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TOM TAT: Niam 1926, R. Nevanlinna da chimg minh dinh 1y vé sy xac dinh cua ham
phan hinh trén mit phing phirc. Tir d6, Iy thuyét Nevanlinna dwoc Gmg dung trong nhiéu linh
vuc khac nhau cua Toan hoc. Nam 2005, A. Ya. Khrystiyanyn va A. A. Kondratyuk nghién
ctru mot sd két qua vé 1y thuyét Nevanlinna cho ham phéan hinh trén mién vanh khin. Nam
2009, Cao - Yi d ching minh dinh 1y vé tinh duy nhét ciia ham phéan hinh ¢é ciing anh nguoc
ctia mot sd gia tri trén mién vanh khan. Tiép tuc hudng nghién ciru d6 va cai tién két qua cua
cac tac gia sang nghién ciru vé dao ham ciia cdc ham phan hinh, chung t6i xay dung dinh 1y
niam diém cia Nevanlinna cho dao ham ctia ham phan hinh khi cic ham phéan hinh c6 cung
anh nguoc ciia ndm gia tri phan biét trén mién vanh khan.

Tir khéa: Ly thuyét Nevanlinna, ham phdn hinh.

NEVANLINNA’S FIVE-VALUED THEOREM APPLICATION FOR
MEROMORPHIC FUNCTIONS ON ANNULI

ABSTRACT: In 1926, Nevanlinna showed that two nonconstant distinct meromorphic
functions f'and g on ' cannot have the same inverse images of five distinct values. Since
then, Nevanlinna’s theory has been applied in different mathematical fields. In 2005, A. Ya.
Khrystiyanyn and A. A. Kondratyuk investigagted and proposed some results on the
Nevanlinna Theory for meromorphic functions on annuli. In 2009, Cao and Yi proved the
uniqueness of meromorphic functions sharing some values on annuli. Basing on the
researching methods and improved results of the previous authors on meromorphic functions,
we generalise Nevanlinnas five-value theorem for derivatives of meromorphic functions on
annuli by considering weaker assumptions of sharing five-values on annuli.

Keywords: Nevanlinna theory, meromorphic functions.

1. GIOI THIEU

Nim 1926, R. Nevanlinna da chirng minh dugc ring néu hai ham phan hinh khac hing f
va g trén mit phang phirc ¢ cling anh ngugce ctia 5 gia tri phan biét thi £ = g (Pinh 1y 5
diém). Sau do, viéc tmg dung 1y thuyét Nevanlinna vao viéc nghién ctru tinh duy nhat ciia ham
phan hinh 13 mot chu dé dwoc nhiéu nha toan hoc quan tim va Gng dung trong nhiéu linh vyc
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khac nhau. Nam 2005, A. Ya. Khrystiyanyn [5] va A. A. Kondratyuk [6] nghién ciru mot sb
két qua vé 1y thuyét Nevanlinna cho ham phan hinh trén mién vanh khan. Nam 2009, Cao -
Yi [1] dd chimg minh dinh 1y vé tinh duy nhat ciia ham phéan hinh c¢6 cting anh nguoc cia mot
) gia tri trén mién vanh khan. Trong [6], tac gia da tim mbi lién hé gitra dinh ly anh xa lién
thong thi mdi mién lién théng d6i la tuong dwong v&i mién vanh khin

{ze :r<‘z‘<R},OSr<RS+oo. Ta cin xem xét dong thoi cac truong hop

r=0, R=4+0wva 0<r <R <+o0. Trong truong hop thay z boi Ri , khi d6, mién vanh khin
r
A A 1 , R , \ N
dugc dua vé mién: z € :RT < ‘Z| <R, ¢, trong d6 R, =,[— . Do d9, trong 2 truong hop thi
r
0

. A \ A A - A e A . 5 l “e , N
moi mieén vanh khan déu bat bién véi viéc thay z thanh nghich ddo —. Trong bai bao nay,
z

chung t6i thiét léq? dinh ly Yé tinh duy nhat cho dao ham cta ham phan hinh cé cing anh
ngugc cia nam diém trén mién vanh khan.

