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ABSTRACT

This paper is to deal with Mond-Weir duality and Wolfe duality for
constrained set-valued optimization problems in terms of cone-
directed Clarke derivatives. Firstly, necessary and sufficient
optimality conditions for constrained set-valued optimizations in
terms of cone-directed Clarke derivatives for the cone-semilocally
convex like maps are investigated. Then, the Mond-Weir duality
and Wolfe duality for a constrained set-valued optimization and
their weak duality, strong duality and converse duality are
considered.

TOM TAT

Bai bdo nay khao sdt bdi todn doi ngau dang Mond-Weir va Wolfe
cho bai todn t6i wu da tri c6 rang bugc swr dung dao ham da tri
Clarke theo hwéng non. Truée hét, diéu kién t6i wu can va dii cho
bai todn t6i wu da tri ¢6 rang bugc sir dung dao ham da tri Clarke
theo hiéng nén cho 16p ham twa 16i nira dia phirong diroc khao
sdt. Sau dé, bai todn doi ngau dang Mond-Weir va Wolfe cho bai
todn 16i wu da tri ¢é rang budc va cdc tinh chat vé doi ngd~u manh,
déi ngau yéu va doi ngau ngiege diege trinh bay.

Trich dan: Lé Thaqh Tung, Tran Thién Khéi, Pham Thanh Hung va Pham Lé Bach Ngoc, 2020. Diéu kién tbi
wu va doi ngau cho bai toan ‘t6i uu da tri su dung dap ham da tri Clarke theo hudng non. Tap chi
Khoa hoc Truong Dai hoc Can Tho. 56(S0 chuyén dé: Khoa hoc tu nhién)(1): 17-27.

1 MO DPAU

dbi ngiu cho cac bai toan tbi wu da tri, nhiéu loai dao
ham da tri khac nhau di dugc si dung. Trong cong

Viéc xét bai toan d6i ngiu cia cac dang bai toan
t6i wu khac nhau va cac lién hé giira cac dang
nghiém cta chung 1a mot trong cac chi dé quan
trong trong ly thuyét tdi uu va duoc nhleu tac gia
quan tdm nghién ctru trong thoi gian gan day, chang
han Sach and Craven (1991), Chen et al. (2009),
Tung (2017), Tung et al. (2019). Khi xét bai toan
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trinh cua Anh (2016), epi-dao ham theo tia cép cao
dugc st dung de khao sat bai toan ddi ngau hon hop
Clia bai toan t6i wu da tri. Pao ham contingent cip
cao dugc st dung trong cbng trinh cua Li et al.
(2008) dé khao sat bai toan d6i ngdu dang Mond-
Weir cip cao cua bai toan téi wu da tri. Dao ham
contingent cip cao yéu duoc sir dung dé khao sat bai
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toan ddi ngau dang Mond-Weir va Wolfe cip cao
ctia bai toan tdi uu da tri trong cong trinh cua Chen
et al. (2009). Bai bao cua Yu and Kong (2016) st
dung dao ham theo tia cép cao dé xét bai toan ddi
ngau dang Mond-Weir va dang Wolfe.

Non tiép tuyén Clarke (Clarke, 1983), mic du
chra trong non contingent va non theo tia radial,
nhung la mét nén 16i nén c6 thé ap dung dé xay dung
cac diéu kién tdi uu dang dbi ngau trong do6 co sir
dung Dinh 1y tach tap 16i nhu trong cic cong trinh
cua Corley (1988), Lalitha and Arora (2008),
Lalitha and Arora (2009). Qua tham khao cac tai liéu
lién quan vé chu d& d6i ngau co thé thiy ring chua
¢ bai bdo nao sur dung cac dang dao ham da tri
Clarke dé khao sat bai toan ddi ngau ctia bai toan toi
uu da tri. Tu nhitng quan sat trén, trong bai bao nay
dao ham da tri Clarke da dugc sir dung theo hudng
nén dé khao sat bai toan d6i ngau dang Mond-Weir
va bai toan d6i ngau dang Wolfe cia bai toan t6i uu
da tri.

2 KIEN THUC CHUAN BI

Trong bai bao nay néu khong gia thiét gi thém,
xét X,Y,Z la cac khong gian dinh chuan thyc,
K <Y, D Z lacac nén 16i dong c6 dinh v6i phan
int A, cl A 0A ki hiéu

twong tng cho phan trong, bao dong, bién cia A.
X * 1a khong gian d6i ngdu cia X va <X*,X> la

trong khac réng. V6i Ac X,

gi4 tri cia 4nh xa tuyén tinh lién tuc X*e X * tai
XeX va By, B, 1a hinh cdu don vi déng trong
X, Y . Véi x, € X, U(x,) latap caclan cén cia X,

.Véi Ac X, ue X, cacndn sau thuong duge dung
cone A={ia| 120, ac A},
cone, A={ral >0, ac A},
A(u)=cone(A+u).
Ky hiéu
K" ={k*eY*|(k%y)20, vyeK} ,
D" ={d*eZ*|(d*z)>0, vze D}
lan luot 1a nén d6i ngdu cia K va D.

