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ABSTRACT

This paper investigates finite-time stability problem of a class of interconnected fractional order
large-scale systems with time-varying delays and nonlinear perturbations. Based on a generalized
Gronwall inequality, a sufficient condition for finite-time stability of such systems is established in
terms of the Mittag-Leffler function. The obtained results are applied to finite-time stability of
linear uncertain fractional order large-scale systems with time-varying delays and linear non
autonomous fractional order large-scale systems with time-varying delays.
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MOT VAI KET QUA MOI VE TINH ON PINH HU'U HAN
CUA HE QUY MO LON PHI TUYEN CAP PHAN SO
CO TRE BIEN THIEN VA LIEN KET TRONG
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TOM TAT
Bai bao nay khao sat tinh 6n dinh hitu han ciia mét 16p hé quy mé 16n cp phan sb c6 tré bién thién
va nhidu phi tuyén. Str dung bit ding thire Gronwall tong quat, mot diéu kién du cho 6n dinh hitu
han cua cac hé nay duoc thiét 1ap thong qua ham Mittag-Leffler. Két qua thu duoc sau d6 dugc ap
dung cho h¢ bat dinh va h¢ khdng 6tonom c6 tré bién thién va nhi€u phi tuyén.
T khéa: On dinh hitu han; hé quy mé 16m; hé phan so; tré bién thién; nhiéu phi tuyén.
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1. Introduction

Stability analysis of interconnected large-
scale systems has been the subject of
considerable research attention in the
literature (see, for example [1], [2]).
However, the problem of finite time stability
for nonlinear interconnected fractional order
large-scale systems with delay still faces
many challenges. It is well known that many
real-world physical systems are well
characterised by fractional order systems, i.e.
equations involving non-integer-order
derivatives. These new fractional order
models are more accurate than integer-order
models and provide an excellent instrument
for the description of memory and hereditary
processes. Since the fractional derivative has
the non-local property and weakly singular
kernels, the analysis of stability of fractional
order systems is more complicated than that
of integer-order differential systems. Also, we
cannot directly use algebraic tools for
fractional order systems since for such a
system we do not have a characteristic
polynomial, but rather a pseudo-polynomial
with a rational power multivalued function.
On the other hand, time delay has an
important effect on the stability and
performance of dynamic systems. The
existence of a time delay may cause
undesirable system transient response, or
generally, even an instability. Moreover,
time-varying delays and nonlinear
perturbations in systems are inevitable. Very
often, an exact value knowledge of the time-
varying delay and perturbation is not known
or available.

Recently, there have been some advances in
stability analysis of fractional differential
equations with delay such as Lyapunov
stability [3], finite-time stability [4]. Some of
them are using Lyapunov function method. In
fact, stability problems of nonlinear fractional
differential systems have been solved very
effectively by the Lyapunov function

approach. Some different approaches for the
stability of linear fractional order systems,
were proposed in [5] via Mittag-Leffler
functions, or in [6-7] via a generalized
Gronwall inequality. It is worth to note that
the using a Gronwall inequality approach
does not give satisfactory solution to the
stability problem of nonlinear fractional order
systems with delay, especially of nonlinear
fractional order systems with time-varying
delays. The main difficulty in these problems
is either in establishing the Lyapunov
functional and calculating its fractional
derivatives. Note that most of the mentioned
papers cope with linear systems without
delays and did not consider time-varying
delay and nonlinear perturbation. To the best
of our knowledge, the finite-time stability
problem has not been considered for
fractional order systems with delays and
perturbations. Motivated by the above
discussion, in this paper, we study finite-time
stability problem for a class of nonlinear
interconnected fractional order large-scale
systems subjected to both time-varying delays
and nonlinear perturbations. Using a
generalized Gronwall inequality, we obtain
new sufficient conditions for finite-time
stability of such systems. Then the main result
is applied to finite-time stability of linear
uncertain interconnected fractional order
large-scale  systems and linear non-
autonomous interconnected fractional order
large-scale systems with time-varying delay.

The paper is organized as follows. Section 2
presents definitions and some well-known
technical propositions needed for the proof of
the main results. Mail results and discussion
for finite time stability of the system is
presented in Section 3. The paper ends with
conclusions, acknowledgments, and cited
references.

