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MOT LOP HE PHUONG TRINH TiCH PHAN TOEPLITZ-HANKEL
LIEN QUAN PEN BIEN POI KONTOROVICK-LEBEDEV VA FOURIER

Trinh Tuin"

Truwong Dai hoc Dién luc

Tom tat

Trong bai bao nay, ching téi xem xét gidai diung mot [op hé phwong trinh tich phdn
dang Toeplitz-Hankel véi hach khéng thodi hod bang kjf thudt tich chdp va tich chdp suy
rong lién quan dén cdc phép bién doi tich phin Kontorovich—Lebedev va Fourier trén cac
16p khong gian ham L g’ﬂ.

Tir khoa: Bién doi Kontorovich-Lebedev, Fourier, Phuong trinh Toeplitz-Hankel.

Abstract

Systems of integral equations of Toeplitz plus Hankel kernel related to

the Kontorovich-Lebedev and Fourier transforms

In this paper, we investigate several systems of integral equations with the Toeplitz
plus Hankel kernel which can be solved in closed form in certain function space L g"g with
the help of the generalized convolution for the Kontorovich-Lebedev, Fourier sine, and the
Fourier cosine transforms.

Keywords: Kontorovich-Lebedev transform, Fourier transform, Toeplitz plus
Hankel integral equation.

1. Pit vin dé
Phuong trinh tich phan véi nhan Toeplitz-Hankel 1a mot truong hgp riéng cua
phuong trinh tich phan Fredholm c6 dang sau:

f+ fTK(t,s)f(s)ds =gt), t>0s <T. (1.1)
0

Trong d6: K(t, s) = Ky(t—s) +Ky(t+s), K; la nhan Toeplitz va K; la nhan Hankel, g la ham
cho trudc va f 1a 4n ham phai tim. Phuong trinh (1.1) dwoc nghién ciru 1an dau tién boi
Krein, Kagiwada, Kalaba Tsitsiklis (Xem [4, 13, 1]) va cho nhiéu ing dung khac nhau trong
ly thuyét tan xa, hé dong luc chit long, 1y thuyét loc tuyén tinh ... (Xem [4, 1]), hau hét viéc
nghién ctru phuong trinh (1.1) méi dimg lai & viéc tim nghiém x4p xi hodc tim nghiém dung
trong truong hop nhan c6 tinh ddi xtng, suy bién. Trong nhiing nim gan day da c6 mot sd
két qua nghién ciru giai dung mot s 16p phuong trinh (1.1) trén (0,+ o0) bang ki thuét tich
chap va tich chép suy rong (Xem [3], [5], [6], [12], [14], [15], [16]). Tuy nhién, cho dén nay
viéc giai phuong trinh Toeplitz-Hankel (1.1) v&i nhan Ky, K tong quat con 12 bai toan mo.
Trong bai bao nay, str dung cac ki thuat trong [10], [11], [2], [9], [8] bang cach chon
16p nhan, ching toi xem xét giai mot 16p hé phuong trinh tich phan dang (3.1) bang k¥ thuat
tich chap suy rong v6i ham trong y(y) lién quan dén cac phép bién doi tich phéan
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Kontorovich-Lebedev, Fourier sine va Fourier cosine trén khong gian ham L ' Két qua
chinh nhan dugc cho ta cong thirc nghiém tudng minh cling nhu chi ra khong gian nghiém
tdn tai.

2. Cic phép bién déi va khong gian ham lién quan

Trong phan ndy chung t6i trich din mot s6 phép bién ddi tich phan va khong gian
ham dung dé nghién ctu.

Phép bién d6i tich phan Fourier cosine (F.) va phép bién dbi ngugc (xem [7])

2 [+
FHO) = f; | r@eosenax vy > o, 1)
0
va
2 [+
f= - [ EpoIosady, x>0 22)
0
Phép bién dbi tich phan Fourier sine (Fs) va phép bién déi nguoc (xem [7])
2 [+
ENOY= |- [ r@snendr vy > o, 23)
0
va
2 [+
f= |- [ Ep@sinedd, x>0 24)
0
Phép bién dbi tich phan Kontorovich-Lebedev (K) (xem [8])
+00
Kulfl= [ Ku®f@dn x>0 25)
0
trong d6 K;,(t) la ham Macdonald (xem [8])
+o00
K (t) = f e~teoshu co5(xu) du, x = 0,t>0.
0
Phép bién d6i nguoc Kontorovich-Lebedev (K1)
2 +oo
(K@ = xsinh() [ KGOy, x> 0. @6)
0
Khoéng gian ham (xem [7])
LR ) ={r: [ viri<eol @7
Ry
Nhu vay Ll(R +)CL1(R+,y).