Véi ACY , néncontingent T (A,Y) cua A
tai y e clA dugc dinh nghia nhu sau:
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T(AY)=
{heY |3t L 0,3h, >h:§+th eAvn]

Dé dang kiém tra duogc, dinh nghia trén tuong
duong voi
T(AY)=

{h €Y |3a,>0,3y, €Ay, —>V,otn(yn77)—>h}.

Nén tiép tuyén Clarke TC(A,y) cia A tai
y eclA duoc cho nhu sau:
T°(AY)=
{heY|vy, >¥,vt,40,3n —h:y, +th eAvn}.

Nhan xét 2.1. (Khan et al, 2016, trang 127)

Q) TC(Ay)<T(AY).

(||)T (A C(

y) lanon1diva 0eT AY).

Pinh nghia 2.1. Cho ae AcCY .

(i) @ duoc goi la diém cuc tiéu dia phuong
(Pareto) cua A dbi voi K, va ky hiéu 1a
a e Min, A néu va chi néu ton tai U e /(a) sao
cho

(AnU —a)n(-K\{0})=2

(i) @ duoc goi la diém cuc tiéu dia phuong yéu
caa A d6ivei K, vaky hiéula a e WMin, A néu
va chi néu ton tai U € ¢/(a) sao cho

(AnU —é)m(—intK)=®.

(iii) @ duoc goi la diém cuc dai dia phuong
(Pareto) cuia A d6i voi K, va ky hiéu la
a e Max, A, néu va chi néu tn tai U e ¢/(a) sao
cho

(AnU-a)n(K\{0})=2

(iv) @ duoc goi la diém cyc dai dia phuong yeu
cia A d6ivéi K ,vakyhidula ae WMax, A néu

va chi néu tn tai U e U (a) sao cho

(AnU -a)nintK =&
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Néu U =Y, cum tir “dia phuong” s€ dugc lugc
b6, nghia la khai niém toan cuc twong ung dugc
khao sat.

Véi anh xa da tri H: X — 2", tap xac dinh, d6
thi, trén dd thi cia H dugc dinh nghia nhu sau:

domH :={xe X | H(x) =2},
grH ={(x,y)e XxY |y e H(x)},

epiH ={(x,y) e X xY |y e H(x)+K}.

Anh xa profile cia H , ki hieu H,, dinh
nghia boi H, (x):=H (x)+K.

Dinh nghia 2.2. Cho H: X — 2" 1a 4nh xa da
tri, (x,y)egrH .

(i) (Aubin and Frankowska, 1990) Pao ham
contingent DH (x,y) cia H tai (x,y)egrH la
anh xa da tri tr X wvao Y thoa
grDH(x,y)=T(grH,(x,y)), nghia la

DH (x,y)(u)::{v eY|(u,v)eT(arH,(x, y))}
VvGi moi u e X.

(ii) (Jahn, 2009) Pao ham contingent cua H theo
hudng nén K 1a dao ham contingent cia H + K tai
(x,y)egrH cepiH , nghia la anh xa da trj tir X
vao Y thoa
or DH, (x,y) =T (grH,.(x y)) =T (epiH,(x,¥)),
hay
DH, (x,y)(u):= {v eY |(uv)eT (epi H. (X, y))}

VvGi moi u e X.

DPinh nghia 2.3. Cho H: X — 2" 1a 4nh xa da
tri, (x,y)egrH .

(i) (Aubin and Frankowska, 1990) Pao ham
Clarke D°H(x,y) cua H tai (x,y)egrH laanh
Xa da tri tU X vao Y thoa
grDH (x,y)=T¢(grH,(xy)), nghia la

DH(x,y)(u)= {v eY [ (uv)eT(grH,(x, y))}

VvGi moi u e X.

(i1) (Sach and Craven, 1991) Pao ham Clarke
cua H theo hudng nén K 1a dao ham Clarke cta
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H +K tai (x,y)egrH cepiH ,nghialaanhxada
tritr X vao Y thoa
grD°H, (x,y)=T°(grH..(xy))
=T (epiH,(xY)).

hay

DH, (x,y)(u)=
{veY |(uv)eT(epiH.(xy))},

VvGi moi u e X.

3 PIEU KIEN TOI UU SU DUNG PAO
HAM THEO HUONG NON CLARKE

Cho X,Y,Z la cac khong gian dinh chuin
thuc, K<Y, D = Z 14 cac ndn 16i dong c6 dinh véi
phén trong khdc réngva F: X 52" ,G: X »2° 1a
2 anh xa da tri.

Xét bai toan t6i wu da tri dang tong quat nhu sau:
{Wl\/linK F(x)

(WSOP) G(X)n(-D) %@

nghia 13 tim tat ca cac gia tri X, € A ma ton tai
Yo € F(X%,) sao cho y, e WMin, F(A), trong d6
A={xe X|G(x)n(-D)=2}.
Tap cac diém chap nhan dugc cua bai toan
(WSOP) ky hiéu 1
Q::{(x,y)e X XY|X€ Aye F(x)}.

