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In this paper, the authors consider linear composition polynomials of meromorphic functions in a non-Archimedean
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M& dau

Dinh I co ban ctia 1y thuyét sé phat biéu rang moi s6 nguyén n > 2 déu biéu dién duy nhat dudi
dang tich cic s6 nguyén t6 c¢6 dang n = pi"'..pp"*, véi k > 1, § d6 céc thita s nguyen to py, ..., p doi
moOt phan biet va cac s6 mil tuong tng my; > 1,...,m; > 1 dudc xac dinh mot cach duy nhat theo n.
Ritt 1a nguoi dau tien xét tuong tu dinh 1y nay ddi véi cac da thric.

Dé mo ta két qua ctia Ritt, ta ky hieu M(C) (tuong ting, A(C)) la tap cdc ham phan hinh (tuong
ting, nguyéen) trén C va ky hieu £(C) 1a tap cac da thic bac 1. Dat £, F 1a cac tap con khéc rong cia
M(C), khi d6 mot ham phan hinh F'(z) dugc goi 1a khong phan tich duge tren €x F néu bat ky cach
viét thanh nhan tit F(z) = fog(z) v6i f(z) € € va g(z) € F déu kéo theo hodic f la tuyén tinh hodc g
la tuyén tinh. Nam 1922, Ritt [1] da ching minh dinh 1y sau.

Dinh Iy A (Dinh ly thi¢ nhat cta Ritt). Cho F la tap con khdc rong cia C[z] \ L(C). Néu mot
da thic F(z) ¢6 hai cach phan tich khac nhau thanh cic da thic khong phan tich dugc trén Fx F:
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F=pioppo---pop=1pr0tg0---1g,
thy r = s, va bac cia cic da thic v la bang vdi bac cia cic da thiic © néu khong tinh dén thi tu zuat
hién cia ching.

Cung trong [1], Ritt da ching minh dinh ly sau:

Dinh ly B (Dinh ly thi hai ctia Ritt). Gid si rang a,b,c,d € Clz] \ C théa min aob = cod
va ged(deg(a);deg(c))=gcd(deg(b);deg(d))=1. Khi dé ton tai cic ham tuyén tinh l; € Clx] sao cho
(lhoaolyly obols liocoly,ly  odols) co mot trong cic dang

(F, Fon, Fony E) hodac (™, x°h(z™), x°h(x)™, 2™),

d dé m,n > 0 la nguyén to6 cung nhau, s > 0 la nguyén t6 cung nhau vdi n, va h € Clz] \ xClz], lj_1 la
ham ngugc cia l;; F,, Fy, la cac da thiic Chebychev.

O day, phép phan tich F(z) = f o g(z) chinh la phép hop thanh F(z) = f(g(z)). Do d6, ta théy
rang Dinh 1§ thtt hai ctia Ritt mo t& cac nghiem ciia phuong trinh a(b) = ¢(d), 6 do a, b, ¢,d 1a cac da
thitc va bac clia cac da thitc 1a nguyén t6 cting nhau. Ro rang phuong trinh da thitc duge Ritt nghien
cttu 1a truong hop riéng ctia phuong trinh ham P(f) = Q(g), 6 d6 P, Q 1a céc da thiic va f, g 1a cdc ham
phan hinh. Dé ¥ ring, phuong trinh ham lién quan mat thiét dén van dé xéc dinh duy nhat déi véi ham
phan hinh - mot ting dung ctia Iy thuyét phan bo gia tri. Van dé xac dinh duy nhat da duge nghien ciiu
lan dau tien bdi R. Nevanlinna. Tt d6, van dé xac dinh duy nhat da dugce nghién citu lién tuc v6i nhiéu
huéng nghién ctiu va da nhan duge cac két qua sau sic. Hayman 14 nguoi dau tien khéi xuéng mot hudng
nghién citu khi ong xem xét tap xac dinh duy nhat déi vé6i cac da thic vi phan. Nam 1967, Hayman da
chitng minh mot két qua ndi tiéng ring mot ham phan hinh f trén trusng s6 phiic C khong nhan gia tri
0 va dao ham bac k cta f, v6i k 1a s6 nguyén duong, khong nhan gia tri 1 thi f 1a ham hing. Hayman
ciing dua ra gid thuyét sau:

Gia thuyét Hayman [2]. Néu mot ham nguyén f théa man dicu kién f™(2)f(z) # 1 vdin la so
nguyén duong va véi moi z € C th f la ham hang.