2. Preliminaries and Problem statement

The following notations will be used
throughout this paper: R*denotes the set of
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all real-negative numbers; R"denotes the n-
dimensional space with the scalar product
(x,¥)=x"y and the vector norm |x|:\/ﬂ;
R™" denotes the space of all matrices of
(nxr) -dimension. A" denotes the transpose
of A:a matrix A is symmetric if A=AT;
A(A) denotes all eigenvalues of A,

Ao (A) =max {Re A1: 1 € A(A)};
Avin (A)=min{Re 1:1 e A(A)};

C([a,b], R" ) denotes the set of all R"-valued

continuous functions on [a, b]; | denotes the
identity matrix; The symmetric terms in a
matrix are denoted by *.

We first introduce some definitions and
auxiliary results of fractional calculus from
[8, 9]

Definition 2.1. ([8, 9]) The Riemann-Liouville
integral of order « €(0,1) is defined by

I“f(t):ﬁj(t—s)“f(s)ds, t>0:

The Riemann - Liouville derivative of order
a €(0,1) is accordingly defined by

D;f(t):%(lalf(t)), t>0:

The Caputo fractional derivative of order
a €(0,1) is defined by

D “f(t) = D[ (t) - f(0)], t=0,

where the gamma function

F(z)zje"t”dt, 2>0.
0
The Mittag-Leffler function with two
parameters is defined by
0 ZI"I
E,,(2)=) ———,
«s (@) Zr(om+ﬂ)

k=0
where a>0,4>0. For =1 we denote
E,.(2)=E,.(2).

Lemma 2.1. (Generalized  Gronwall
Inequality [7]) Suppose that « >0, a(t)is a

nonnegative function locally integrable on
[0,T), g(t)is a nonnegative, nondecreasing

continuous function defined on [0,T), u(t) is

a nonnegative locally integrable function on
[0, T) satisfying the inequality

u(t) <a(t) + g(t)j(t —s)*tu(s)ds, 0<t<T,

then

© n
SO <a) s }[ 2 (Qr(e)
0|n=l  T(na)

(t—s)na_la(s)lds, 0<t<T.

Moreover, if a(t) is a nondecreasing function
on [0,T) then
u(t) <a(t)E, (gt)['(x)t”), t>0.

Consider a class of nonlinear fractional order
large-scale systems with time-varying delays
composed of N interconnected subsystems

>.,i=1, N, of the form:

DX (t) =A% (t) + jElAijxj (t-hy (1)

SR O - hy Oty @Ry @)

% (s)=;(s), se[-h, 0],
where

ae(0,2); x(t)=(x ).K ,x, ()", % () eR"
are the vector states; the initial function

¢=(¢1’K’¢N )Ta(oi EC([_h,O],Rn') with
the norm

N
lpl=.[2 1o i o |= sup |4 () ;
i=1 se[-h,0]

A, A; are known real constant matrices of

appropriate dimensions; the delay functions
h;; (t) are continuous and satisfy the following

condition: 0<h; (t) <h, Vt>0;

The nonlinear functions
f|(): fi(xi!yj_v yzaK ;yN)
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satisfies the condition
N
Ja>0:]f()I<ax |+, D, (HD
j=1
forall x eR™, y, eR", i, j=1N.
Definition 2.2. For given positive numbers
C,.C,, T, system (1) is finite-time stable with
respectto (c,,c,,T) if
|pl<c, =] x(t)|<c,, te[0,T].
3. Main Results and Discussion

In this section, we will give sufficient
conditions for finite time stability for system
(1). Let us first introduce the following
notation for briefly:

N
7:m;e\x|Ai |+ mie\x JZ=1| '%j |+ (N +1)a.

Theorem 3.1.
€, Cp, T
respect to (

Given positive numbers
, system (1) is finite-time stable with
C,C,,T) if

NEa(yTa)scqz. )

Proof. Noting that system (1) is equivalent to
the following form (see [4,5]):

(=50 A0+ A% 6-h0)+ 0
%(5)=0,(9). se[-h.0]
Hence, we have for all t<[0,T), i:1,_N,
% (1)<

-1
|x(0)|+mr(t ¥ HIA 1% 6)]

+ Z A g o=y (s 1| fi(.)qu

-1
<lo I+mf(t Y HIA [+a) % ()]

+ Jél(' Ay 1+2) 1% (5= ()1

Consequently,

N
_Z 1% M)

<3 gl L teeget Y ga )
F( )0 i=1 !