Diém (x,,Y,) € Q la nghiém dia phuong cia
bai toan (WSOP) néu ton tai mot 1an can U cua X,
sa0 cho (F(ANU)-y,)n(-intK)=@. Trong
phan nay, d€ don gian trong cach trinh bay, gia st
ring dom[DC(F,G)+(xO, Yoo zo)} =X.

Ménh dé 3.1. (Piéu kién cin dang Fritz-John)

Néu (%o, ¥, ) 1a mot nghiém caa (WSOP) thi ton
tai

(k*, d*) e K*xD"\{(0,.,0,.)}

sao cho Voi moi

(¥:2)€D°(F.G), (%1 Yo 20)(X),
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(k*, y)+(d*,z)>0 <d*,zo>:0_

va
Ching minh. Lay z, € G(x,)n-D, ta dit

o O (F.6). (1 1o 2))| +(0., )

xeX
Trude hét, chimg minh rang B 1a tap 16i bang
cach chimg minh B =B-(0,,2,) I0i. Lay
(Y1, 2.), (¥, 2,) € B,. Khi do, ton tai X, X, €Q
sao cho

(Vi»2)e D (F,G), (X ¥or 20)(X), 1=1,2,
nghia la
(%Y, 2) €T (epi(F.G).(%: Yor Z)), =12

Nhung do T (epi(F,G),(X,, Yo: Z,)) 1a non

16i, tham khao sach chuyén khao cua Aubin and
Frankowska (1990), ta c6

MK Yo 2)H(12) (s Yo 22) €T (ePI(F.G). (5 Y 7)) (

v6i moi 1 <[0, 1]. Nén
(g +(1-2)yp, 22 +(1-2) 7))
D€ (F,G)Jr (xo,yo,zo)(ml +(1—x)x2),

Voi moi

Ay, z,)+@-2)(Y,. 2,) € B, nén B, vaB Isi.

refo,1]. Do  do,

Tiép theo, chiing minh
B [-intK x—int D]=2. Gia thiét phan chtng ton

tai (X,9,2) sao cho

(9. 2+ZO)€|:DC(F,G)+(X0, Yo Zo)(R)+(0y, zo)]
N[-intKx—intD],
o
nghia 1a,
(%,9.2)eT[epi(F,G), (X Yor )]
=T [epi(F.G).(%: Yor 2)]

Khi d6, ton tai day (X,,Y,.z,)<epi(F.G),

nghiala x, e X, y eF(x,)+K, z,€G(x,)+D,

(Xn'yn'zn) _)(XO'yO’ZO)
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va day a, >0 sao cho
0Ln(xn_xo’ yn_yoa Zn—ZO)—)()?, )7, 2\)

Tu (1), ta co
an(¥n —Yg) = ¥ € -intK me, ton tai N, sao cho

ye—intK. Do

< N>N,
Vo1 ,

oty (Y = Yo) € —intK
vado o, >0 va K 1a mét nén nén
Y, —Y, e—intK ,véi n=N,. @
Tuong tu, do D 1a mot nén, Z+2, €—intD va
a,(2,-2,)+2, > 2+12,,suyraton tai N,
a,(z,—-2,)+2, €e=intD véimoi NN, . (3)
Hon nita, ton tai N >max(N,, N,) sao cho
a, >1. Néu nguoc lai, nghia 1a o, <1 véi moi n
di . lon, thi do Y, oYy, va
2 (Yo =Yo) <1 Yo = Yo | nén
o, (Y, — Yo ) = 0, , mu thudn véi § € —intK .
Tu (3) taco
ay (zy —2,)+ 2, =y [z, —(1-1/0y)z,] € =int D,
va do d6 zy—(1-1/ay)z, e=intD. Nhung
z,e-D va 1-1/oy >0, i
(1-1/0y)z, €-D . Do do,

oy >1 nén

2y =(zy — (-1 ay)zy)+(1-1/ 0y )2,

. . 4)
ce—intD-D c —intD.

Mit khéc, do y, e F(x,)+K, z, €G(x,)+D,ton
tai §, € F(xy), ky €K, 2, e€G(x,) va d,eD
sao cho Y, =Y, +Ky, Zy =2, +d,. T (2) va (4),
ta co

I = Yo =Yy — Yo) —Ky e—iNtK-K c—intK,
2, =2, —d, e-intD-D c—intD.

Do d6, ching ta chi ra sy ton tai
Xy € X, Z, €G(xy)n-D, ¥, € F(xy) sao cho
Yy — Yo € —intK . Diéu nay din dén mau thuan véi
gia thiét (X, Y,) 1a mot nghiém caa (WSOP). Do
d6, BN[-intKx—intD]=&.



Tap chi Khoa hoc Trirong Pai hoc Can Tho

Tiép theo, sir dung Dinh 1y tach dé tich B va
—intKx—intD . Theo dinh 1y tach Eidelhei, tham
khao trang 74 sach chuyén khao cua Jahn (2009),
ton tai k*eY*,d*eZ* khong dong thoi 1a ham
khong, va sb thyc & sao cho:

(k*,y)+(d*z) =€, V(y,z)eB,

(k*,y)+(d*z) <& V(y,z) e—intKx—intD.