Khong gian ham (xem [9])
Lg’ﬁ = p(R +,K0(,8t)t“), ae R, 0<pB <
L (2.8)
v6i chuan 1a:
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1
+00 »
Ifller = ( j If(t)l”Ko(ﬁt)t“dt> < oo,
0
Nhan xét: Ly(R ) L&, 1% = 1,(R ,,Ko(Dt%).
3. Mot 16p hé phwong trinh Toeplitz-Hankel
Phan nay chung t6i di xem xét giai dung mot 16p phuong trinh tich phan dang
Toeplitz-Hankel v&i nhan khong thoai hoa va khong ky di bang ky thuat cua tich chap véi
ham trong v lién quan dén cac phép bién ddi tich phan Kontorovick—Lebedev, Fourier sine
va Fourier cosine.
Xét bai toan c6 dang:
( +oo
4' fe+ [ K@Dg@dr= 6@
0

[ f Ky Df(@dT + g(0) = 0, (0).
0

Trong d6 K1, K, 12 nhan, g, ,(x) 1a ham cho truéc, £(x), g(x) 1a an ham.
Trude hét chiing toi gidi thidu cac tich chap va cac tich chap suy rong da biét sau day

(3.1)

Tich chap suy rong v&i ham trong y1(y) ddi v6i hai phép bién doi tich phan Kontorovich—
Lebedev va Fourier sin (xem [10])
41 1
<f * h) (x) = f —— [e7xcosh(t+6) _ g=xcosh(T=O)|f(r)n(6)drdl, x > 0. (3.2)
1 R2 21X

1
ysinh(my)

Trong do: y,(y) =

nhan t hda sau:

. 1% ,
,Neu f,h € Ll(R+) thi (f f h) € LY vata co dang thic

Y1
K(f7h) ) =ZnEHEDG), ¥y >0, (3.3)
Tich chap suy rong véi hai phép bién ddi tich phan Fourier sine, Kontorovich—
Lebedev (xem [11])

<f§h> (x) = f %[e‘”"s"(ﬁg)—e‘TCOSh(T‘G)]f(r)h(H)deQ, x>0 . (34)

Trong do: f € L, (R+, L

\/?)' geL (R, )th (f;h) € L,(R ,) va cho ta dang thirc

nhan tr hoa sau:

F, (f ; h) 0 = KOHOMNFEDG), Vy>o0. (3.5)

Tich chap suy rong v&i ham trong ¥, (y) ddi voi phép bién doi tich phan Fourier sine (xem
[2])
Y2 1 +o0
(f ; h) ()= 5= | FOsignCx +y = Dhllx+ y=1) = hex+y+ 1)
+sign(x —y + Dh(|x —y +1|)
—sign(x —y — Dh(|x —y — 1])]dy, ¥x
> 0, (3.6)
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, Y2 ,
Trong do6 y,(y) = siny, néu f,h € Ll(R +) thi tich chap (f; h) € Ll(R +) va c6 dang

thirc nhan ti hoa sau:

V2
F (f P h) ) = siny ()M (ER (), vy > 0. (3.7
s
Dé giai hé (3.1) ta chon nhan nhu sau:
+00 1
Kl(x, ‘L') — f . [e—xcosh(r+9) _ e_xCOSh(T_e)](p(G)dH, vx,7>0 ,
o 2mx
+00 1
Kz(x, ‘L') — f _ [e—rcosh(x—e) _ e—rcosh(x+9)] v (9)d9, vx,7>0 .
0 T

Khi d6 hé (3.1) tré thanh:
( V1
Jf(x) + (g : ¢> ()= @@, Vx>0
(3.8)

l(f; W)(x)+g(x) = q,(x), Vx>0.

Trong do: vi(y) = , Q12 @, Y la cac ham cho truéc va ¢, P, q; €

y sinh(mg)
Ll( R +), q, € Lclr'l, x€ R . Tac dong vao cac phuong trinh ctia hé (3.8) theo thir tu boi cac
phép bién d6i (K),(Fs) va st dung cic dang thirc nhéan tir hoa (3.3), (3.5) (3.7) ta duoc:

Y1

J (KA () + (g ; <p> ) = (Kq) ), vy >0

lFs <f; v ) )+ (Fg)W) = (KEq)(y), Vy >0,

KNG + 5o s BOOEDO) = KadD), ¥y >0,
KO EYQ) + Fg ) = (F2)),  Vy>0,
T
1 — (o)) T
— 2 h S
A= ysinh(my) = 1= sty BOVED )
(F)(v) 1
—1 T 1 P );2 0
~ ° 2ysinh(my)siny ° qDFSI'[) o), vy >
T
A= (Kq) ) Zysinh(y) (Fo)(y)
(Fsq2)(¥) 1

Y2
T 1
= — F, * , Vy>0,
(Kq)(») 2ysinh(iy) siny s(<stqz)(y) y



TAP CHI KHOA HOC SO 21 * 2019 5

1 (Kq) () .
Ay= = (quz)(y)_Es<Q12 l//)(y), vy >0.
(FEP)(») (Fq2) ()
Gidst: 1 z ! g " 0,vy >0
st 2ysinh(my) siny ° ¢ F, ¥ |0)#0,vy>0.
Khi d6
. . yz
2ysinh(ry)siny(Kq,)(y) - nF; (¢ b 42) &)
KH ) = — , Wy >0.
2ysinh(ry)siny = 7Fs (¢ = ) @)
Tac dong phép bién d6i nguge K ! ta dugc :
. ., Y2
Py 2ysinh(my)siny(Kq,)(y) — nks (qo M qz) ) (39)
= Y2 ’ '
2ysinh(my)siny — F, (¢ b v)©)
vy >0,
2ysinh(my)siny. [(Fq) ) — F(q1 5 v ) (0]
(Fs9) () = _ — e , Yy >0
2ysinh(mwy)siny — nF (fp s W) )
do do
2ysinh(mwy)siny| (F, —F, .
e (my)siny|(F;q2) @) — Fs(q1 5 v ) 0] vy >0, (3.10)

Y2
2ysinh(my)siny — nF; (fp M V/) )
Pinh Iy 3.1.

