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ABSTRACT

In this paper, we investigate the problem of finite-time guaranteed cost control of linear uncertain
conformable fractional order systems. Firstly, a new cost function is defined. Then, by using some
properties of conformable fractional calculus, some new sufficient conditions for the design of a
state feedback controller that makes the closed-loop systems finite-time stable and guarantees an
adequate cost level of performance is derived via linear matrix inequalities, therefore can be
efficiently solved by using existing convex algorithms. A numerical example is given to illustrate
the effectiveness of the proposed method.
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MOT VAI KET QUA MOI VE BAI TOAN PAM BAO CHI PHi PIEU KHIEN
TRONG THOI GIAN HU'U HAN CUA HE PHUONG TRINH
VI PHAN TUYEN TiNH PHAN THU PHU HQP

Nguyén Thi Phwong®”, Nguyén Tai Giap?
'Truong Dai hoc Ky thugt Cong nghiép - DH Thdi Nguyén,
2 Truong Cao dang Thong ké, Bac Ninh

TOM TAT

Trong bai bdo nay, ching t6i nghién ctru bai toan dam bao chi phi diéu khién trong thoi gian hitu
han ctia hé phuong trinh vi phan tuyén tinh phan thtr phu hop. Trude hét, chung t6i dwa ra mot
dinh nghia vé ham chi phi. Sau d6, bang cach sir dung mot s6 tinh chét vé giai tich phan tha, mot
diéu kién du cho viéc thiét ké mot didu khién ngugc tuyén tinh dam bao cho hé dong twong uing
khong nhimg 6n dinh hitu han thoi gian ma con dam bao ham chi phi hitu han trong khoang thoi
gian d6. Cac diéu kién nhan duoc déu dudi dang cac bét déng thirc ma tran tuyén tinh va co thé
giai 6 dugc mot cach hiéu qua bé‘mg céc thuat toan 10i da c6. Mot vi du sd duoc dua ra dé minh
hoa cho sy hiéu qua cho két qua cua ching toi.

Tir khéa: bai toan; dam bdo chi phi diéu khién trong hitu han thoi gian;, hé phwong trinh; Vi phan
tuyén tinh phén thir phit hop; ham chi phi.
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1. Introduction

Recently, a new definition of local fractional
(non-integer order) derivative which is called
the conformable fractional derivative was
introduced in [1]. Some well-behaved
properties of the conformable fractional
calculus such as chain rules, exponential
functions, Gronwall's inequality, fractional
integration by parts were derived in [2]. The
interest in the conformable derivative has
been increasing in the recent years because it
has numerous applications in science and
engineering. By using Lyapunov function, the
problems of stability and asymptotic stability
of conformable fractional-order nonlinear
systems were studied in [3]. Necessary and
sufficient conditions for the asymptotic
stability of the positive linear conformable
fractional-order systems were reported in [4].
On the other hand, from the view of
engineering, it is desirable to design a
controller such that the closed-loop system is
finite-time stable and an adequate level of
system performance is guaranteed. Some
interesting results on the problem of finite-
time guaranteed cost control for integer-order
systems were derived in [5, 6, 7, 8]. Although
there have been some works dedicated to
Lyapunov stability and finite-time stability of
conformable fractional-order systems, there
are no results on finite-time control of
uncertain  conformable  fractional-order
systems. The main aim of this paper is to fill
this gap.

In this paper, we present a novel approach to
solve the problem of finite-time guaranteed
cost control for linear uncertain conformable
fractional-order systems. Consequently, some
new explicit criteria for the problem are
derived via linear matrix inequalities, which
therefore can be efficiently solved by using
existing convex algorithms. A numerical
example is given to demonstrate of the
feasibility and the effectiveness of our
obtained results.

Notations: The following notations will be

used in this paper:; " denotes the n -
dimensional linear real vector space with the

Euclidean ~ norm | .| given by

X[ = %% 4%, 4+ X2 X=X, X e X)) €7 "

For a real matrix A, A, (A)and
Aqwin (A) denote the maximal and the minimal
eigenvalue of A, respectively.

2. Preliminaries and Problem statement

Firstly, we recall some definitions and
traditional results, which are essential in order
to derive our main results in this paper.