()
Nhung do (Y, z) e—intKx—intD ¢o thé dugc
liy tuy ¥ gan véi (0,,0,) va tinh lién tuc cua
k* d* tir (5)thi £>0.

néu

Tuy nhién, gia su rang
&> (k*,y)+(d*7)>0 véi mot
(V,Z) e—intKx—intD.

Khi do, (k*,By)+(d*,BZ) > &, voi
B> 5 >0 du 1l6n, trong khi

(k% y) +(d*7)
(BY, BZ) e —int K x—int D , méau thuan véi (5). Piéu
nay cho thiy rang & phai bang 0, nghia 1a

(k*,y)+(d*z)>0, V(y,z)eB, (6)

(k*,y)+(d* z) <0,
()

Tir (7), bang cach 1dy ye—intK tuy y gin véi
0, , theo tinh lién tyc cia K*, din dén két luan
(d*,z)>0,vz €intD. Do do,
(d*,z)>0,vzecl(intD) 2D, nénd*e D" .
Tuong tu ¢6 thé chimg minh dugc k*e K*.

DPé chung minh (d*,z,)=0, trudce hét ta co
(d*,z,)=0; tr (6) va (0,,2)) € B theo Nhan xét
2.1. Nhung Z, €-D va d*e D* nén (d*,z,)<0.
Do vay, <d*, ZO> =0.

Cubi cung, ménh dé (k*,y)+(d*,z)>0 voi
moi Xe X thoa. That vay, voi xe X, do
D (F,G), (X Yo Z)(X)*+(0,, z,) =B, tx (6),
(k*,y)+(d*,z+2,)>0. Nhung do (d*z,)=0
dan dén (k*,y)+(d*z)>0.

V(y,z) e —intK x—intD.
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Tiép theo, diéu kién can t6i uu dang KKT cho
bai toan (WSOP) duoc thict 13p str dung dinh tinh
rang budc Slater va diéu Kién tinh tya 16i nira dia
phuong.

Pinh nghia 3.1. (i) Tap S < X dugc goi la dang
hinh sao dia phwong tai diém X, € S néu vai bat ky
xeS, ton tai mot sb thyc dwong a(x,X,) <1 sao
cho (1-1)x, +Ax €S vsi 0<h<a(x x,).Néu S
c6 dang hinh sao dia phuong taimdi xS , S duogc
goi la tap hinh sao dia phuong.

(i) Néu S 1a tap hinh sao dia phwong, khi d6
anh xadatri H:S < X —» 2" dugc goi la K -tya
16i nira dia phuong, tham khéo trong cong trinh ctia
Arora and Lalitha (2005), tai diém X, € S néu véi
moi XeS,yeH(X) va Y, € H(X,) thi ton tai mot
s6 thuc duong d((X, y), (X, Y,)) <a(X,%,) sao cho

A-1)y,+ry e H(S)+K v
0<a<d((xy). (%, Yo))

i

Anh xa H dugc goi 1a K -tya 16i nura dia
phuong trén $ néu H 1a K -tya 18i nira dia phuong
tai mdi XeS. Néu H 1a K -tya 16i nira dia
Véi a(x,x,) =1

véi

va
moi

phuong  trén S
d((x ¥), (%, ¥o)) =1
X, XeS, yeH(x) va y,eH(x,) , H 1a K-
16i trén S.

Vidu 3.1. Tap S=]0,2[ U ]3,59[ 14 tép hinh sao
dia phuong trén R nhung khong phai 1a tap 18i trén
R .

Vi du 3.2. (Lalitha and Arora, 2008) Néu
K =R2 thidnhxadatri H:S—2"1a K -tya 15i
nira dia phuong trén S, trong d6 S =[0, 1] va

H(X): {(yl' y2) GRi | V1Y, >1}: khi XG[O, 1[
{(y,, yz)ERZ ly,>2}, khi x=1.

Tuy nhién, H khong 1a K -18i, vi véi x=0,

4 4 4 7 R
X =1 y:(gygj,yoz(—g,gJeH(XO) va
1
7\.=§, (1—x)y0+ky:(0,%1jeH(S)+K.
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Ménh @& 3.2. Cho H:S < X — 2" la dnh xa
da tri (x,,Y,)egrH . Néu H la K-twa 16i nia dia
phuwong xdc dinh trén tdp hinh sao S va
DCH, (X,, Y, )(X) ton tai véiméi XES thi

H(X) —Y, < D°H, (X, Yo )(X—X%,), ¥X € S.

