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PHUONG TRINH TAN SAC CHINH XAC CUA SONG RAYLEIGH
TRUYEN TRONG BAN KHONG GIAN CO UNG SUAT TRUGC
PHU MOT LOP MONG CO UNG SUAT TRUGC

Nguyén Thi Khanh Linh'

Tém tit: Bai bdo nghién ciru sy truyén song Rayleigh trong ban khong gian dan hoi ¢6 g sudt
trueée phit mét 16p mong dan hoi ¢é g sudt truée. Dé gidi quyét bai todn, tac gia lan leot di tim
cac moi lién hé giita bién d¢ iing sudt va bién dp chuyén dich ciia I6p va ciia ban khéng gian. Tie
cdc moi lién hé nay két hop véi diéu kién bién va diéu kién lién tuc giita I6p va ban khong gian, tdc
gid da tim dwoc phwong trinh tan sdc chinh xdc cia séng Rayleigh truyén trong méi truong nay.
Pong thoi dé khang dinh tinh chinh xdc cua két qua tim dwoc, tir cong thirc tim dwoc tdc gia dwa vé
dwge truong hop dic biét la phwong trinh tan sdc ciia song Rayleigh truyén trong ban khong gian
dan hoi ¢6 img sudt truée da duoe tim trong tai liéu (M. A. Dowaikh and R. W. Ogden 1991; Vinh,
2011). Céc thirc tim ra ¢ dang hoan todn twong minh, ching sé la nhitng céng cu rat hitu hiéu cho

cdc nha khoa hoc trong va ngoai nuoc.

Tir khéa: song Rayleigh, dan hdi cé tmg suét trude, phuwong trinh tén sic.

1. MO PAU

Céc bai toan truyén séng trong méi truong
dan hdi (Achenbach, ].D. and Keshava, S.P,,
1967- R. W. Ogden, 1984) c6 ung dung rong
rdi trong nhiéu linh virc khac nhau cta khoa hoc
va ky thuat nhu Am hoc, Pia chin hoc, Dia vat
1y, Khoa hoc vat liéu, Khoa hoc danh gia khong
pha hiy, Chan doan y hoc bang hinh anh, Cong
nghé vién théng, Céc cau tric méng ngay nay
xuét hién nhiéu trong trong cudc sébng, nén bal
todn nghién curu ve su truyen song trong cac ciu
tric ndy dang duoc rat nhidu cac nha nghién ctru
quan tam (Tiersten, H.F.,1969-P. C. Vinh and N.
T. K. Linh, 2013)

Khi nghién ctru vé s6ng, song mat Rayleigh
dwoc quan tim nhiéu nhat. D6i véi song
Rayleigh, phurong trinh tén sic dang tuong minh
coOy nghTa dac biét quan trong. N6 dugc st
dung dé giai bai toan thuan (khao sat sy phu
thudc clia van tdc song vao cic tham sd vat lidu)
va dic biét né con 1a co so ly thuyét dé giai
quyét cac bai toan nguoc (xac dinh cac tham sb
vat li¢u tur cac gia tri do dugc cia van tdc song

! Khoa Co khi, Trieong Pai hoc Thity loi

(Viktorov, 1. A., 1967). Do vay, phuong trinh
tan sic dang tuong minh 1a muc tiéu dau tién va
quan trong nhat dbi véi cac nghién ciu lién
quan dén song Rayleigh.

D6i v6i cac moi truong ban khong gian phit
16p mong diang huéng va truc hudng, phuong
trinh tan sic di duoc tim ra trong cac tai liéu
tham khao (Bovik, P., 1996; Tiersten, H.F.,
1969; Vinh, 2011; Vinh, P.C., Linh, N.T.K,,
2012 - P. C. Vinh and N. T. K. Linh, 2013).

Tuy nhién, dbi véi cac moi trudng dan hdi co
tinh di hudéng cao hon, phirc tap hon, ché“ing han
mdi trudng dan hdi monoclinic, mdi truong cd
mg suét trudc, moi truong dan hdi chiu anh
huong cta cac yéu to khac nhu dién truong, tir
truong,.. van con dang bo ngo.

