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SU DUNG LUGI TUA PEU GIAI GAN PUNG PHUONG TRINH SONG PIEU
HOA VOI PIEU KIEN BIEN DIRICHLET TRONG NUA DAI

Tran Pinh Hang", Nong Quynh Van
Truong Pai hoc Su pham - DH Thai Nguyén

TOM TAT

Céc bai toan gié tri bién cho phuong trinh song diéu hoa c6 mot sO tmg dung trong vat ly, co hoc
va k¥ thuat. Trong bai bao nay, ching t6i tim nghiém gan ding ciia bai toan song dleu hoa véi dleu
kién bién Dirichlet trong nira dai. Str dung ludi tinh toan tya déu dé tinh chu yéu cac gia tri gan
bién hiru han dong thoi c6 thé xir 1y diéu kién bién tai vo cung. Dya trén y tudng cta Polozhii
trong phuong phap biéu dién tong, dua phuong trinh vécto ba diém vé dang phuong trinh vo
huéng ba diém. Ching t6i ciing dwa ra mot s6 vi du minh hoa cho hiéu qua cua phuong phap.

T khéa: Ludi twa déu; phuwong trinh song diéu hoa; diéu kién bién Dirichlet; nira dai; phwong
trinh vécto ba diém.
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USING QUASI-UNIFORM GRIDS FOR SOLVING THE BIHARMONIC
EQUATION WITH DIRICHLET BOUNDARY CONDITIONS IN SEMISTRIP
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ABSTRACT

Boundary value problems for biharmonic equations have many applications in physics, mechanics
and engineering. In this paper, we find an approximation solution of the biharmonic problem with
Dirichlet boundary conditions in a semistrip. Using quasi-uniform grids to find mostly near-finite
boundary values and at the same time be able to handle boundary conditions at infinity. Using the
idea of Polozhii in the method of summary representations to transform the system of three-point
vector equations to systems of three-point scalar equations. Some examples demonstrate the
applicability of the proposed method.

Keywords: Quasi-uniform grids; biharmonic equation; Dirichlet boundary; semistrip; three-point
vector equations.

Received: 21/5/2020; Revised: 28/5/2020; Published: 31/5/2020

* Corresponding author. Email: hungtd@tnue.edu.vn

http://jst.tnu.edu.vn; Email: jst@tnu.edu.vn 459


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

Tran Dinh Hung va Dtg

Tap chi KHOA HQC & CONG NGHE PHTN

225(06): 459 - 463

1. Giéi thiéu

Céc bai toan gia tri bién cho phuong trinh
Berger [1] c¢6 mot sd tng dung trong vat 1y,
co hoc va k¥ thuat. Cu thé, bai toan Dirichlet
cho phuong trinh Berger biéu dién tryuc tiép
céc ung dung trong 1y thuyét vé do vong cia
céc ban mong. Bai toan gia tri bién song diéu
hoa véi céc diéu kién bién Dirichlet c6 thé
duoc xét nhu trudng hop dac biét ctia bai toan
gia tri bién Dirichlet cho phuong trinh Berger.
Céc bai toan vé phuong trinh song diéu hoa
thu hat dugc sy quan tdm l6n cua rat nhiéu
nha co hoc va toan hoc. Trong [2], Meleshko
da tong hop kha nhiéu phuong phap ma cac
nha co hoc da st dung dé giai bai toan song
diéu hoa hai chiéu nhu phuong phap ham
Green, phuong phdp ham phirc va mot sd
phuong phap gan dung giai tich nhu phuong
phap chudi Fourier, phuong phap Ritz,
phuong phap Bubnov-Galerkin véi cdc ham
co s& duge chon 14 cac ham tron dbi voi mot
s6 mién ddc biét nhu hinh chit nhét, hinh
ellip,... Trong bai nay cac vin dé vé dinh tinh
cling nhu cac danh gia vé do phuc tap tinh
toan cua cac phuong phap chwa dugce dé cap
dén. Matevossian [3] nghién ctru vé tinh giai
duoc, duy nhét nghiém cua bai toan bién
Neumann cho phuong trinh song diéu hoa
trong mién khong giéi ndi voi gia thiét
nghiém co tich phan Dirichlet bi chan.

Céac phuong phap gan dung giai tich ciing
dugc nhiéu tac gia sir dung dé giai phuong
trinh song diéu hoa trong mién bi chan nhu
phuong phap binh phwong cuc tiéu, phuong
phép nghiém co ban, phuong phap phuong
trinh tich phan bién. Bai toan gidi phuong
trinh song diéu hoa trong nira dai xuét hién
trong 1y thuyét dan hoi va trong nghién ciru
dong chay cham ciia chét 1ong nhét.

Mot s6 bai toan bién Dirichlet trong mién
khong gidi ndi duge xur Iy kha hi¢u qua thong
qua luéi tinh toan tya déu. Phuong phap nay
thuong duoc ap dung dbi voi cac bai toan ma
su lan truyén vat chat nho dan khi cang xa
ngudn phat. Khi d6, hau nhur cac gia tri & gan

ngudn s& dugc wu tién tinh toan va can do
chinh xac cao hon. Hon nira, theo ludi tya
déu, diéu kién bién tai vo cing dugc xir ly
mét cach de dang.