Gia thuyét nay da duge chinh Hayman kiém tra véi n > 1 va duge Clunie kiém tra véi n > 1. Cac
két qua nay va cac van dé lien quan da hinh thanh mot huéng nghién citu dugde goi 1a sy lga chon clia
Hayman. Cong trinh quan trong thic day huéng nghién citu nay thuoc vé Yang-Hua [3], hai ong da
nghién cttu van dé duy nhat déi v6i ham phan hinh v don thitc vi phan ctia n6 c6 dang f" f’. Hai ong
da chiing minh dugce rang, v6i f va ¢ 1a hai ham phan hinh khac hang, n 14 s6 nguyén, n > 11 néu f"f’
va ¢"¢’ cung nhan gia tri phic a tinh ca boi thi hodc f, g sai khdc nhau mot can bac n + 1 ctia don vi,
ho#ic f, g duge tinh theo cic cong thitc clia ham mil vdi cac hé s6 thoa man mot diéu kién nao do.

Muc dich ctia bai bao nay 1a thiét lap cac két qua déi véi van dé duy nhat cia tich g-sai phan dang
f"f(qz + ¢). Vi Hoai An - Pham Ngoc Hoa [4], Vit Hoai An - Pham Ngoc Hoa - Ha Huy Khodi [5], Ha
Huy Khoai - Vit Hoai An [6] va Ha Huy Khoai - Vit Hoai An-Nguyén Xuan Lai [7] d& c¢6 cac két qua
theo huéng nghién citu nay. Trong bai bao nay, ching toi sé chiing minh cac két qua sau:

Dinh 1y 1. Cho f, g la hai ham phan hinh khdc hing trén K, n la s6 nguyén duong vdin > 13,q,c €

K,|q| = 1. Gid st rang " f(qz +¢) va g"g(qz + ¢) nhdn 1 c6 tinh boi. Khi dé [ = ! vai 1" =1, hodc
f = hg vai "1 =1. !

Dinh 1y 2. Cho f, g la hai ham phan hinh khdac hang trén K, n la s6 nguyén duong vdin > 25,q,c €
K, |q| = 1. Gid s rang f"f(qz + c) va g"g(qz + ¢) nhan 1 khong tinh boi. Khi do f = — vgi ["T! =1,
hodc f = hg vdi A"t = 1. !

Van dé nhan gia tri ctia tich sai phan ctia ham phan hinh trén mot trudng khéng-Acsimet
Trude hét, ching toi trinh bay mot s6 dinh nghia vA mot s6 két qua lien quan. Ky hieu K 1a mot
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truong dong dai s6 dic s6 0, day du doi véi mot gia tri tuyet d6i khong-Acsimet ky hieu bdéi | . |.

Dinh nghia 2.1. Cho f la ham phan hinh khac hang trén K, ¢, ¢ € K, |¢| = 1, m, n 1a hai s6 nguyeén
duong. Ham phan hinh tren K duge x4c dinh béi cong thite f(2)f™(qz + ¢) véi z € K duge goi 1a tich
q-sai phan cua f.

B6 dé 2.2. Cho f va g Zd”cdc h%m nguyén khdac hang trén K va

F=ppG=gy l=F G

1. Néu E¢(1) = E,(1) va L £ 0 th

T(r. f) < No(r. f) + Nar, ;>+Nz<r 9+ Vol 3) log + O(1),

va cing c6 bat ding thitc tuong tu doi vdi T(r,g);
2. Néu E;(1) = E,(1) va L =0 thi mot trong ba truong hop sau day zdy ra:

) T(r, £) < Nu(r, £) + Ni(r, 2) + Nu(r, g) + Nu(r, 2) ~logr + 0(1),

I
va ciing 6 bat dang thic tuong tu doi vdi T(r, g);
i) fg=1;
iii) f = g.

Bo6 dé 2.3. Cho f la mot ham phan hinh khdc hing trén K va n, k la cdc s6 nguyén duong, n > 2k.
Khi 6, c6

1. (n=2k)T(r, f) + kN(r, f) + N(r, é:)i)) T(r, (f*)®) + O(1);
2 N(r, (f)(k ) < KT(r, ) + kNu(r, f) + O(1).
B6 dé 2.4. Cho f la mot ham phan hinh khdc hing tren K va q,c € K, |q| = 1. Khi dé
flaz+o)y 4o
1. m(r, 8 ) =0(1);
. m( ) = oq)
T(r, f(q21+ c)) = (T,f(Z%) + O(1);
0 T = Nr5) + 00)

5 NG Hge 1 ) = N F(2) + 0(1),

B6 dé 2.5. Cho f la mot ham phan hinh khdc hing tren K, |q| = 1, va n,m,d, k la cic s6 nguyén
duong sao cho m > d,d > 1,n > 2k. Khi dé

L (m—=d)T(r, f) <T(r, f"(2) f(qz + ¢)) + O(1);

2. (n—=2k)(m — )T (r, f) + kN (r, f"(2) f* (g2 + ¢))+

(F(2) gz + &)y
N0 T ) (g + )

(") f az + )
@ g+ e)®

ENy(r, f™(2) f4(qz + ) + O(1) < k(m +d + 2)T(r, f) + O(1).