Chiing minh. Vi X€S va yeH(x), cin
chtng minh y—y, e DH_(x,, ¥,)(X—X,) , nghia
a (x=%,, y—¥,) €T (epiH, (X, o)) -

Léy (inl yn) _)(XOY yO) V(’)’l (Ynl yn)eepl H Vé.
b= ygi & >0 Do § 1a tap hinh sao dia phuong

nén ton tai mot sé thuc a(x, X,) <1
A-M)%, +Axe X | o 0<i<a(x,

yeH(X)cH(S)+K va

sao cho

%) R& rang 1a

V,eHX,)+K cH(S)+K

do (X,,y,) eepiH.Tap H(S)+K la tp hinh
sao dia phuong vi H 1a anh xa da tri K -tya 16i
nua dia phuong, va do d6 ton tai mot so thuc duong
b(y, y,) <lsaocho 1-21)y, +iy e H(S)+K voi
0<A<b(y,y). V& mdi n dinh
c(x, ¥, X,, ¥,) =minfa(x, X,),b(y, ¥,)}. Khong
mat tinh tong quat, co thé gia s ring
0<1/t, <c(x, Y, X,, ¥,) voi moi n. Dat

Xac

X, = (1—1/t,)%, +(1/t,)x

yn = (1_l/tn)yn +(1/tn)y 1

V6i 0<1/t, <c(X, ¥, X,, ¥,) . Do d6, v6i mdi n
X, €S, ¥y, e Hx))+K, {X.}— X%,
Diéu nay kéo theo (x,,y,)eepiH,

va

, ta co
{yn} - yO °
% ¥) = (%, ¥o)
tn{(xnl yn)_(XnY Yn)}_)(X_XO’ y_yO) "
Pinh nghia 3.2. (Lalitha and Arora, 2008) Bai
toan (WSOP) théa man dinh tinh rang budc Slater
dang tong quat néu ton tai X'€ X sao cho
G(X)N(-intD) .

va

Ménh dé 3.3. (Piéu kién can dang Karush-
Kuhn-Tucker)

Gia st (F,G): X — 2" x2* 1a anh xa da tri
(K x D) -twa 15i nira dia phuong xac dinh trén tap

hinh sao S, trong do
A={xe X|G(X)n(-D)=}<S va S la tap con
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cua X va (WSOP) thoa dinh tinh rang budc Slater
dang tong quat. Neu (x,, y,) la mot nghiém dia
phuong ciia (WSOP) thi ton tai k*e K*\{0,.} va
d*eD" sao cho Wl moi
(y,2) e DC(F:G)+(X01 Yo Zo)(x) )

(k*,y)+(d*,z)>0 vad (d*,z,)=0.

Ching minh. Do (x,, ¥,) la nghiém cua
(WSOP), nén theo Ménh dé 3.1, ton tai
(k*, d*) e K' xD"\{(0,.,0,.)} sao cho vo&i moi
(y,2) e DC(F:G)+(X0! Yor Zo)(X)

(k*,y)+(d*,z)>0 Vva (d*,z,)=0.

Ap dung Ménh dé 3.2 cho anh xa da tri (F,G),
v6i méi (y, z) e | J F(x) xG(x), thi

xeX

(yv Z)_(ym Zo) € DC(FvG)+(X01y0’ Zo)(x_xo)'
Didu ndy din dén K5V Vo) +{d*2-2)=0

vidods (KHY—Yo)+(d*2z)z0

Gia thiét phan ching k*=0,. thi d*=0 .vado
do
(d*,z)>0,vz e | JG(x).

xeX
Do (WSOP) théa man dinh tinh rang bugc Slater
dang tong quat nén ton tai X'e€ X sao cho
G(xX)N(-intD)2&, nghia 1la ton tai
2'eG(x)N(=intD). Do z'e(—int D) nén ta co
(d*,z'y <0 V6i 2'eG(x) = | JG(x), mau thuan

xeX

(7

V6i (7). Do do, ta co k*=0,.dan dén diéu phai
chitng minh.

Ménh dé 3.4. (Piéu kién dii dang KKT)

Cho (F,G):X —»2"x2* la dnh xa da tri
(K x D) -twa 16i nira dia phwong xdc dinh trén tap
hinh sao S, trong do
A={xe X :G(X)N(-D) =} S va S la tap con
cua X. Néu x, € A, y, e F(x,) , 2, €G(%,)N(-D),
(k*, d*) e K" \{0,.}x D" thoa

(®)

véi moi (y, z) e D°(F,G), (X, Yo, Zo)(X), thi
(Xo» Yo) la mét nghiém cua (WSOP).

(k*,y)+(d*,z)>0 va (d*,z,)=0
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Chirng minh. Gia st (x,, y,) khong la mot
nghiém caa (WSOP). Khi d6, ton tai X € A sao cho
(FO) =Yy, )n(=intK) =& .

Do d6, tdn tai y e F(X) va zeG(X)N(-D) sao
cho Y Yo e—intK_

Lvu y riang do
(k*, y—y,)<0

Theo Ménh dé 3.2 ta c6:
(F»G)(X) _(yov Zo) < DC (F,G)+(X0, Yo Zo)(x_ Xo)

k*e K*\{0}, nén

Diéu nay ciung véi (8) suy ra ring
(k*, y—yy)+(d*, z—2,)=0.

Do (d*,z,)=0 va 2€-D, nén

(k*, y—yo)=—(d*, z—2z,)=—(d*, z) >0,
dan dén mau thuan.