Definition 2.1. ([1]) For any o e (0; 1], the
conformable fractional derivative T.”(f (t)) of

the function f (t) of order a is defined by

ft+e(t—t))—f(t)
&

T2 (F (1) = lim

If t, =0, then T.”(f (t)) has the form

l-a

Toa(f(t))ZLiLTg f(t+gtg )= f(t)

If the conformable fractional derivative f (t)
of order a exists on (t,,+w«), then the
function f (t) is said to be a-differentiable on
the interval (t,,+o) .

Deffinition 2.2. ([1]) Let ae(0, 1]. The
conformable fractional integral starting from
a point t, of a function f:[t,,400)—>; of
order « is defined as

t
() = [(s—t,) " (s)ds, t>0
fo
If t, =0, then 17(f(t)) has the form

15 (f (1) =js“’1f (s)ds, t>0

In the case t,=0, we will denote
I (F (1) =17(f ()
Lemma 2.3. ([2]) Let the function

f:[t,,+0) —>; be differentiable and a<(0,
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1.  Then for all
I, (Ty £(0)= 1) - ().
Lemma 2.4. ([3]) Let x:[t,,+o) —; such
that T“x(t) exists on [t;,+) and P is a

t>t,we have

symmetric positive definite matrix. Then
TOXT (Px(t)exists  on [t +)  and

ayT _ T ayT
Tox (©)Px(t) =2x" (H)PT X (1), vt > ;.

Let us now consider the following uncertain
conformable fractional-order system:

Tx(t) =[A+ AA)IX(t) + [D + AD(t)] w(t)

+[B + AB(t)]Ju(t) @

x(0) =X,
where o € (0, 1], x(t)e; "is the state,
u(t)e; "is the control, w(t)e; Pis the
disturbance, x, e "is the initial condition,

A, D, B are known real constant matrices of
appropriate dimensions. We make the
following assumptions throughout this paper:

(HD AA() = E,F, (DH,, AD() = E,F, (DH,,
AB(t) =E,F,()H,
where E,,E,;,E ,H,,H,,H are known real

constant matrices of appropriate dimensions,
F,(t),F, (t),F (t) are unknown real time-

varying matrices satisfying

FTOFM®<I, FTOF )<,

TR <I,Vt>0.

(H2) The disturbance w(t)e; P satisfies the
following condition

3d >0: 0" (H)e(t)<d,vte[0,T,]. 2)
Given a positive number T, >0. Associated

with the system (1) is the following quadratic
cost function:

J(u) = s (X7 ()Qx(s) +uT (5)Q,u(s) ) ds, (3)

whereQ, e ™™,Q, e ™are given

symmetric positive definite matrices.

Remark 1. It should be noted that when « = 1
the quadratic cost function (3) is turned into
the definition of cost function in integer-order
systems which was considered in the
literature [6].

The unforced system of the system (1) can be

expressed as

{T“x(t) =[A+AA(t)IX(t) +[D + AD()]w(t),t > 0(4)
x(0)=x,¢€;"

Definition 2.5. For given positive numbers

C.,C,,T;and a symmetric positive definite

matrix R, the system (4) is finite-time stable
with respect to (c,,c,,T,,R,d) if and only if

Xy Rx, <¢, = x" ()Rx(t) <c,, te[0,T,],

for all disturbances w(t) e ; P satisfying (2).
Definition 2.6. If there exist a feedback
control law u*(t)=Kx(t)and a positive
number J * such that the closed-loop system
T X(t) =[A+ AA(t) + BK + AB(t)K]x(t)
+[D+AD(t)]w(t),t >0 (5)
X0)=x,¢e; "
is finite-time stable with respect to
(c,,c,, T;,R,d)and the cost function (4)
satisfies J(u)<J* then the valueJ*is a
guaranteed cost value and the designed
control u*(t) is said to be a guaranteed cost
controller.
3. Main Results

The following theorem derives a new
sufficient condition for the design of a state
feedback controller that makes the closed-
loop system (5) is finite-time stable and
guarantees an adequate cost level of
performance.