2. MQT SO CONG THUC CO BAN

Cho f{z) 14 m6t ham phan hinh trén mit phing phic =, ta c6 cac ham Nenalinna cb
dién cho ham phan hinh /" nhu sau:

N(R.f)=| nt. f );”(O’f )dt + (0, f)log R,

m(R, ) =$ [ 1og" | £ (Re")fa6,

T(R, f)=N(R, f)+m(R, f).

Trong d6, log” x=max{logx,0}va n(tf) 1a ham dém cac cyc diém ciia ham f
trong {z:|z|£t}.

Sau day, ching t6i xdy dung cic ham Nevanlinna cho ham phén hinh trén mién vanh

1
khan A={ZE :E<|Z‘<RO} nhu sau:

t

N(R, ) = [ gy Nz(R,f)=j—n2(tt’f) d;

mO(R’f):m(R’f)-i_m(%’fJ_zm(laf)a

Ny(R, ) =N, (R, /) + N,(R, [).
Trong d6, n(z,/) lan luot 1a ham dém cac cuc diém cua ham £ trong {z elli< ‘z‘ < 1}

va {z ell:l< ‘z| < t} . Ham déc trung Nevanlinna cua f'trén mién vanh khin 4 dugc cho béi:
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T,(R, f) =my(R, [)+ Ny(R, ).
Dinh nghia 2.1: Cho f 1la mgt ham phdn hinh khdc hang trén mién vanh khdn

1
A(R)) ={z € :RT <z RO} trong do 1< R, <+oo. Ham f dwoc goi la mét ham phan
0
hinh siéu viét (twong vmg chap nhdn dwoc) trén mién vanh khdn A(R,) néu théa man:
. T,(R
R—>® OgR

=o0; <R <R, = +o0,

hodc lim supM
1" —log(R, ~R)

Do d6, mot ham phan hinh siéu viét hoac chéip nhan dugec trén 4 néu
S(R, f)=o0(T,(R, [)) ding véi moi 1< R < R tru tap A, hoac tap A', tuong tmg dugc xét

=; | < R < +o0 tuong ung.

dén trong dinh 1y 2.2.

Ta xay dung cac ham:

N . 3 — 1
Trong d6, moi khong diém cta ham (f —a) chi tinh mdt lan, ki hi¢u: nl(k (t, T; J;
-a

c6 bdi < k (hoac > k) trén

—k) 1 s opa sk A s
n (t,f jla ham dém cuc diém cua ham

—da —-da

{ze:t<|z|<1} v6i mbi diém ta dém mot 1an. Tuwong ty, ta ki hiéu cdc ham twong tng
—¥) — —) — —h —
N, @ )N, (& hN, (6N, ()N, @ f)iN, @ f).

Dinh Iy 2.1. [5] (Pinh 1y Co ban thi nhat) Cho f la mét ham phdn hinh khéc hang trén
A(R,), trong do 1< R < +oo. Khi do,

7 (R#j Ty (R f)+O() 1)
f —
v6i diém a € Cch dinh.
Dinh Iy 2.2. [6] (B6 dé dao ham Logarit). Cho f la mét ham phén hinh khéc hang trén
A(R,), trong do 1 < R, <+ va o> 0. Khi do:

i) Trong truong hop R, =+ thi
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m, (R,§j=0(log(RTo(R,f))) 22)

voi Re(l,+0) trirtdgp A, sao cho L R“dR <+,
ii) Trong truong hop R, <-+oo thi
m, R,L =0| log LR, 1) (2.3)
I R,—R

véi Re(1,R)) trirtap A, sao cho J. __dR <+,

A (Ro _Ra_l)
Dinh Iy 2.3. [1] (Pinh Iy Co ban th{ hai trén mién vanh khan) Cho f la mét ham phdn
hinh khac hang trén vanh khan A(R) = {z € :é <z RO} trong do 1<R<R,. Cho
a,...,a, laq s6 phikc phan biét trong mdt phang phic C=CUwo va ki,....k, la q 6 nguyén

diong, s6 thire 4> 0. Khi do:

(i) (¢-2)T,(R,f) < iNO(R, ! ] N'(R,f)+S(R, f),

j=1 -4a;

Jj=1

) =) < S st

trong dé Ny(R, f) = NO(R,%)+ 2Ny (R, f)—N,(R, [").