Trong bai bdo nay, ching toi st dung ludi
tinh toan tua déu giai gan ding phuong trinh
song diéu hoa vdi diéu kién bién Dirichlet
trong nura dai.

2. Lu6i tua déu

Cho x(&) 1a ham tron, don diéu chit cia bién
£e[0,1]. Ludi khong déu

oy ={% = x(i/N), i=01..,N}, (1)
véi x(0) =0, X(1) =+oo duge goi la ludi tya
déu trén [0,+w0]. Pé xay dung cac ludi tua
déu, nguoi ta thuong xét 3 ham [4]:

X(¢) =—cIn(1-2),

_ctan
x(&)=ctan >

_e S
x(f)_cl_g.

Khi d6 ta dugc 3 lu6i tya déu tuong tng:
Luéi logarithm:
o, ={X = —cln(l—lll—), i=0,1...,N}.
Ludi tangent:
7z
o, ={X =ctan—,i1=0,1,...,N}.
N { i 2N }

Luéi hyperbol:

o, ={x = cﬁ, i=0,1,.,N}.

Trong d6 ¢ >0 la tham sb diéu khién.

Str dung xép xi dao ham cép 2:

o 1 U, — U
Fsz ( S -
OX Xivv2 — Xia 2(Xi+3/4 - Xi+1/4) (2)
U —U, )

2(Xi_ya = %i_a14)
Xap xi gia tri cia U tai diém giita cia ludi:

Uy, ~ Xisa — Xisarn u + Xz =X »
X — X, Xig =X
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Cac cong thirc trén chta uy =u, nhung
khong chtra x =o0. Céc xap xi sai phan hiru
han trén c6 bac chinh xac O(N ).
3. Xay dung luge do sai phan
Xét bai toan gia tri bién Dirichlet cho phuong
trinh Berger:
Au—b(x)Au= f(x,y), x>0,0<y<1,
Uu(X,0) = @p;(X), U(X,1) = @p, (%),
u@0,y) =yo(y)u(x,y) >0, x >+, (3)
Au(x,0) = @y, (%), Au(x,1) = 1, (x),
Au(0,y) =yA(y).
v6i cac gia thiét thong thuong 1a cic ham
trong (3) lién tuc va

0<b(x)<B, f(x,y)—0,

@i (X) > 0,i=1,2,
Nhan xét rang khi b(x) =0, phuong trinh (3)
1a phuong trinh ban mong kinh dién va no ¢

thé phan tich thanh 2 bai toan dang phuong
trinh Poisson lién tiép.

X —> +00,

bat Au=v, x>0,0<y<l

Khi d6 bai toan (3) duoc chuyén vé 2 bai toan

cip 2 nhu sau:
Av—Dbv =T,
V(x,0) = ¢y, (x), V(X,1) = ¢1,(X), (4)

v(0,y) =y (y), v(X,y) = 0, X > +oo.

x>0,0<y<],

Va Au=v, x>00<y<l,
Uu(X,0) = g, (X), u(X,1) = g, (%), ®)
U (0,y) =, (y), u(x,y) =0, x > +0.
Xét ludi twa déu w, (1) theo huéng x va
lu6i déu theo bien vy :
y;=ih, j=01..,M.
Khi do ta ¢o lui @={x,y;} véi Xy, dugc

x4c dinh nhu trén. Goi Vij VA Uij 1an luot 1a

gid tri xap xi cia v(x,y;) va u(x,y;) voi

CRDEL R

by =b(x), fi = £ (%, ¥;). (%, ¥;) co.
St dung cong thirc x4p xi dao ham bac 2 (2)
trén ludi tya déu x; va cong thirc xap xi dao
ham théng thuong trén ludi déu v, , ta co luge
d6 sai phan cho bai toan (4):

1 \_/i+1,j —\_/i,j
Xz = Xz 2(Xiy3a = Xisasa)
3 Vij = Vi1 )+ Vij —2\_/;1 +Vi 3
2(Xi_ya — Xi_ga) h,

—bvii=f, (X.y)ew (6)

\_/i,O = ¢11(Xi)l \_/i,M = ¢12(Xi)’

\_lo,j = Wl(yj)’ \_/NJ =0.

va luge db sai phan cho bai toan (5):
1 am,j - Gi,j

Xiv12 — XL Z(Xi+3/4 - Xi+1/4)

3 Gi,,- —ai—l,j )+ ai,j—l —Zai,j +Gi,,~+1 o

2 - h? o
(Xig7a = Xi_5/4) )

(X.y;) €@ @

Uio = @5 (%), Uim = @ (X)),

Uoj =, (Y;) un,j =0.

Lugc d6 sai phan (6) va (7) c6 cap xap xi la
O(N2+h?2).