Vi vdy muyc tiéu cua bai bdo di tim phuong
trinh tan sic chinh x4c cta song Rayleigh truyén
trong ban khong gian dan hoi c6 tmg suat trudc
phii mot 16p mong dan hoi co tng suét trudc.

2. CAC PHUONG TRINH CO BAN

Xét mot 16p vat lidu thuan nhat co do day 4,
phii 1én mot ban khong gian thudn nhit, gia thiét
ca 16p va ban khong gian 1a dan hoi nén dugce c6
(g suat trudc.
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Céc hudng chinh cia bién dang trong 16p va
ban khong gian 1a trung nhau va vudng goc véi
mat phéng x,=0. Mot truc toa d§ Cartesian vudng
goc (X1, X2, x3) dugc sir dung voi céc truc cua nd
tring voi cac hudéng chinh cua bién dang. Lop
vat liéu chiém mién —h<x,<0 va ban khong gian
chiém mién twong mg x,>0. Cac do gidn chinh
cta ban khong gian va 16p dugc ky hi¢u tuong

va 16p duogc gia thiét 1a gan chat. Cha ¥ rang cac
dai luong giéng nhau cua ban khong gian va 16p
c6 cung ky hiéu nhung phan biét bang déu gach
ngang & trén néu lién quan dén 16p.

Déi voi 10p, bd qua luc khdi phuong trinh
chuyén dong c6 dang(M. A. Dowaikh and et al,
1991; R. W. Ogden, 1984):

E11,1 +521,1 :/51/719 E12,1 +§22,1 :/552» (1)
trong 46 p 1a mat do khdi lugng ciia vat liéu
& trang thai ban dau.

S = Az‘jlki’_lk,l (2

trong do A i 12 cac thanh phén ciia tenxo dan
hoi bac 4 trong (M. A. Dowaikh and et al, 1991;
R. W. Ogden, 1984) dugc xac dinh nhu sau:

tng voi A, A, A, val, A,, A,. Ban khong gian

"7 0007, G)

4

(i #)) “

va" “ji Jiij ijij

voi 1,j=1,2,3, W =W(1,,4,,4,) 12 ham ning lugng bién dang trén mot don vi thé tich & trang thai
tu nhién (khong bién dang) J= /TI/TZ/Z (/Tk >0).

Dé don gian trong cach trinh bay, ta str dung cac ky hiéu sau:

Gy =Ay11s O =Ans O, =0 =A 1y 1= Ao 1 =As Vo= (6)

Str dung cac phuong trinh trén, phuong trinh (2) dugc viét lai:

8 = C_Zl 1L_ﬁ,1 + C_leﬁz,za Sy = &12”_‘1,1 + C_xzzﬁz,z >

S, = 77152,1 +77*L_‘1,2» 8y = 77*52,1 + 7725_’1,29

Tir céc didu kién strong-ellipticity, @, va 7, phaithoa méin cac dang thirc (R. W. Ogden, 1984):

a,>0,a,,>0, 7,>0, 7,>0 (8)

Xét song Rayleigh truyén theo phuong X, va tat dan theo phuong X, véi van tdc song ¢ (>0) va sd

(7)

song k (>0). Khi d6 cac thanh phan chuyén dich va tng suat ciia 16p dan hoi c6 dang
P ik (x,—ct) — 77 ik (x,—ct) _
u=U (e, u, =U,(»)e" "™, y=hx, 9)

trong d6
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U,(y)= Achb,y + A,;shby + A,chb,y + A,shb, y

— L — _ — — — 10
T,() = i(@ Ashb,y + @ A,chb, y + a, Ashb, v + a, A,chb, y) (10)
voi A,4,,4,4, 1acachingsd, @, va b, dugc xac dinh boi
_ 7bi+X-a, - [S+S’-4P — |S—+/S?-4P - _,
o, ="————— b =\|———,b,=y|———, n=1,2, X = pc
(@, +7.)b, 2 2

e o - o (11)