Theorem 3.1. Assume that the conditions (H1)
and (H2) are satisfied. For given positive
numbers c1, Cz, Tr and a symmetric positive
definite matrix R, if there exist a symmetric
positive definite matrix P, a matrix Y with
appropriate dimensions and positive scalars
&, &, satisfying the following conditions:
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‘M, PH] Y'H' PQ Y'Q,]
* gl 0 0 0
xx gl 0 0 |<0, (6a)

* * * _Q1 0
* * * * _Qz J

(l+ ﬂ“max (HJ Hd))d
(2

G+ ¢ <Ag,, (6b)

where
M,, = AP +PA" +BY +Y'B' +¢E,E. + DD’

T T
+E,Ey +&,E.E,
1 1

P=R 2P"R 2,4 = 21 (P). 4, = A (P),
then the closed-loop system (5) is finite-time
stable with respect to (c,c,,T,,R,d).
u(t) = YP'x(t), vt >0,
is a guaranteed cost controller for the system
(1) and the guaranteed cost value is given by

— d(l+ﬂ’max(H(-1er))
o

Moreover,

J*

Ti + 4,0

Proof. We consider the following non-
negative quadratic function for the closed-
loop system (5):

V (x(t)) = x" (t)P'x(t) . From Lemma 2.4, the
conformable  fractional  derivative  of
V (x(t)) along the solution of the system (5) is
defined as

TV (x(t)) =2x" ()P T “x(t)

=X"[PA+ AP +PTBK +K'B'K'[x(t)  (7)
+2X" (t)P'E,F, (t)H, x(t) + 2x" (t)PDa(t)

+2X" (t)P'E,F, ()H, o(t) + 2X (t)P'E,F, ())H, Kx(t)
By using the Cauchy matrix inequality, we
have the following estimates

2X" ()P'E,F, ()H, x(t) <

X ()PE,F, ()P 'H x(t) + & x" ()H] H_x(t),
2x" ()P 'Daoo(t) < x" (t)P'DDX(t) + 0" (t)(t), (8)
2X" ()P'E,F, ()H o(t)

<X'()PE,E;PX(t) + @' (t)H  H (1)

2x" (t)PE, F, (t)H, Kx(t) (10)
<eX ()PE R ()P X(t) + &, X (()KTH] H Kx(Y).
From (7)-(10), we obtain

TV (x(1)) = X" (QX(1) + L+ Ay (Hg H ) | () |1
X" (O[Q, + K'Q,K]x(1), 11
Where

Q=P'A+AP'+P'BK+K'B'K" +5P'E,EIP
+&'HIH, +P'DD'P*+P'E,F P+ 5,P'E,E/ P
+&,'PE,E, P +&,'K'THy H,K +Q, +K'Q,K

Now, pre- and post-multiply both sides by P
and letting K =YP™, we have

POP = AP+ PA" +BY +B'Y" + 5 E,E] +'PHIH,P+ DD’
+EF +6,E Bl +6'EE] +6YTHIH,Y + PQP+Y'QY

Note that Q<0 is equivalent to PQP <O0.
Using the Schur Complement Lemma, we
have that PQP <0 is equivalent to (6a).
Therefore, from the conditions (6a), (11) and
the fact that x'()[Q,+K'Q,KIx(t),
Vvt >0we have

TV X)) < @+ A (HgH ) 0@ P (12)
Integral with order a both sides of (12) from 0
to t(0<t<T,)and using Lemma 2.3, we

obtain
X" (t)Px(t) < X" (Q)P™X(0) + 1“((1+ 4

max

(HiHy)e' Be()
=X"(0)Px(0)+ (L+ A4, (H{ H, )js‘“a)T (S)(s)ds

<X ()P x(0)+d(1+ 4, (HTH,) j s“Ids

0

d(L+ A (HiH,)
a

<X (0)Px(0) + O (19

On the other hand, we have

1 1

X' (t)Px(t) = X" (t)RZPR2x(t)
> Zin (P)XT (D)RX(t) (14)
= A X" (H)Rx(t)

and
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1

x" (0)Px(0) =X (O)R%I5R5x(0)
< 4. (P)x" (0)Rx(0)
= 2,x" (0)Rx(0) < 4,
From (13)-(15), we get

AXT(ORX(t) <V (x(t) = x" ()P x(t)

T
Sﬂ?Cl-i- d(1+/1maX(Hd Hd)Tfa

(15)

a
Condition (6b) implies that x' (t)Rx(t) <c,.
Thus, the system (5) is finite-time stable with
respect to (c,,c,,T,,R,d). Next, we will find

the guaranteed cost value of the cost function
(3). From conditions (6a) and (11), we have
the following estimate
TV (X(1) = (L+ Ay (Hg Ho)) T o(t) P
=x" (O[Q, + KTQKIx(), (16)
Integral with order o both sides of (16) from 0
to T; and using Lemma 2.3, we get
t
V(X(T;)) =V (X(0) < L+ Ay (Hg Hy ))JS"“lwT (s)o(s)ds
0
—J(u), (17)
Therefore, we have
.