Pinh nghia 3.3. (Jahn and Khan, 2002; Jahn,
2009) Anh xa da tri F: X — 2" duoc goi la [ -tua
16i tai diém (x,,y,) Néu sy ton tai diem X € A, véi
X#X, VA (F(x)—{yo})ml‘;tQ din dn
DEF, (X, Yo )(X—% )N =& .

Ménh dé 3.5. (Piéu ki¢n di dang KKT) Gid st
A—X, = X VA (X, Y,,2,) €gr(F,G) . Néu ton tai
k*e K*\{0,.} va d*eD" sao cho (d*z,)=0
va diéu kién sau théa:

(k*,y)+(d*,z)=0, voi moi
(y, 2) € D°(F,G). (X5, Yo Zo)(X—X%o) » 9)

viimoi XEA,

Khi dé, @iém (x,, Y,) la diém cuc tiéu néu anh
xa (F,G) la T-wa 16i tai (x,, Y, z,) Véi
I' = (—K\{0,})x(—D +cone(z,) —cone(z,))-

Chimg minh. Bat
Q:={xe A | G(x) ~(—D-+cone(z,) —cone(z,)) = 3}

Pé chang minh Ménh d& can kiém tra diém
(%, Yo) la diém cuc tiéu cia F tréen Q va do

AcQ nén (X, ¥,) ciing la diém cuc tiéu caa bai
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toan (WSOP). Trudc hét, kiém tra khing dinh voi
mdi X € A, diéu kién sau day thoa:

D (F,G), (X, Yor Z)(X—X%) NI = .
That vay, néu khang dinh néu trén khong thoa,
thi ton tai X € A va
(¥,2) e D°(F,G), (X, Yo, Ze)(X—X%) NI

va hon nira suy ra y e —-K\{0,} va

Z e(—D+cone(z,) —cone(z,)) -
Boivi k*e K™ \{0, 4} v <d*, z0> -0, nén

(k*,¥)+(d*,Z) < 0,mau thuan vai (9).

Do d6 DC(F,G),(X:Ysr Zo)(X—X,) " =
va khang dinh nay ciung véi tinh [-twa 10i cua
(F,G) dan dén

[(F,G)(X) —{(¥s, 2)}] "T = &, VGi moi X A.

Diéu nay suy ra khong ton tai X € A sao cho
(FO)—{¥o}) N (-K\{0,}) = &

va (G(X) —2z,) " (—D +cone(z,) —cone(z,)) = & -

Tir day, suy ra rang (%5, Y,) ciling la diém cuc
tiéu ctia bai toan (WSOP).
4 BAI TOAN POI NGAU MOND-WEIR
Trong phan nay, luon gia sir 1a (x',y’) e grF,
2'eG(x)Yn-D va
domDC® (F,G), (x,y',z) = X . Bai toan dbi ngau
Mond-Weir (Mond and Weir, 1981) cua (WSOP) sir

dung dao ham da tri Clarke ky hiéu 1a (MWDP) x4c
dinh bai

WMax, h(x',y'z'k*d*) =y
s.C. (k*,y)+(d* z) >0,
V(y, Z) € U DC (FyG)+ (le y', z I)(X)’

(d*z") > O
(k*,d*) e (K" \{0})x D"

Tap cac diém chip nhan duoc cia bai toan
(MWDP) ky hiéu va xac dinh boi
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Quw =Xy, 2" k*,d*) € X xY xZ x (K" \{0}) x D" |

(d*,2')20,(k*,y)+(d*,z) >0, V(y,2)
e JD(F.6), (x\y"2)(x)}-

xeX
piém (;',Y',z_‘,E*,a*)eQMW 12 nghiém cua
bai toan (MWDP) néu, véi moi y'e F(x') Véi
x4,y z'k*,d*) eQ,,, ,tacod

(h(x', y' 2, k5, d%) —h(x', ', 2'k*,d%) ) nint K =&

Ménh dé 4.1. (B4i ngiu yéu)

Gida s (F,G): X —» 2" x2% la dnh xa da tri
(K x D) -twa 16i nira dia phwong xdc dinh trén tap
hinh sao S, trong do
A={xe X:G(X)"(-D) =} S va S la tap con
cia X. Néu (x,y)eQ, (x,y,z'k*d*eQ,,
thi

y—h(x,y',z k*d*) ¢ —-intK.

Ching minh. Gia thiét phan
y—h(x'y', z' k*,d*) e —intK , nghia la

chting

y—y'e—-intK .

Khi do, vi k* e K* \{0,.} nén
(k*,y—y")<0. (10)

Do (x,¥)eQ, nén GX)N(-D)zd va

Y €F(¥)  Theo Menh d3 3.2,
(F.G)(x)—(y"z) = D°(F,G), (X" y" z)(x—X".

G(X)N(-D)# <, nén ton tai
72eG(X)N(-D) vatr d*e D", (d*, z)<o0.

Boi i

Do (x'y',z'k*,d*) e Q,,, ,nén (d*, 2y >0,
dan dén (d*, z—z') = (d*, z)—(d*, z') < 0.
Hon nira, tir (x,y",z",k* d*) eQ,,, va

(y-y,z-2)e(F,G)(X)—(y'2)
< DE(F,G), (x\y"z)(x=x),

dan dén

(k*,y—y)+(d*z-2z")=0.