1712+l;22=_]_/2(X_7/1)+a22(_>(:a11)+(a12 +7/*) =§’ l;lz_lizz(X_CZ_”)_(X_yl)zf_)_
E125%) V2%
Thay thé (10), (11) vao (7) va két hop véi (9), ting suit cua 16p c6 dang
— N Skxy-ct) — N ik(x—ct)
S, =ikX e s, =ik2, e (12)
trong do
2, =i(fAshby+ fA,chby + f, Ashb, y + 5, A,chb, y)
(13)

2, = 771A1Ch51y + 771Azsh51y + 772A3Chb_2y + 772A4Sh52y
voi B =V.a, —V,b, , =a, +a,ab, k=12 (14)
Tai mat bién x,=0, phuong trinh (13)va (10) c6 dang:

U@0)=4+4,, U,0)=i(,4, +a,A4,),

L= — _ _ 15
21(0) = l(ﬂlAz +,B2A4), 22 = 771A1 +772A3 (12
Tur phuong trinh (15), ta c6:
7, 1 iB, i,
Al :TU1 O _TZZ O, A2: — = U2 O —TZI 0,
[7] © [7] © [a;B] © [7] ©
7 1 ip, i, (16)
A3:—TU1 O TZZ O, A4:— — U2 0 TZI O
O ARG T

Thé (16) vao (13) va (10) tai x,=-h, ta thu dugc mdi lién hé tuyén tinh cia T,(~h),T,(-h),Z,(-h),
va T, (~h) v&i cac sb hang U, (0) , U,(0), %, (0) va Z,(0). Méi lién hé nay c6 dang ma tran la:

£(=h)=T&(0) (17
LT
trong d6 £() =[T,()T,() %, ()T, va L —{E T } (18)
[7iche] _ilBishe] ;Lashe]  [che]
r_| 1 [@p)] | . _|  [@f] (7]
| |dasheq] [achefl| | _adlchs]  [ashe]
(7] [@; 8] (@ 5] (7]
vo [[Bshe]  Bplche] [[@:Bche] __[Bshe] (19)
r_| ] @p) | | @A) (7]
| _filehe] [Bishe] [@:i7she]  [7che]
(7] [@: 8] [ ] (7]
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trong d6 €, = 81;,1, n=12,

[@che] = a@,che, —ache,, [@; fshe] =
Ma tran Txac dinh boi (18) goi la ma
tran chuyén cua 16p dan hdi c6 tng suit
trudc nén duoc.
3. MOI QUAN HE GIUA CAC BIEN PQ
UNG SUAT VA CAC BIEN PQ CHUYEN
DICH TAI MAT BIEN

a,  Tla, iby, b, ey
Tl =| ’TZ = ] ’T3 =
iy A4y —b,, iby, —Cy

cac a,,b, d, dugc xac dinh boi (19).Tu

27 l]’ ij
ditu kién tu do ung sudt tai x,=—h
las,, =s,, =0va sir dung phuong trinh (17) ta co
T, U(0) + T, £(0) = 0, (20)
Phuong trinh (20) 1a mdi lién hé giita bién

do cua véc to tng suit va bién do cua véc to
u, =U,(y)e" ™,
trong do:

U,(y)=i(aBe™ +a,Be™,

voi a, , B, , i, dugc xac dinh boi

va [che] =che,

a,fshe, —

= ik, (y)e

—chg,,

a, ,6_’lsh<9l _

3.1. M6i quan hé giira cac bién dd vng suit
va cac bién d9 chuyén dich ciia 16p

Xét song Rayleigh truyén doc theo phu’orng
X, va tit dain theo x, véi van tdc song ¢ va so
song k. Pé don gian, cac ma tran T; (i=1,2,3,4)
duoc viét duéi dang sau:

.(312 },TA‘ _ {du _id12:|
Iy id,, d
chuyén dich cua 16p tai bién phan cach y=0.
3.2. Mbi quan hé giira cAc bién dd vng suit
va cac bién d9 chuyén dich ciia 16p
Theo Vinh (Pham Chi Vinh, 2011), cac thanh
phin chuyén dich va ung sudt cua song
Rayleigh trong ban khong gian cé dang:

n=12, (21)

U,(y)=Be" +B,e ™,
2(0)=BBe™ + B ™), Z,(y) =i(nBe ™ +n,B,e™),

(22)