Hon nita:

1. Néu R=+ thi m, (R,szO(log(Rﬂ)(R,f))) voi R e(l,+0) trirtdp A, sao

~

cho . R'dR <+ ;

2. Néu R<+oo thi mO(R,fﬂ:O(log@L}?D voi Re(LR,) wrir tqp A", sao
o

dR
I, o pey ot
aw (R—=R%T)
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3. KET QUA CHINH
Dinh nghia 2.1. Cho f(z) la ham phdn hinh siéu viét hoac ham phdn hinh chdp nhdn
e trén mién vanh khdn AR,) = {z € :% <zl RO}, trong do 1< R, <+ va a la mot

0
gid tri trong mdt phang phirc mé réng ' = "\ Uoo. Ta ki hiéu:

E(a,f)z{ze '|f(z)—a=0}

la tap khéng diém cua f(z)—a trong dé moi khong diém dieoc tinh s6 lan bang sé béi,
E(a,f)={zeT| f(z)—a=0}

la tap khéng diém cua f(z)—a trong do cac khdng diém chi duwoc dém mot lan.

Dinh 1y 3.1 sau day la két qua chinh cta bai bao:

Pinh Iy 3.1: Cho f,(z), f,(z) la hai ham phdin hinh siéu viét trén mién vanh khén

A(R,) :{z € :é<| zl< RO}, trong dé 1< Ry <+0.Cho a,,...,a, ld q s6 phitc phdn biét

trong mdt phang phitc C={Uo, trong d6 q > 5 va k la mét s6 nguyén khéng am. Khi do, néu
i) E(a,, ") < E(a,, ;) véimoi 1 <j<q, (3.1)
i) E, f) < E(Q, fﬁ“) va E,f,) < EQ, f), (32)
q
lim > N, (k)
L Koy f k+1
iii) > k+3) (3.3)
g —(k+
lim 3" V,| £, ; '
R "5 T aj

thi f9(2)= £ (2).
Chirng minh:
Trudce tién, ta chirng minh:

N, (R,#) <N, (R,%)+TO (R,f("))—TO (R, f)+S(R, f)

va

N, (R,%J <N, (R,%J+kﬁo (R.f©)+S(R, £). (3.4)

That vay, ta co:

m, (R,lJSmO (R, 1, j+m0 [R,Lk)j
S VA S
fet)enfnsns
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nén m, (R,%j +N, (R,%) <m, (R,#J +N, (R, #J +S(R, f).

Ap dung dinh 1y co ban thir nhat trén mién vanh khan ta c6:

To(R,f)—No(R%jSTO(R,f”‘))—No( fim}sue 9.

Dodé, N, (R,#j <T,(R,f*)-T,(R, f)+N, (R,%J +S(R, 1)
< T()(R,f)+kﬁo(R,f)—TO(R,f)JrNO(R,%J+S(R,f)

(R f)+N( fJ+S(R ).
Vay ta chiing minh dugc (3.4).