Khi do, suy ra dugc
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(k*, y—yY=—(d*z-2") =0,

mau thu?}n vei (10).

Ménh dé 4.2. (B6i ngau manh)

Gia st (F,G): X —» 2" x2* la anh xa da tri
(K x D) -tya 16i ntra dja phuong xac dinh trén tap
hinh sao S, trong do
A={xe X :G(X)n(-D)= <} S va S latap con
cua X va (WSOP) thoa dinh tinh rang budc Slater
dang tong quat. Neu (x,,Y,) € Q la nghiém dia
phuong cua bai toan (WSOP) thi ton tai
(k*,d*) & K* \{0,.}x D" 580 ch0 (x,, . 2,,k*,d*)
la nghiém caa (MWDP).

Chitng minh. Theo Ménh dé 3.3, ton tai

(k*,d*) e K* \{0,.}x D"

sao cho Voi moi
(v, ) e DC(F:G)+(X01 Yo, Zo)(x) ’

<R*, y>+<a*,z> >0 va <a*, zo> =0,

vadodo (%o Yo Zo k0% € Oy

Ménh dé& thoa néu chung minh dugc
(%, Yo, 2, K*, d*) 12 nghiém cua (MWDP). Gia thiét
phan chiing (x,,v,, z,,k*,d*) khong 1a nghiém cua
(MWDP), nghia 1a ton tai y'eF(X)V6i
(x,y',z'k*d* eQ,,, sao cho

(h(x',y',z',k*,d*)—h(xo,yo,zo,E*,H*))mint K=o

Khi  do, ton  tai y'e F(X') V6i
(x,y',z'k*d*) eQ,, saocho y'-y, eint K.

Do d6, ton tai  (X,Y,)eQ va
(x,y',z k*d* eQ,,, sao cho yo—y'e—intK,

méau thun véi Ménh dé 4.1.

Ménh dé 4.3. (Bi ngiu nguoc)

Cho(x',y)egrF, z'eG(x)n-Dva
(x,y,z'k*d* eQ,, . Néu (F, G): X — 2" x2?
la anh xa da tri (K x D) -tya 16i nika dia phurong xdc
dinh trén tdp hinh sao S va (WSOP) théa dinh tinh
rang bugc Slater dang tong quat thi x\Y) 1a
nghiém cua bai toan (WSOP).
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Chirng minh. Vi (x',y) egrF,
2'eG(x)n-Dva (x,y',z'k*d*)eQ,, nén
(k*,d*) e K'\{0,.}xD"  va(k*y)+(d*z)>0,
v(y,z) e | JD°(F,G),(x"y"z)(x) va (d*,z)>0.

xeX
Chimg minh tuong tw Ménh dé 3.4, taco (x',y’)
la mét nghiém cua (WSOP).
5 BAI TOAN POl NGAU WOLFE
Trong phan nay, luon gia sa Ia
(x,y)egrF, 2'eG(X)n-D, k, € K\{0} 1a mot
diém ¢ dinh va domDS . (F,G),(x,y"z")=X.
Bai toan d6i ngau Wolfe (Wolfe, 1961) ciia (WSOP)
st dung dao ham da tri Clarke ky hiéu 1a (WDP) xac
dinh bei
WMax, h(x',y', z' k* d*) =y'+(d* z")k,,
s.C. (k*,y)+(d* z) >0,
v(y,2) e [ JDO(F,G), (xy"2)(X),

(K, k) =1,
(k*,d*) e (K*\{0})x D"

Tap cac diém chap nhan dugc cua bai toan
(WDP) ky hiéu va xac dinh bai

Q, ={(x,y,zk*,d*) e X xY xZx(K"\{0})x D" |
(k* ko) =1,(k*,y)+(d*,z)>0, V(y,2)
e [JD(F,G), (x"y"2)(x)}.
xeX
Piém (I‘, Y’,z_',E*,H*) €Q,, 1a nghiém cia bai
toan (WDP) néu, véi moi (x',y', z', k*,d*) e, , ta
cod

(e, y 2t ker, d) —h (X, y', 2k, d%) ) eint K.

M¢nh @é 5.1. (Ddi ngu yéu)

Gid sir (F,G): X — 2" x2% la dnh xa da tri
(K x D) -twa 16i nira dia phwong xdc dinh trén tap
hinh sao S, trong do A={xe X :G(X)N(-D) =} S
va S la tip con cua X. Néu (xy)eQ,
(x,y,z k*d*)eQ, th
y—h(x,y',z k*d*) e —-intK .
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Chiéng minh. Pau tién, do XeX va

G(x)(~D) =2, tir Ménh dé 3.2 dan dén
((F.3)()—(y"2")) = D°(F,G), (xy"z")(x—x).