(e, +7:)b, _% - X -y,b; 2
= b +rv.e,,n =a,—a,a, b, ,X= k=12,

k b —7, ' (@, +7.)b, B =10b ey, = oy, a0, by pe (23)
va by, by 12 hai nghiém c6 phan thyc duwong ctia phuong trinh
7/20522b4 +|:;/2(X—7/1)+0522(X—0511)+(0£12 +7*)2]b2 +(X—0511)(X—}/1) =0, (24)
voi
b+ b2 :_]/2(X—]/1)+0(22(X—0(11)+(0512 +7.)° =S, b= X—a)X=7) _p (25)

V20 V28
Ta dé thdy néu song Rayleigh ton tai thi by, b, phai c6 phan thuc dwong, khi d6
0< X <min{a,,,7,}, P>0,S+2JP >0, b.b, =P, b+b,=\S+2/P (26)
Thé x,=0 vao (22) ta thu dugc
U,(0)=B,+B,,U,00)=i(e,B, +,B,),
(27)

2,(0)=i(5B,

+8,B,), ,(0)=n,B, +n,B,.

KHOA HOC KY THUAT THUY LO1 VA MOI TRUONG - SO 65 (6/2019)



Khur B, B; tir phuong trinh (27) ta c6
iMll M12 :|

-M,, —iM,, (28)

¥(0)=MU(0), M= {

12

trong d6: a1, =281 =[’4],M22=—%va £0)=[5,0 %0, U0 =[0,07,007 .
a

al " [a]

Phuong trinh (28) 1a mdi lién hé gira bién @  chuyén dich va tng suat cta 16p va ban khong
cia véc to Ung suit va chuyén dich cua ban gian tai bién y=0, U(0)=U(0), =(0)==(0), tur
khong gian tai bién y=0. Ma trdn M 1a ma trdn  (20) ta c6:

trd khang mat cua ban khong gian dan hoéi co T,U(0)+T,X(0)=0 (29)
lng suat true nén dwoe. Thé (29) vao (28) din t6i:
4. PHUONG TRINH TAN SAC ZU(0)=0, Z=T,+TM (30)

Tu diéu ki@n 16p va ban khong gian gan chat trong d6 Z, (i,j=12) dugc xac dinh boi
tai y=0 va moi lién h¢ gilra bién dJ cua véc to

Zn :i(cn +d11M11 +d12M12), le =Cp +d11M12 _dlezza

: (D)

ZZ] = _CZI _d21M11 _d22M127 Z22 = l(_c22 +d21M12 _d22M22)‘
Phuong trinh tan sic thu dugc bang cach det |Z | =0 c6 dang:
A, + Achechg, + A she she, + A,che she, + 4,che,she, =0 (32)
trong do:
A, = 2B ol + Vlﬂz v }[m (@B, + @B, A L]

mmn, (aZﬂl +a, ﬂz) o] [o]
4 =25 B + L (@0, + & B,) |[ £+(a2ﬂ1772 +aﬂ2771)[ ;ﬁ][n]2+[ﬁ]

BB, +1,)  le] ] (33)

—(ﬂ2771 +ﬂ_127722) ﬂ2771+ﬂ1 n, [ﬂ—(%ﬁﬂ?ﬁalﬁ nl)[a'ﬁ][n];‘[ﬂ]
2ﬁ 771 - 1ﬁ1772 [«] [a]

A3:_ﬂ_1772[77][ 34 ﬂz ml ﬂ [77] , A4, ﬂz 1[ ] Ll _ﬂ_lﬁz[o_[;ﬂ_][i%’

[a] [a]’ [a] [a
voi @, B, 7. (i=1,2) dugc xac dinh boi (23) va

[ 8] _ y»(a, —X)(b,+b,) @: yi(e, =X) —a,7,b.0, m:_a2272(b1+b2)b1b2

[a] - a,, — X +y,bb, ’ [a] o, — X +7,bb, ’ [a] a;, — X +y,bb,
S= 7/2(7/1 _X)+a22(a11 —X)—(a12 +7/*)2 P= (X_an)(X_yl)
7/2a22 ;/ZaZZ

