
KHOA HOC CONG NGHE 
So 03/2020 

Phuong phap xap xi tfnh he so dan 
cua vat lieu composite voi cot phirc hgp 
CO lop vo bpc dj huong trong khong gian hai chieu 

I ThS. NGUYEN THj Hl/ONG GIANG - TrUdng Bgi hoc Giao thong van tdi 

TOM TAT: Bii b io nghien cdu inh hudng cua Idp 
vd bpc dj hudng tdi he so dan nhiet cda vat lieu 
composite khi sd dung phuong phap xap xi cot 
tuong duong, Gi i sd ddng nhat cdt dang hudng 
cung Idp vd bgc d| hudng thanh mgt cot tuong 
duong dang hudng c6 cung kich thudc va tim h# 
so dan cda cot tuong duang, sau dd sd dgng cac 
cdng thdc co sin cho vat lieu hai pha dang nen -
cot lieu de tim he so dan higu dung cua v§t lieu 
ban dau 

TL/ KHOA: Cot phdc hop, cot tuong duong, he so 
dSn hieu dung, di hudng 

ABSTRACT: In this paper, study the effect 
of anisotropic coating on the conductivity of 
composite materials when using equivalent-inlusion 
approximation method. Suppose homogeneous 
isotropic inclusion with anisotropic coating into 
an isotropic equivalent-inclusion of the same size 
and find conductivity its Then use the available 
formulas for the two-phase composite to find 
effective conductivity of the starting material. 
KEYVyORDS: Coated-inclusion, equivalent-inclusion, 
effective conductivity, anisotropic coating 

SO dan khdng gidng pha nen hay cdt va lam inh hUdng 
den tinh chat hieu dung vT md eua v i t lieu. Trong cic 
nghien cdu trUdc [7,8], t i c g i i cd tinh den sU inh hUdng 
nay khi gia thiet ldp vd d ing hudng. De phat trien tiep ly 
thuyet tinh to in , trong b i i bao t i c gia nghien cdu khi ldp 
vd bpc di hudng theo cich tiep can edt tuong duong va 
tinh loan sd cho mdt sd md hinh ey the de kiem nghiem 
tinh dung dan cua eie edng thde duoc xiy dung. 

2. M 6 HiNH H I N H T R O N L 6 N G N H A U 

Xet phan td the tich dae trUng (RVE) eua vat lieu 
d ing hudng nhieu th inh phan, cd dang hinh trdn tren 
mien Vtrong khdng gian hai chieu.Tim eda hinh trdn dat 
he tpa dp de eie {x}. Trong RVE gdm n thanh phan V^ed 
t i i i the tieh u ,̂ hesddanC^(a- l,...,n). 

Tdng quat hda Id md hinh hinh iron Idng nhau hai 
pha eua Hashin-Shtrikman sang md hinh n-pha. 6 diy, 
pha 1 hinh Iron duoc bpc bdi pha 2 hinh vinh khin dUpc 
gidi han gida hai hinh trdn, hai pha dd dupe boc tiep bdi 
pha thd 3..., tiep tyc den Idp boc eudi eung la pha thd n. 
Mdi lidn he ve ti le the tich va thd tu cic pha trong n -
hinh trdn phdc hpp la gidng nhau. Khdng gian V se dupe 
lap day bdi cic hinh trdn phdc hpp dd mot each ngau 
nhien, vdi eie b in kinh cd the thay ddi, tien tdi nhd vd 
cung (Hinh 2.1). 

I .DATVANDi 
d cap do vi md, cic th inh phan v i t lieu composite 

ed he sd dan khie nhau. Tuy nhien, khi xem xet d cap dd 
vl md cd the eoi vat lieu l i ddng nhat va duoc dae trung 
bdi he sd dan hieu dung. Gii trj dd phy thudc v io tinh 
chat cua tdng pha, ti le the tich, cau true hinh hoc, lien 
ket gida cac pha. Cd nhieu phuong phip de xic djnh he 
so dan hieu dung nhu phuong phap dudng bao [1-3], 
cic phuong ph ip xap xi trung binh nhu phuong phap vi 
ph in [4], phuong ph ip tu tUPng hop [5], phUPng ph ip 
Mori-Tanaka [6]. 