+_z _z (ERIEICRONEE

< z |¢»|+mr(t )" max(| A |+2) 2|x 9]

+ mlax[ jEl(l Aj |+a)}i§1| X (5= ()] ds.
Let us set

u(t) = sup le(@)l te[0,T].

Oe[-h,
Besides, for all SE[O,T], we have

S n©lsu= wp SO

ZI X (s —h(s))[<u(t) = sup ZI X (0)|

of-h 1
Hence
DIRICIESS |¢>|+r( )}( t— )% L u(s)ds
= a-1 _
—i§1|(/>,| o )IS yu(t—s)ds.

Note that for all & <[O0, t]

2|x(9)|<2|¢,|+ TseL,u0-9)0s,

r ( )0
and the function u(t)is an increasing non-
negative function, we have the function

t
I s“tu(t —s)ds
0

is increasing with respect to t>0, and hence,

2|x(0)|_z o1+ Js oy u(t - s)ds.
Therefore, we have
“(t)z;ﬂ%,qi%' 4
igl oy 1+ r(la) (})sa—lyu(t _s)ds
~ S s |+—r(t 5% Lu(s)ds.
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Using the generalized Gronwall inequality,
Lemma 2.1, we have

N y Y aj
u(t)s[i§1|¢,|] [F( G

:[igll@'l]Ea(ﬂa)'

Moreover, from (2) and the Mittag-Leffler
function E_ () is a nondecreasing function on

[0,T], we then have

N N o
|x(t)|si§1|xi<t>|su(t)s(iglw]Ea(yt )

<N|p|Ey (T%)< Nc, Eq (yTa)SCZ,

for all t[0,T], which completes the proof of
the theorem.

Note that our result can be applied to a
uncertain linear fractional order large-scale
systems with time-varying delays composed
of N interconnected subsystems of the form

“xi (1) =[A +AAT% (1)
" 2 1Ay AT 01y 0), &)
X (5)=¢;(s), se[-,0],
where forall i, j =1, N,
AA =EF (t)Hi , AA] = Eij Fij (t)Hij )
E.,H, E

unknown perturbations F, (t), F,
all t>0,

HORAGENAGH

H;; are given constant matrices, the
(t) satisfy for

ij?

l |]

F (1) <1
In this case the perturbations is
N

From the following inequalities

AATAA =H,"F ()" E' E;F, (t)H,
(E"E)H,F ()" F (H)H,
(E"E)H,H,

(B E) Ano (HTH) = E P H,

max

max

max max

So

| AA IS E; [T H; ]
Similarly,

| AA; [I<] By (I H |-
For

a:n?a}x{| Eij ” Hij |,| Ei ” Hi |},
we have

|G ORIAA %01+ J%:llAAj ;= hyj ©)]

Then Theorem 3.1 is applied and we have
Corollary 3.1. Given positive numbers
C,,C,, T, the system (3) is finite-time stable
with respect to (c,,c,,T) if the condition (2)
holds.

Furthermore, our result can be applied to
the following linear non-autonomous

fractional order large-scale systems with
time-varying delay

Daxi(t):Ai(t)xi(t)+j%zlAij(t)x t-h.

B 0500 g )ty -y ), @
% (8)=;(s), se[-h, 0],

where

7 —max[tggg A1+ sup |4, |J<oo

the functions f; () satlsfylng the conditions

(H2). In this case, using the proof of Theorem
3.1 gives the following result.

Corollary 3.2. Given positive numbers
C,C,, T, the system (4) is finite-time stable
with respect to (c,c,,T) if the condition
holds.

NEg ([7, + (N +DaJT®)<-2
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4. Conclusion

In this paper, we have studied the finite time
stability of a class of interconnected fractional
order large-scale systems with time-varying
delays and nonlinear perturbations. The
proposed analytical tools used in the proof are
based on the generalized Gronwall inequality.
The sufficient conditions for the finite-time
stability have been established.
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