Bay gid, cho f va g la hai ham phan hinh khéc hing trén K théa man E;(1) = E,(1). Cho a la
mot khong diém clia f — 1 v6i boi p$_,(a), va la khong diém clia g — 1 v6i boi gy (). Ta ky hieu

7)< T(r, (f () f" (g2 + ¢)™) + O(1);

3. N(r ) < k(m+d)T(r, f) +
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Ni(r, 5235191 (a) > py_y(a)) 1a ham dém céc khong diém cla f — 1, ma p$_;(a) > j1y_,(a) va nhimg
khong diém d6 duge dém véi boi 1, ky hieu Ny o(r, ﬁ; 1% (a) = pg_,(a)) la ham dém cac khong diem
cta f—1, ma p} (a) = pg_i(a) > 2, va méi khong diem d6 duge dém véi boi 1. Béng cach tuong tuy,
ta i nghia: N (1,18 4(a) > ph4(@). Nualr. 7341 (0) = i a).

Bo dé 2.6. Cho f va g la hai ham phan hinh khdc hang trén K. Néu Ff(l) = Eg(l), thi mot trong
cac hé thic sau xay ra:

LT(r, f) < No(r, f) + Na(r, §)+ No(r, g) + No(r, 2) +2(Ni(r, f)+ Ni(r, )+ Ni(r, g) + Ni(r, 5) =
2logr + O(1),
va co bat ding thiic tuong tu doi vai T(r, g);

2. fg=1,

3. f=g.

Ap dung céc bo dé trén, ta chiing minh duge mot kiéu ctia Dinh 1y thit hai ctia Ritt nhu sau:

B6 dé 2.7. Cho f va g la hai ham phan hinh khdc hing tren K, q¢,c € K, |q| = 1, ¢ # 0, va cho
m,n la cic s6 nguyén duong théa man diéu kién n > m. Khi dé

i) Néu f™(2)f™(qz + ¢).g"(2)9™(qz + ¢) = 1 vdi moi z € K thi f = é voi " =1, 1 € K.

i) Néu f(2) f™(qz + ¢) = ¢"(2)9™(qz + ¢) vdi moi z € K thi f =lg vai "™ =1, 1 € K.

Chiing minh:

). T f"(2)f™(qz + ¢).g"(2)g™(qz + ¢) = 1 ta ¢6

(f(2)9(2))" (fgz + glgz + )" = 1. (1)
Dat [ = f(2)g(z). Ta chiing minh [ 1a hiang. Gia st trai lai, [ khac hing. Khi d6 tu (1) ta co:

T day va tit Bo dé 2.4 ta suy ra
1
T(r,1") =nT(r,l) + O(1) = T(r, m) =mT(r,l(qz+¢)) + O(1) = mT(r,l) + O(1).

Diéu nay mau thuan véi gid thiét n > m.
ii). T f"(2) f™(qz + ¢) = g"(2)g™(qz + ¢) ta c6

fENflaz+ o\
<g(2)) <g(qz + C)> o 1 2
bat I(z) = ch((zi Khi d6 l(gz + ¢) = % Tu day va (2) ta nhan duge ["(z) = gt o) Lap

luan tuong ti nhu chiing minh phan i) ta nhan duge két qua cta ii).

Bo dé 2.8. Cho f la mot ham phan hinh khdc hing tren K, q,c € K, |q| = 1,m,n la hai s6 nguyén
duong théa man n > m+ 4. Khi dé f"(2)f™(qz + ¢) nhan moi gid tri a khac khong thuoc K.

Chiing minh. Do f khac hiing va B dé 2.4 ta c6 f(qz + ¢) khac hing. Dat F = f"(2) f™(qz +¢). Ta
thay raing moi cyc diém ctia F' hodc 1a cue diém ciia f, hodc 1a cue diém ciia f(gz + ¢); moi khong diém
ctia F' hoac 1a khong diém ctia f, hodc la khong diém ciia f(qz + ¢). Ap dung Dinh 1y chinh thit hai va
két hop véi B6 dé 2.5 ta nhan duge

T(r, ) = (n=m)T(r, ) +O(1) < T(r, f(2) " (g+¢)) < N, )+ N (1, ) + Vi

1
F— a> a
)—logr—i—O(l) <

logr -+ O(1) £ M(r,F) + Nifr, (g2+) + Ny (1 )33 (s )+

1
f F—a

AT (r, f) +N1<'r’, 1_@) —logr+ O(1).