Trong qua trinh sin xuat do phin Ung hda hpc gida 
nen - cot hoac do ky thu i t t r ing spi lam hinh thanh pha 
trung gian (Idp vd bao quanh edt - interface), ma trong 
bai b io gpi l i vat lieu cd edt phdc hop. Cdt phdc hpp duoc 
hieu l i cdt cung ldp vd bao quanh edi. Ldp vd nay cd he 

Hinh 2.1: Phan t&thetfch die trung 
cua md hinh dia trdn long nhau 

Xuat phi t td nguyen ly nang lupng cUe tieu v i bu 
cue lieu, danh gia bae 3 ve mat hinh hpc cua vat lieu, eie 
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dudng bao ve he so dan hieu dung cua vat lieu dang 
hudng nhieu thanh phan da dupe xiy dung. Trong dd, 
cie gia trj cua he so dan hieu dung cua vat lieu gdm 
nhieu hinh trdn long nhau cung hdi tu trong mien do. 
Td nguyen ly nang lupng cue tieu, he sd dan hieu dyng 
duoc bleu dien: 

C - ^ - C , , - V ; . A ; ' V , . (1) 

Trong do: 

v.=i^(C,-C„),....u„(C„-C,)}', v, = | a Q , .^cX, 

CK = Z ^ . C . . s^.c 
^i, =^-^.cj^, ̂ ±[^r-".c^p-^' <•' Yr 
5^p- He sd Kroneeker, d inh g i i bac ba:A^''c6 gia 

tri ridng vdi trudng hop hinh trdn Idng nhau (a, j i , y = 
1,. . . . n): 

Vdi v i t lieu 2 thanh phan, (1) cd dang: 

C'-^=P(i;i,C|,C,} = 
C,+C, 2CJ 

(3) 

Trong do: t', -Gidng nhu pha cdt, V^ la pha nen. 
Neu u, tien tdt 1 (o, -^ 0) trong bieu thdc (3) hay la 

trong bieu thdc (1) u^ tten tdi 1 thi ket qu i nhan duoc 
tuong tij'trudng hpp phan bd thUa cOa cot trdn 1 trong 
pha nen 2 hoac phan bd thua cua Idp cdt gdm (n-1) hinh 
trdn Idng nhau trong pha nen n, 

(c,-c,)-2a , 
= C; + ^ ^ (4) 

Trudng hpp khi ti le the tieh pha nen nhd I J J « 1 , 
cdng thdc (3) dUOc bleu dien: 

{c,-q)[q+c,] ^ ,,. 
2C, ^ '' 

= C. + u, - (5) 

3. LdP VO Dj Hl/dNG VtiH Od DAN BIEN THIEN 
Cot ed b in kinh R, dUOc bao bpc bdi mdt ldp vd 

mdng cd t i le the tieh A u « l . Chia Idp vddd thanh 02m 
ldp vd cung mdng vdi ti le the tieh At)/2m, he so d in luan 
phien Cj, Cj. 

Khi thue hien ddng nhat hda edt va Idp vd bpc, sd 
dung cdng thUe (3) ta nhin duoc tiem can cua he sd d in 
hieu dyng eua edt duoc bpc nhieu Idp: 

• (C,-C|)[C,^-C,] (C,-C,)[C,H-C,]1 , 
2J.,L - - : 

= C,*.^rc,C.-Crl+ (4"=) 

= c,*^{C,-q){q*c,)* (Au 

(6) 

C r = ^ ( C , + Q ) , C , = 2 ( c r + C ; ' ) " (7) 

C,=4c;c', (8) 
Cho m -)• CO, ta dUoc edng thde ed hieu eua Idp vd 

boc di hudng cd he sd dan bien thien theo phuong phip 
tuyen C^ va phuong vudng gde C^ Cic he sd dan niy ed 
the la ham eua ban kinh C^ (/•}, Ĉ  (r) hoae bien ddi theo ti 
le the tich ciJa Idp vd bpc C^ (u), Ĉ  (u), 

Sddung phuong phap xap xivi phin xae dinh hesd 
dan hieu dung cua edt dupe boc vdi cdt ed he sd dan C,, 
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ti le the tich M,, i6p vo boc di hLfdng he sd dan C,, {u), C, 
(«), t i le the tich V 

C(0) = 

(C,-C)(C + C,) 

(9) 2C„ 

Trongdd: C, duocxac djnh theo cdng thdc (8).Trudng 
hop C^ ^ const, C^^ const td phuong trinh (9): 