Cong thirc (32) dugc dua vé dang khong thir nguyén bang cach dwa vao cac tham sé khong thir
nguyén sau:

a a a Ve Y, — Oy — Y
11 22 12 72 et 1
e =—,e,=—=,e,=—=,¢,="—,e,="=, ¢g=—,¢,

Vi Vi Vi Vi Z a22’

a 7. 7 X (39
53:%964:4965:é9 x:_’},:u:yl \/7192 \/Z

e Ve V> 7 7
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RS rang ta thay phuong trinh tan sic phu
thuoc vao 13 tham s0 khong thir nguyén:
e..¢.(k=1,2,3,45)

niy thoa man cac bat dang thirc sau

r ,r, ,& va X, cac tham so

shusTy

A, + Achgche, + Ashe she, + 4,che she, + 4,che she, =0

trong do:
v | BB G ) [B]

=20,p,m 1, Ak E w *
=P {—ﬁlﬁx@ﬂlmlﬂ»}[a]
it (@B + &I‘BD} Vi)
BB+ |la]
By + Bl J

A =285, +[

A =B+ B +( _—

—k Tk __k) %
—a, B, —a,pn,

4 --pm[r AL paapr M 4,

[e] [e]

— (@B, + &, f31T5)

+(a, 8.7, + @, ByTT)

(AT
[a]

r,>0,r,>0, >0,¢ >0,&>0.

Phuong trinh tan sic (32) c6 dang khong thi
nguyén la

(35)

[ BT[] +(B1”

[o]”

[o; AT 0] +181”

[o]”

[ AT 0T +(A1”

[a]”

-+ (@, B0, + 2, B\,)

= B[ 2L e plL

[e] [e]

trong d6 cac dai lwong a;, B, , 7, , M,,, M,,, M,,, S*, P",S", P" dugc xac dinh boi:

—7.2 2 — 7.
_ _ebi+rx—¢
A L
(e3+e4)bk 5

a* — — b p— — &5
a, = s ﬂk :r,u(e4ak _E_k)b 77k :r,u[63+ i kja

)

k —_ J— — —_—— — J— g 3 —_—— —
S =e,(1- rvzx) +e5(e — rvzx) —ee (e + 64)27 P =eye(e - rvzx)(l - rvzx)’

[:8] _e(e-xNS+2JP  [B] _e(e—x)—eeNP [n] _ eePNS+24P

[a] e —x+eP [a] e, —x+eNP la] e —x+eNP
§ = e,(e, —x)+e,(1-x)—(e, +e,)’ P (¢ —x)(1-x)
eZeS ’ eZeS
Truwong hop dic biét: dan hdi co mg suat trudc. Tur (32) , ta cb

Khi 2 =0, bai toan tré thanh nghién cuu su
truyén ciia song Rayleig trong ban khong gian

7> [alzz —ay(ay, _X)}blbz + (o _X)[V*z Vs _X)} =0

phuong trinh tan sac cua ban khong gian dan hoi
cO rng suat trudc:

(36)

hoic tir (35), ta co phuong trinh tan sic & dang khong thir nguyén:

e [632 —ez(el—x)}blb2 +(el—x)[ej —es(l—x)} =

Cong thtc (36) va (37) chinh 1a cong thuc
cia phuong trinh tan sic cia song Rayleigh
truyén trong ban khong gian ¢ mg suét trudc
nén dugc & dang co thu nguyén va & dang
khong c6 thir nguyén.

Phuong trinh (37) trung véi phuong trinh
(5.11) dugc tim ra béi Dowaikh va cong su (M. A.

0 (37)

Dowaikh and R. W. Ogden, 1991) va phuong
trinh (25) dugc tim ra béi Vinh (Vinh, 2011)
5.KET QUA SO
Chung ta nghién ctru truong hop vat liu la
Umg sudt trudc bién dang phang ding hudng
theo tai li€u tham khao (D. G. Roxburgh and R.
W. Ogden, 1994)
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h=l=h h=k=L (38)
Tir cac phuong trinh (3) - (6), ta co cac hing

O*W

s0 dan hoi cua ban khong gian c6 dang:

Q) =0y

o'W 1(o*W
:6—/112’ Vi =72 :5

Low) . 1(o*wW
2 T V=
01> 0404, A 04

oW1 aWj
(39)

"2l 80 oneA, 4 oA

Céc hang s dan hdi cia 16p co dang (39) c6 déu gach ngang & trén. Diéu kién lién tuc cia tng
sudt phap theo (R. W. Ogden and D. A. Sotiropoulos, 1996).

o

Zz%wz“ﬁa@

(40)

Khédo sat vat lifu neo-Hookean, ham nang lugng cua loai vat liéu ndy c6 dang theo (D. G.