F
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Suy ra
(n—m—4)T(r, f)+logr < N1<r,

1
— a) —logr 4+ O(1).

Tun >m+ 4 suy ra Ny (r, > tién ra oo khi r tién ra oo. Vay f™(z)f™(qz + ¢) nhan gia tri a.

—a
Chiing minh cac dinh ly chinh
Ching minh Dinh ly 1.

Dit A= f"f(qz+ ¢) va B = ¢g"g(qz + ¢). Ap dung Bé dé 3.2 [7] ta ¢6 cac truong hop sau:

1 1
Truong hop 1. T(r, A) < Na(r, A) + Ny <7“, Z> + Ny(r, B) + Ny <7", E> —logr 4+ O(1). Ta ¢

Ny(r, A) = Ng(r, f"flgz + c)) < No(r, f™) + Ng(r,f(qz + c)) < 2Ny(r, f) + N(r,f(qz + c)) <

2T(r, f)+ T (r, f(gz +¢)) + O(1) =2T(r, f) + T(r, f) + O(1) = 3T(r, f) + O(1);
1 1 1 1 1 1
No(r,—) =N < Nolr,— ) = N- <2Ni(r, = N <
o(n3) = (r f”f(qz+c)) < Nofr f”> o(r f"f(qz+c)) <2M(r f> (v f"f(qz+0)> -
3T(r, f) 4+ O(1).
Twong tu ta co
1

Ns(r, ) <3T(r, )+ O().
Tt cac bat déng thic tren va Bé dé 2.5 ta nhan dudc

(n— VT(r, f) < T(r, A) + O(1) < 6(T(r. f) + T(r,g)) — logr + O(1):

(n—=1)T(r,g) <T(r,B) +O(1) <6(T(r, f) +T(r,g)) —logr + O(1).
Do do, c¢6

(n—1)(T(r,f)+T(r,g)) <T(r,A)+T(r,B)+O(1) < 12(T(r, f) + T(r,g)) — 2logr + O(1);

(n—13)(T(r, f)+T(r,g)) +logr < O(1).
Do n > 13 nén ta gidp mau thuan.

Truosng hop 2. A.B = 1 tic 1a f"f(qz + ¢).9"g(qz + ¢) = 1. Theo Bo dé 2.7i) suy ra f = ! v6i
ln—i—l = 1. g

Truong hop 3. A = B tic 1a f"f(qz + ¢) = g"g(qz + ¢). Theo B6 dé 2.7ii) suy ra f = hg v6i
Rl =1.

Chiing minh Dinh ly 2.

Ta dung cac ky hiéu trong Dinh 1y 1.

Ap dung B6 dé 3.6 [5] cho A, B ta chi cin xét céc truong hop sau:

Truong hop 1. T'(r, A) < Ny(r, A)+ N (7", %) + No(r, B)+ N (7“, %) + 2<N1(7“, A)+ Ny (7“, %)) +

1
Ni(r, B) + Ny (7", E) —2logr + O(1).
Danh gia tuong tu nhu trong Dinh 1y 1 ta c6

No(r, A) < 3T(r, f) + O(1); Ny <T, %) < 3T(r, )+ O(1);

No(r, B) < 3T(r, f) + O(1); Ny (T‘, %) <3T(r, f)+ O(1).
Mat khéc, ta co
Ni(r, A) < Ni(r, f*) + Ni(r, f(gz + ¢)) = Ni(r, f) + Ni(r, f(gz + ¢))
<T(r f)+T(r, flgz+0)+O0Q)=T(r,f)+T(r, )+ O(1) = 2T(r, f) + O(1);
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L ) <2T(r.f) + O(1),

N1<7’, l) < Nl(r, iﬂ) —i—Nl(T,m <

A f
Tuong tu, ta co

Ny(r,B) < 2T(r, f) + O(1); N, (r, é) < 2T(r, f) + O(1).

Tit cac bat dang thiic trén, ta cé
(n—1T(r, f) < 14T(r, f) + 10T (r,g) — 2logr + O(1),
(n—1T(r,g) < 14T(r, f) + 10T (r,g) — 2logr + O(1).
Do do
(n—25)(T(r, f) +T(r,g)) + 4logr < O(1).
Ma n > 25 nén truong hgp nay khong xay ra.
Truong hop 2. A.B = 1 titc 1a f"f(qz + ¢).g"g(qz + ¢) = 1. Theo Bo dé 2.7i) suy ra f =
[t =1,
Truong hop 3. A = B tic 1a f* f(qz+c¢) = g"g(qz+c). Theo Bb dé 2.7ii) suy ra f = hg véi "™ = 1.

véi

!
g
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