^ 2C C, f • du 

• C,-c\ 2C,, I t-u 

+ c , ] ( c , ^ q ) _ c , , 1 (10) 

(11) 

{q-^c,](c,-c'^) c, d, 

^(c,+c,)(c,-r^)"UJ 

^^^ ,̂c c,(c,-c,).c,(c,.c,K^)-^^ ^ ^ ^ 

(C,-C,) + (C, .C,) (4)^ ""^ 

Gii tr! C"^nhan dupe tdcdng thde (11) ehinh la he so 
dan hieu dung eua cdt dugc bgc, vdi cdt ed he sd dan C,, 
ti le the tieh u, v i Idp vd bpc dj hudng vdi he sd dan Ĉ ,̂ 
Ĉ  la hang sd. 

Neu he sd dan l i h im cua b in kinh Ĉ  = Ĉ  (u), C^= 
Cj (u), td phuong trinh (9) cd: 

dC _C,{r)C,.{r)-C' 

dr~ rC^{r) (12) 

c{/;,)=c„ a" =C{R^) 
Vdi R, l i ban kinh eda edt, R ^ la b in kinh cua Idp vo 

ngoai cung. Lay tich phin phuong trinh (12) se xie dinh 
duoc he sd dan hieu dung C"= C"^ = C(Re) ciia cdt hinh 
eiu dupe bpc vdi Idp vd bpc cd he sd dan bien thien theo 
ban kinh Ĉ  (r>, C^ (r) boc Idp edt cd he sd dan C,, ti le the 
tiehu,. 

Neu edt duoc boc cd he sd dan C'S ti le the tieh v^^ 
(u,,,= U| + û ,) d i t trong pha nen ed hesd d i n C^.ty'le the 
tieh v^ (u„= ! - v^J, thay the v io cdng thde (3) ta nhan 
dupe he sd dan hdu hieu C™ eua vat lieu. 

"'" =P{i/,^.C"^.C,.) = \ 
c" +c„ 

(13) 

Vdi C'̂  xac dinh theo cdng thde (11) hoie (12). 
Cho Uj^ « 1 , giong nhu cdng thdc (5), chiing ta ed 

dupe ket qua bieu dien eua phin bd thUa cua cdt trdn 
duoc boc trong pha nen lien tue. 

4. PHI/ONG P H A P S 6 
Phuong phip sd sd dyng phan td hdu han ap dyng 

cho viec tinh he sd dan ngang hieu dung cda v i t lieu 
composite cdt spi ddng phuong vdi gia thiet v i t lieu 
tu in hoin, nhantd tuan hoan hinh vudng hoac hinh lye 
giac cd cdt trdn he sd dan C,, ti le the lieh u,, ldp vd bgc 
dj hudng vdi he sd dan C„, Ĉ  l i h ing sd dat trong pha 
nen lien tuc he sd dan Ĉ ,̂ ty le the tieh u^ (Hinh 4.1) dUdi 
su hd trp cua phan mem CAST3M. 



Trinh tu tinh to in theo phuong phap so nhu sau: 
-Tao nhin td tu in hoan: Ldp vdbpedj hudng dang 

hinh vanh khin, chia th inh nhieu hinh nhd. Chpn phan 
tu tam giae eho toan bo nhan tu 

SCA/ — 

SarB^tST^^ 

Hinh 4.1: (a) - 'A nhan tdtuan hoan hinh vudng; 
(b) - 'A nhin td tuan hoin hinh lue giie 

- Dua vao cae die trUng eo hpc eua v i t lieu: Vdi eac 
pha dong nhat ehi ed 1 he sd dan. Ldp vd bpc ed he sd 
theo phuong phap tuyen (x',) l i C ,̂ phuong tiep tuyen 
(xy la C.̂  Tuy nhien, khi tinh to in chuyen qua he tpa 
dp (Xj, x j , nen i p dung cdng thde chuyen he tryc eua 
he sd dan: 

C = L"^C'L. (15) 
Trong do: L l i ma tran djnh v\ phan td, dupe xae dinh: 

LJ""" -"""] (16) 

- Thiet l i p cie phuong trinh tinh loan, dteu kien 
tuan hoan: Theo ly thuyet ddng nhat hda v i t lieu, eic 
tinh loan dupe tinh tren phan td the tieh die trUng (O). 
Gia sddat len (fi) mot trUdng nhiet dp vi md ed gradient 
VT, vector ddng nhiet vl md Q, khi do he sd dan hieu 
dyng dugc xic dmh qua dinh lu i t Fourier 