Ap dung dinh 1y co ban thtr hai cho ham f/*)(z) trén mién vanh khan va ba gia tri phan
biét 0, a,,o taco:

aT,(R, V) < Ny(R, f)+N0(R,ﬁ]+Zq:NO(R,ﬁJ—N( f(kﬂ)]JrS(R )

J=1
Mat khac, tir (3.4) ta co:

L(R, /) <T,(R, /) +N, (R’%j_No (R’ﬁ}S(R,f)-

Do do

aTy(R. ) <aTy(R, /) +qN, (R,%]—qfvo (R,ﬁ]w(&f)-

<M(R,f)+NO[R,#j+JZ:N{ fml j_NO[R,ﬁJ+

+qNo(Rr%j_qNo(R f%k)j-i_S(R f)

Nén ta co6:
_ q 1 1 1
qTy(R, f) < NO(R’f)+]Z=1:N0(Rﬂf‘(/g)—_aj]_NO(R9W}_(q_l)NO(R’F)+
+gN, (R,%J+S(R, ). (3.5)
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Ta xét truong hop bé (¢-2) diém bat ki trong a,(1< j < g), khi dé:

(g=2T,(R, /) < Ny(R, f>+ZN( f(kf j (q—3>No(R,ﬁ}(q—2>NO(R,%J+S<R,J1).

Tuong tu:
(g-2Ty(R. f,) < FO(R,JZ)JFENO (R,ﬁ]—az—swo [R,ﬁ]ﬂq—zwo (R,fizjw(&m.

Do E(0, /) E(0, £"")va E(0, f,) < E(0, £\), ta co:
(q—2>n(R,ﬁ><E(R,ﬁ)+q2No( f(,(l_ J*N( 7 j+S(R .

Vit )< W s S0 ket e[k s 69

J=1

Gid sumoi a,(1< j<gq) 1a hiru han. Tt (3.6) ta c6:

(q-2T,(R, f,) < N (R, f)+ZN( f(k)l J+N[ f}k)j+S(R )

<T(Rf)+ZN[ fl j+S(Rf)

1

Do do, (q_3)TO(R,f1)<qZ_1NO£ f(k)l j+S(Rf1)

J=1

J=1

-1
Tuong tu, ta co (¢ —3)T,(R, f,) < qZ:NO (R’]”%]JFS(R’JIZ)'
2 T4
Gia sir flm(z) #* fz(k) (z),do E(aj,fl(k)) CE(aj,fz(k)) ta co:
1 1
—a]SN ( . (DJ T,(R, )+ TL(R, /1) +0()
J

S(n+DT,(R, f)+(n+ DI (R, f,)+O(1).

Do do, ta co:
- 1 k+1 v < 1
S N

&
—_

j=1 q_ j=1
T do
q—(k+4) ¢ 1 k+1 ¢! 1
( q_3 +O(1)J;NO(R,J{;(H_ajj_(q_?) O(I)J;]\%( fz(k)_aj}
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Khi R — oo ta co:

& 1

lim » N, RsT

R iy fi a‘j < k+1
¢! —(k+4)

lim S . | % q—(k+4)

R0 5 2 —aj

Nén khi xét bo ¢ diém thay cho (¢-1) diém ta c6:

1
N,|R,———
; { fl“‘)—ajL k1
MR EEGE)
0 ai

> k) _
2

5
MQ

S
{
8

J

5
'M'Q

=

{

8
N

J

Ta ching minh dinh 1y dung trong truong hop ton tai a;,(1<j<gq) saocho a, =».

Lay gid tri a#a,(1< j<q).Xeét cac ham F¥(z) = ;'G(")(z) =

[z ~a’

1

£"(2)~a
1
vacdcgidtri b, =——(>1< j<q-1);0, =0.
a,—a

Khi d6, F*(z) va G"(z)c6 cing anh nguoc khong tinh boi cua cac gid tri
b,(1<j<q). Ap dung truong hop trén, ta c6 F(z)=G"(z). Do @6 ¥ = £ . Vay
dinh Iy dugc chung minh.

4. KET LUAN

Trong bai bao nay, chung toi da thiét 1ap dugc mdi quan hé cia hai dao ham cua ham
phan hinh ¢6 cung anh ngugc cua nim diém trén mién vanh khan. Tir két qua nay, trong

truong hop dao ham cip k = 0 thi dinh Iy duoc dua vé dinh 1y nam diém cho ham phan hinh
trén mién vanh khin da biét.
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