Sir dung gia
thiét ban dau cung vai Chay 2.2, ta co:

fj"(;cv): fj°°(>_<;v) Vjeld (>_<;v),
gi"(>_<;v)=gi°°(;<;v) Vie I(>_<;v).
Vay cac diéu kién (4), (5) va (6) ciing dugc thoa man.

Dinh Iy dugc ching minh. S
Chu y néu chung ta doi tinh kha vi Gateaux tai diém bang tinh kha vi Fréchet trong mét lan

can diém X, d& dang kiém tra dugc két qua thu duoc trong Dinh 1y 3.1 va Dinh Iy 3.2 vin con

dung néu thay bét dang thic cii: 3 a
Zan (XXW)JF i%}(_v)ﬂigis (XXW) 20,

jedlx;v
bang bét dang thirc mai:
] ﬂijj(;(XW)+ ) ,Ungi()_(XW)Z 0,
jedlx;v iel x;v)
Chung t6i minh hoa Binh ly qua vi du sau:
Vi du 3.3. Xét bai toan (P), trong d6 p=2, m=1, C=R? va x=(0,0). Khi do,
f =(f,f,):R* >R*va g=g,:R* >R, & day, véi moi X =(x,%,)€R?,
f(X) = (% —X,)*+ %' +1,
f,(x)=—x — x5 + xS,
gl(x) =X X _X14-
Tap chap nhan dugc cua bai toan (P) c6 dang K = {x eR? X <X, + X } D& thiy X 1a mot
cuc tiéu Pareto yéu dia phuong cuia bai toan (P) vi f,(x) > f,(X) véi moi x e R®va cac ham
f, f,,0, thoa min cac gia thiét caa Pinh 1y 3.1 va Dinh Iy 3.2. Chon huéng trong tam v thoa
man v=(0,v,)e RxR, . Ta c6 I(i):{l}, J()?;V):{LZ},. D& thdy chuan hoéa rang budc
dang Zing-will (ZSCQ) théa man. Theo Pinh 1y 3.1 va Pinh ly 3.2, ton tai 4, >0,4,>0 va
1, >0 voi 4, =4, =1>0 sao cho cac diéu kién (1), (2) va (3) (hoidc cac diéu kién (4), (5) va
(6)) dung. That vay, trong cach thiét 1ap ta c6 vé trai cua (1) (hoic (4)) bang 0, trong khi Vi
A=A =1>0 va 4 =0, tacé vé phai cia (2) (hoic (5)) bang V2 >0 va hién nhién (3) dugc
thoa man.
4. Két luan

Dua vao diéu kién can ti uu cip 2 duoc biéu dién ¢ dang co ban cho cuc tiéu Pareto yéu dia
phuong trong bai bao ciia Constantin [8], chiing t6i d thiét lap dwoc mot s6 diéu kién can tdi uu
cap 2 dang ddi ngau cho cuc tiéu Pareto yéu dia phuong cua bai toan tdi wu vecto ¢ rang budc
tap va bét diang thuc thong qua ngdn ngir dao ham suy rong Clarke va dao ham theo hudng suy
rong trén cap 2 dang Pasles-Zeidan trong khong gian Banach. Két qua nhan duoc ¢ thé md ta
trong treong hgp cadc ham muc tiéu va rang bugc cua bai toan (P) 1a kha vi Fréchet va lién tuc
xung quanh diém tbi wu va kha vi theo huéng cap 2 tai diém do6 theo hudng trong thm ve X,

hoic trong trudng hop cac ham nay kha vi lién tuc Fréchet trong mét 1an can diém x . Két qua
dat duoc trong bai bao c6 thé dugc ap dung dé xay dung céc thuat toan cho bai toan toi uu vecto.
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