Ldy zeG(x)n(-D), do (x,y)eQ va rang
budc déu tién cta bai toan (WDP) dan dén

<k*,y—y'>+<d*,z—z'>20. (11)

Gia thiét phan ching
y—h(x'y'z' k*d*) e—intK, nghiala

y—(y'+(d*z').k, ) e—intK

Bdivi 26-D va d*eD* nén (d*,z)<0. Do
dé) <d*,Z>.kO e —-K va
y-y+{d*, z-2")k,
= y+{d* z).k, =y (d*2').k,)
e-K-intK c—intK.

Do k*e K*\{0,.}, nén

(k% y—y'+(d*z—2) k,) <0,

vatr (k*k,)=1, suy ra

(k*, y—y)+{d* z—z")(k* ko)
=(k*,y—y)+{(d*z-2")<0,

mau thuan voi (11). Do d6, thu dwoc két luan
y—h(x,y'z' k*d*) e—-intK.

Ménh dé 5.2. (Bdi ngau manh)

Gia st (F,G): X —» 2" x2* la anh xa da tri
(K x D) - tya 16i ntra dia phuong xéac dinh trén tap
hinh sao S, trong 36 A={xe X :G(x)n(-D) =} S
va S la tap con cia X va (WSOP) thoa dinh tinh rang
buoc Slater dang tong quat. Neu (x,,y,)eQ 1a
nghi¢ém dia phuong cua bai toan (WSOP) thi
ton tai (k*,d*) e K" \{0,,}x D" 580 €ho (x,,y,,z,,k*,d*)
la nghiém caa (WDP).

Chitng minh. Theo Ménh dé 3.3, ton tai
cho voi

(k*,d*) e K" \{0,.}x D*sa0 moi

(y,2) e DC(F:G)+(X01 Yo Zo)(x) ,

(k¥ y)+(d*2)>0 va (d*z,)=0.
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Do k,e K\{O} va k*eK*\{O}nén ta co
a::<|2*,k0>>o.aat (K%, 0% = £ (k*, %) . thi
o

(k*,d*) e K" \{0,.}x D",
<E*,ko>:é<lz*,ko>:é.oc:l.

Hon nira, v(y,z)e U D% (F,G), (x\y"z)(x)
xeX

<IZ*, y>+<a*, z> = é(<l2*, y>+<&*, z>) >0.
Do do, ton tai (k*,d*) e K*\{0,.}x D* sao cho

(%: Yo» 2o, K*, d*) 1a diém chép nhan duoc cia bai
toan (WDP) va (d*,z,) =1<6|*, 2,)=0.
a

Tiép theo, can ching minh (x,,y,,z,,k* d*) 1a
nghiém cua (WDP). Gia thiét phan chung ton tai
(x,y',z' k*d*) eQ, saocho

h (X', y', 2", k*,d*) —h (X, Yo, 2o, k*, d*) e iint K,

nghia la
h(x',y', 2 k*d*)—(y, +<5*, zo>.k0) eintK

Tur <a*, Zo>=0 suy ra ring
h(x,y'z'k*d* -y, eintK,

hay tuong duong véi
Yo —h (X' y' 2" k¥ d*) e —intK,

mau thuin véi Ménh dé 5.1.

Ménh dé 5.3. (Poi ngau nguoc)

Cho(xy)egrF, z'eG(x)n-D va
(x,y',z'k*,d*) e, . Néu (F, G): X — 2" x2?
1a anh xa da tri (K x D) - tua I5i nira dia phwong xac
dinh trén tap hinh sao S, (WSOP) thoa dinh tinh rang
bugc Slater dang tong quat va (d*,z')=0 thi
(X',¥") 1 nghiém cua bai toan (WSOP).

Ching minh. Vi (x',y) egrF, z'eG(x)n-D

va (leyl’zlv k*,d*) € QW nén
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(5, d%) e KT\, 3xD" thea (k= ky)=1 va
(k*, y)+(d*,z)=0
v(y.z) e | JD°(F.G), (X" y" 2)(X)

xeX

(d*,z"y=0.

Chimg minh tuong tw Ménh dé 3.4, tacé (x',y’)
la mét nghiém cuaa (WSOP).

6 KET LUAN

Trong bai bao nay, diéu Kién tdi wu can va da cho
bai toan tbi wu da tri ¢6 rang budc st dung dao ham
da tri Clarke theo hudng nén cho 16p ham gan I6i
nua dia phuong dd dugc khao sat. Sau do, cac bai
toan ddi ngdu dang Mond-Weir va Wolfe cho bai
toan tdi wu da tri c6 rang budc va céc dinh ly vé dbi
ngau yéu, d6i ngdu manh va déi ngau nguoc st dung
dang dao ham da trj Clarke theo huéng nén dugc
trinh bay. Trong bai bao cua Tung et al. (2019), dao
ham tiép lién va cac gia thiét 16i da dwoc sir dung dé
khao sat didu kién toi wu va bai toan dbi ngau cho
bai toan tbi wu tap. Str dung dao ham da tri Clarke
dé giam nhe cac gia thiét 10i trong diéu kién tdi wu
va bai toan ddi ngau cho bai toan téi wu tap trong
cong trinh cua Tung et al. (2019) 1a mot chi dé thu
vi trong céc nghién cuu tiép theo.
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