Q = -C'"VT (17) 
d day can hieu vector ddng nhiet vT md Q la trung 

binh tren to in mien Cl eua cae vector ddng nhiet vi md: 
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Q=<q(zj>n (18) 
z xie dmh vj tr i eda ehat diem trong Cl. 
Vdi nhin tdtuan hoin hinh vudng (U) ed canh la a, 

ed trudng ddng nhiet vi md q(z): 
VH| ,H, BN q(z} = q(z + H,ax, -i-n^ax^) (19) 
Dieu kien tu in hoin la trung binh cua ddng nhiet vi 

md tren mien (U) bang vdi trung binh cua ddng nhiet vi 
mdtren mien (Cl): 

<q(z)>,-=<q(z)>j,= Q ^ (20) 
Mdi quan he gida Q v i VT ed the xae dmh tren mien 

U, dua v io eie quan he sau: 
div q(2) = 0 : (U) (21) 
q(z)--C(z)VT(z):(U) (22) 
T(z) = T„ + VT.z + T-(z) : (U) (23) 
T'(z) tuan hoin :(aU) (24) 
(q(z).n)n: tuan hoan : (dU) (25) 
Vdi T(z), Tg, T*(z) lan lupt l i trUdng nhiet, nhiet dp 

ban dau cua vat lieu va trudng nhiet hon loan tu in hoin 
g iy ra bdi cdt duoc bpc, n la vector phap tuyen ngoai 
tren bien d\J. 

Lay vi du: C„ =1,C( =100,C, = 70,0^ =50,t;(^ =0 It;, 
(ti't e i cung don vj W. m'./C'). He so dan hieu dung thay 
ddi theo ti le the tich gida cac pha. Ket qua the hien tren 
Hinh 4.2. Vdi FES: Ket qua sd eua nhin td hinh vudng, FEH: 
kel qua eua nhan td hinh luc giae, EIA - ket qu i xap xi xay 
dung duoc theo cdng thdc (13). 

b) 
Hinh 4.2: He so dan ngang hieu dung cda vat Heu 

va Idp vo bpc di hudng 
Khi C„ = i, C| -100, C„ = 70, Cj- = 50, o^ = 0. tu,. (a) -

nh in td hinh vudng, b) - nhin td hinh luc giac. 
Tuong tu, khi c,, =ioo.c,-i,c„=80.cv=60,t<,,=o ^ 
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the hien ket qu i cua giQa eac phuong ph ip the hien 
tren Hifi/i 4.3. 

Hinh 4.3: He so dan ngang hieu dung eda vat liiu 
vdi Idp vd bpc di hudng 

Khi C^ - 100 , C, = 1, C„ = 80, Q - 60, Oc = 0. lu,. 
(a) - nhan td hinh vudng, b) - nhan td hinh luc giac. 

Tren Hinh 4.2, 4.3 the hien ket qu i tinh theo edng 
thdc xap xi cho md hinh nen - edt tUong dUong trong 
cdng thdc (13) rat sat vdi ket qu i sd theo phan td hdu 
han nhat la khi nhin td tu in hoan hinh lue giie. Cdn khi 
nhin tdtuan hoan la hinh vudng v i t i le the tich pha cdt 
Idn hon 0,5 thi ed sai sd dang ke glCfa hai phuong phip. 

5. KET LUAN 
Bii b io ed ndi dung chfnh l i x ic djnh he sd dan hieu 

dung eua vat lieu composite vdi cdt phUe hop ed Idp vd 
boc dj hudng trong khdng gian hai ehieu theo edng thdc 
giai lich vdi cich tiep can cdt tuong duong va ap dung 
phuong phap sd sddyng phan td hdu han. Ket qua lay vi 
dy trong trUdng hop khi pha edt edng hon pha nen hoic 
ngUOc lai pha nen cdng hpn pha edt cho c i nhin td hinh 
vudng v i luc giac, cho th iy ket qu i gida edng thde xap xi 
theo md hinh nen-edt tuong duongva phuong phap sd 
l i rat s i t nhau trong trudng hpp nhin tdtuan hoan hinh 
lyc giie, cdn trong trudng hop nhan tdtuan hoan hinh 
vudng thi cd sai sd khi tl le the tich Idn hPn 0,5. 
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