Roxburgh and R. W. Ogden, 1994):

W= %W F A2 A7 -3-2In(A0A,)

(41)

d6i v6i ban khong gian va twong tu ddi véi 16p.
Twr cac phuong trinh (38) - (41) va (34), ta co:

e—e—ﬂ'2+1 e—E—Oe—1 e—E—l_—/12+1

) PR AR AL ERPFEACEERC R Ay 12

_ 11 = 22 1 (42)
& =—.8 ==, 1" =— o1, == 1, =R +1(1-27)

e A, A +r(1-47) r

! liéu chi con phy thudc vao 3 tham $6 A, 1, R
09} nhu cong thirc (42). Hinh 1 biéu dién sy phu
08} A=42,r=05R=12 thudc ctia van tbc song vao & =kh trong hai

0.7

X 06

05

04

03

0.2 L L L s s L L L L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Hinh 1. Biéu dién su phu thudc cua van toc song
Rayleigh duge biéu dién béi (35) truyén trong
vat liéu neo-Hookean

Hinh 1 biéu dién vén téc song Rayleigh x
dugc biéu dién boi phuong trinh (35) truyén
trong ban khong gian phi mot 16p voi gia thiét
la c& ban khong gian va 16p la vat liu neo-
Hookean. Vi vat li¢u nay thi cac tham s6 vat

hop: A=Lr=03,R=2 va
A=~2,r=05R=12.

6. KET LUAN
Bai bao khao sat sy truyén cua song Rayleigh

truong

trong ban khong gian co Ung suat trudc nén
dugc duoc phi 10p tng sudt trude nén duoc. Sir
dung mdi quan hé giita cac bién d6 Gmg suat va
cac bién do chuyén dich cia 16p va ban khong
gian tai bién phan chia, bai bdo da thu dugc
phuong trinh chinh xéc cua song. Tur cong thirc
ndy, tac gia da tim dugc phuong trinh tan sic
cho song Rayleigh truyén trong ban khong gian
c6 g suat trudc bang cach cho do day cua 16p
bang khong. Cac cong thirc tim duge 1a méi va
¢ dang hoan toan tudong minh, nén chiing s¢€ 1a
nhitng cong cu rat hitu hiéu cho cic nha khoa
hoc trong va ngoai nude.
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Abstract:
AN EXACT SECULAR EQUATIONS OF RAYLEIGH WAVES IN A COMPRESSIBLE
PRE-STRESSED ELASTIC HALF-SPACES COATED WITH AN ELASTIC LAYER

This paper is concerned with the propagation of Rayleigh waves in a compressible pre-tressed
elastic half-space coated with a compressible pre-stressed elastic layer. The main purpose of the
paper is to establish an approximate secular equation of the wave. First, the relations between the
traction amplitude vector and the displacement amplitude one of Rayleigh waves at two sides of the
interface between the layer and the half-space are created. From the continuity condition at the
interface and these relations the displacement amplitude vector of Rayleigh waves at the interface is
determined. Then, an exact secular equation of the wave has been derived by using these relations.
From this equation, an secular equation of Rayleigh wave is obtained for a compressible pre-
stressed elastic half-space and this equation coincides in the equation of M. A. Dowaikh and R. W.
Ogden (M. A. Dowaikh and R. W. Ogden, 1991) and Vinh (Vinh, 2011). The explicit seculars
derived in this paper are useful for scientists

Keywords: Rayleigh waves, secular equation, pre-stressed,

Ngay nhdn bai: 22/3/2019
Ngay chdp nhéin dang: 13/4/2019

10 KHOA HOC KY THUAT THUY LO1 VA MOI TRUONG - SO 65 (6/2019)