JU) <@+ 4, (HiH, ))j s ' (s)w(s)ds +V (x(0)),

0

(L+ Ao (Hg Hg)

max

S@q+d
a
due to V(x(T;))>0, which completes the

T (18)

proof of the theorem.

Remark 2. We have the following procedure
which allows us to solve the problem of
finite-time guaranteed cost control for
uncertain  conformable  fractional-order
system (1) by using Matlab's LMI Control
Toolbox:

Step 1. Solve the linear matrix inequality (6a)
and obtain a symmetric positive definite
matrix P, a matrix Y and two positive scalars
£, &y -

Step 2. Compute the invertible matrix P,
1 1

matrix P=R 2P7'R 2
2= Zin (P); 2 = Ay (P) .
Step 3. Check condition (6b) in Theorem 3.1.
If it holds, enter Step 4; else return to Step 1.
Step 4. The guaranteed cost controller for the
system (1) is given by u(t) =YP'x(t) .

and  numbers

Particularly, when
AA(t) =0,AB(t) =0,AD(t) = 0 then system (1)
is reduced to the linear conformable fractional
order systems
Tx(t) = Ax(t) + Da(t) + Bu(t),t >0
x(0) =X,
According to Theorem 3.1, we immediately
have the following result.
Corollary 3.1. For given positive numbers
c,.C,, T, and a symmetric positive definite

(19)

matrix R, if there exist a symmetric positive
definite matrix P, a matrix Y with appropriate
dimensions satisfying the following conditions

Nll PQl Y ! QZ

* —Q 0 [<0, (20a)
x % _Q
AC + %Tf“ <AC,, (20b)
where
N,, =AP+PA" +BY +Y'B" + DD’

1 1

P=R 2P"R 2,2 = 20 (P), & = 2 (P),
then the closed-loop system is finite-time
stable with respect to (c,,c,,T,,R,d).

Moreover, u(t)=YP'x(t),vt>0 is a

guaranteed cost controller for the system (20)
and the guaranteed cost value is given by

J*:%Tf‘ + 2,0,

4. Numerical Example. Consider the system
(20), where 0=0.96,

x(t) e %u(t) e ,o(t)=0.2cost, and
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09 2 0 01 0 O 1
A= 0 1 15,b=|0 01 0 |,B=|2
0 1 -2 0 0 01 2

We have the disturbance w(t) satisfying the
condition (2) with d = 0.04. The cost function
associated with the considered system is
100
given in (3) with Q,=(0 1 0/,Q,=[0.1].
0 01
Given ¢, =1 ¢,=17,T, =2,R=1 we found
that the conditions (20a) and (20b) in
Corollary 3.1 are satisfied with
0.4016 0.0249 -0.0436

P=| 0.0249 0.3521 0.0043 |,
—0.0436 0.0043 0.3575

Y=[—0.1428 —0.4762 0.0851].

By Corollary 3.1, the closed-loop system of
the considered system is finite-time stable
with respect to (1, 1.7, 2, I, 0.04) and the
guaranteed cost value is J* = 0.05141.
Moreover

u(t):[—0.2484 -1.3376 0.2238]x(t),t20.
The Figure 1, figure 2 show the respone of
x" (t)Rx(t) of the open-loop systems and the
closed-loop system. On the figure 3, the
response of the control input signal
u(t)Kx(t)is shown. We find easily that
% (0)=1,%,(0)=-0.2,x,(0) =1. With this
result, it is clear from the Figure 2 that the

closed-loop system is finite-time stable with
respect to (1, 1.7, 2, 1, 0.01).

]
|

|
|
i
.
T
|
(=

Figure 1. The response of X' (t)Rx(t) of the
open-loop system

Figure 2. The response of X' (t)Rx(t) of the
closed-loop system

Tozmet'vec:

Figure 3. The response of the control input signal
u(t)Kx(t)

5. Conclusion

In this paper, the problem of robust finite-
time guaranteed cost control for linear
uncertain ~ conformable  fractional-order
system has been investigated. Based on some
well-behaved properties of the conformable
fractional calculus and finite-time stability
theory, new sufficient conditions for the
design of a state feedback controller which
makes the closed-loop systems finite-time
stable and guarantees an adequate cost level
of performance have been derived in term
of LMIs. A numerical example has been
given to demonstrate the simplicity of our
design method.
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