4. Phuong phap giai

Viét lai luoc d6 sai phan (6) dudi dang hé
phuong trinh vécto ba diém:

AVit +h—12T\7i +BVii—(A+B +h—22+b,)\7i =K
2 2

i=12,..,N (8)

trong do:
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A= 1 Nhan (8) vai S va dat
2(% 2 = %i32) X _yis = %) W!=(w)=5Vi, i=012,..,N
1 — . .
= . (9 G =(gi;)=SF" i=12..,N,j=12..,M-1
2(Xiya72 = Xiz2) Kiaia = Xisasa) e A N .
) Khi d6 (8) dugc dua vé dang hé phuong trinh
=12, N. vécto ba diém ciia W?,i=0,1,2,..., nhu sau:
\_/i,l 1
(Y1) Vi AW, + FAWil +BW,, —
_ ' 2
Vo= va(Ye) , Vi=| .., 5
Viris —(A+B +=+b)W'=G/,i=12,..,N.
w1 (Y1) _ h;
Vim-1 Khi ¢ dinh chi s j ta c6 hé phuong trinh vo
1 hudng ba diém:
i,1_F¢11(Xi) s _
fz Aw, —Clw +Bw.,  =-F}, i=12,..,N
_ 1.2 Wo o=, Wy =0, (10)
Fl=  i=12,...,N. o1 = Hor T
f s trong d6 A va B, dugc xac dinh trong (9),
1 1 1 M |
f.M_l_h_z(/’lz(Xi) F :_gi,j’:uozgsj,ll/jl(yl) va
5 =

Vn=0VvaT lamatrancdp M —1:
0 1 0 O 0 0 O
1 0 1 0 0 0 O
0 1 0 1 0 0 O
T-=
0 000 .. 1 O
0O 0 0 0 .. 01

Tiép theo, chung t6i ap dung phuong phap d6i
trong [5] dua trén y tudng cuia Polozhii trong
phuong phap biéu dién tong dé bién dbi hé vo
han phuong trinh vécto ba diém thanh hé vo
han phuong trinh vé huéng ba diém.

Ky hiéu
2 . ijx
S=(s5), = fﬁsmﬁ,
A=A, A Ayl /Ij=2cos|1v|—”,

ij=12,...,M-1.
Déthidy ST =S, S°=E va T =S'AS.

Ci, :A+Bi+bi+hizsin21—”>0.

2
Pé giai hé phuong trinh v6 hudng ba diém
(10), ta c6 thé ap dung phuong phép truy dudi
trong [6].
Sau khi tim duoc W?, i=0,12,..,N, V;
duogc xac dinh béi Vi = SW?, i=0,1,2,...,N.
Nghiém cua luoc do sai phan (7) dugc tim
tuong tu nhu trén.
Chting t6i thuc hién mot sé vi du sb trén 3 ludi
tira déu logarithm, tangent va hyperbol, s nit
ludi 1a N, tham sb diéu khién c . Trong bang két
qud sai s& max |ui; —u(x;,y;)| biéu dién sai
s gitra nghiém xap xi va nghiém ding,
Vidu 1. Chon

X(1+y)
b(x)=2,u= .
) x®+1
Bu6c ludi h,=0,1. Két qua tinh toan trén

ludi tya déu duoc cho trong bang 1.
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Bang 1. Sai s6 ciia nghiém gan diing trong vi du 1

N c Sai s0
logarithm  tangent  hyperbol
40 1 00216 210° 2107
60 1 00159  410* 310°
Vi du 2. Chon

b(x) =1, u=e*sin(x+2)cosy

Tham s6 diéu khién c¢=1. Két qua tinh toan
trén ludi tua déu dugc cho trong bang 2:
Bang 2. Sai s6 ciia nghiém gan diing trong vi du 2

N h, Sai s6

logarithm tangent hyperbol
40 0.1 0,0445 0,0148 0,0163
60 0.1 0,0329 0,0103 0,0092
40 0.01 6.10°3 3.10° 4.10°
60 0.01 2.10°% 10° 2.10°

Vi du 3. Trong vi du nay, ta xét truong hop
chua biét trudc nghi€ém diung cua bai toan.
§001(X) =0, (/702()() =0, l//o(y) =1,
Chon
@11 (X) =0, ¢,(x) =0, y,(y) =0.
5sin(x)
X+ Yy +cos(y)
Chon buéce ludi h, =0,1.

Ham vé phai: f(x,y) =

Hinh 1. P6 thi nghiém xcfp xi sw dung lwoi twa déu
tangent voi N = 40, ¢ = 1.

5. Két ludn

No6i dung chinh cua bai bdo 1a 4p dung ludi
tua déu vao giai bai toan bién Dirichlet cho
phuong trinh song diéu hoa trong nira dai va
4p dung y tudng cta Polozhii trong phuong
phap biéu dién tong dé dua phuong trinh
vécto ba diém vé dang phuong trinh vo
hudng ba diém. Mot sb thue nghiém sb duoc
thuc hién minh hoa cho tinh hitu hi€u cua
phuong phap.
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