P 1 r2  ar pae s
Gia st : 1—msiw1§(q) ;Slp) (y) # 0,Vy > 0. Khi dé bai todn (3.1) cho ta

nghiém dang (3.9), (3.10) vanghiém f € L, (R ,)n LY, ge L (R ,),a € R.

Dé nghién ctru tiép theo chiing t6i tiép tuc dé cap dén cac tich chap sau day

Tich chap suy rong v6i ham trong y,(y) dbi véi hai phép bién d6i tich phan
Kontorovich—Lebedev, Fourier cosine (xem [9])

Y1
<f ; h) (x) = fR :%KO (\/x2 + 62 + 2x9€oshr) f(t)h(8)dtdl, Vx

>0. (3.11)

, Y
Trong d6 y,(y) = m néu f € L,(R ), h € LY" thi tich chap (f . h) € L% va co

dang thirc nhan tir hoa:
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V1
T
<f : h) 0) = [ZnOENERE), ¥y >0 (312)
Tich chip dbi véi phép bién d6i tich phan Kontorovich—Lebedev xac dinh nhu sau (xem

[8)

*p . 1 1 /10 1™x 0Ox h(0)dvdd
<f4 )(x) - fR:Zexp[—§<7+?+T>]f(r) (0)drdo, vx>0. (3.13)

Néu f € L(R ,,x),h € Li(R ,, Ko(x)) thi (f 1 h) € L,(R ,,x) va co dang thirc nhan tir
hoa:

K (f . h) ) = KOO E)(), Vy>o0. (3.14)
Bay gi¢ chung ta chon nhan :
too 1
Ki(x,1) = f EKO (\/x2 + 62 + 2x9coshr) &6)de, vx,t>0,
0

o1 1 /0 1x 6x
K,(x,7) = fo o &P [_E (7 + 7 + T)] n(@)do, vx,t>0.
Khi d6 (3.1) tr¢ thanh:

( Y1
Lf(0) + (5; g) ()= qx), Vx>0

|

L(ﬂZf) (x) + g(x) = q2(x), vx>0.
Trong d6 & 1,44, 1a cac ham cho truéc va &€ Ll(R +), neE LZ(R +,x), q,(x) € LY,
() = ,q2(x) € L(R ,,x).
Téc dong bién ddi (K) vao (3.15) va sir dung cac dang thirc nhan tir hoa (3.12) va
(3.14) ta duoc:
(
I

|

\ K<'7:f) )+ &K = (Kg)(y), vy >0,

(3.15)

1
ysinh(my)

Y1
(KA ) + K<<§ ; g) ) = (Kq)), vy >0

{ KN + Jgh(y)(Fcﬁ)(y)(Kg)(y) = (Kq) ), Vy >0

EKnOEKH@) + (Kg) () = (Kq.)(y), Vy>0,
1 s (ROW) ”
A= 2 ysinh(my) = ¢ =1-K <77 ; g) ), VvVy>0
(Km () 1

T 1
A= (Kq) ) \/; JSInh(ry) FHW)
(Ka2)(y) 1
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Y1 V1
= (Kq) () — K<qz ; g> O =K|q - (qz ; g) ), vy >0
1 (Kq1)(y)

(K@) (Kqz)()
= (qu)(y)—K<an1> ™) =K<qz—(n*ql>) ™), vy > 0.

V1
Néu : 1—K(77§ §>(y)¢0,‘v’y>0thi

K <q1 (QZ 3 9 )) )
1—K(77*1§)(y)
/K< qz 39 )(y)\

=f(x) =K1 - (x) (3.16)
1-K (7% &) )

K (22— (1)) @)
Y1
1—K(77;r§)(y)

A2=

KH») =

K ) =

st dung bién do6i nguoc :

K (22— (1)) @)
Y1
1- K(n ; cf) ™)

9gy) = (x). (3.17)

Pinh Iy 3.2.
Y
Giast 1—K (77 . 5) (y) # 0,Vy > 0. Khi d6 hé phuong trinh (3.1) c6 nghiém

dang (3.16) va (3.17) va f € LY, g € L' nL,(R ,,x),aeR.

Nhan xét. Cac két qua ctia Dinh 1y 3.1 va 3.2 khong sir dung dén Pinh Iy Wiener—
Lévy nhu cic cong trinh trude d6 trong ([3],[5],[15],[16],[14]) ma chi st dung dén cac
phép bién ddi nguoc dbi véi cac phép bién ddi tich phan Kontorovich-Lebedev va Fourier
sine nguocO)
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