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PIEU KIEN CAN HU'U HIEU CAP CAO CHO NGHIEM HU'U HIEU
YEU VA HENIG PIA PHUONG CUA BAI TOAN CAN BANG VECTO
CO RANG BUQC SU DUNG PAO HAM STUDNIARSKI

Pinh Diéu Hing', Khoa Thu Hoai', Trn Vin Su?
YTrwong Pai hoc Cong nghé Théng tin va Truyén thong - PH Thai Nguyén,
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TOM TAT

Bai toan can bang vec to véi rang budc can bang (hay con goi la cac rang budc bu) bao gom bai
toan bat dang thic bién phan vec to va bai toan tbi uu vec to voi rang budce can bang nhu cac
truong hop dic biét. Diéu kién chinh quy va diéu kién tdi uu cho cac bai toan tdi uu véi rang budc
can bang da dugc nghién ctru boi nhiéu tac gia. Viée tim cac diéu kién chinh quy thich hop dé dan
cac diéu kién Kuhn—Tucker cho bai toan t6i wu v6i rang budc can béang 1a dé tai thu hit sy quan
tdm nghién ctru rong rai cla nhiéu tac gia trong nhiing nam gan day. Trong bai bdo nay ching toi
nghién ctru va phét trién cac didu kién can hitu hiéu cho nghiém hiru hiéu yéu dia phuong va
nghiém hiru hiéu Henig dia phuong cho bai toan cin bing vecto c6 rang bud ¢ tip va non trong
khong gian Banach theo ngdén ngit dao ham Studniaski cdp cao. Két qua nhan duoc duge ap dung
cho nghiém siéu hitu hiéu dia phuong ciia bai toan dudi gia thiét phi hop vé co so ctia non.

Tir khéa: Diéu kién can hitu hiéu cdp cao, nghiém hitu hiéu yéu dia phwong, nghiém hitu hiéu
Henig dia phuiong, nghiém siéu hitu hiéu dia phirong, dao ham Studniaski cdp cao.
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HIGHER ORDER NECESSARY EFFICIENCY CONDITIONS FOR
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ABSTRACT

The vector quilibrium problem with equilibrium constraints (it also called complementarity
constraints) including vector variational inequalities and vector optimization problems with
equilibrium constraints as special cases. The constraint qualification and optimality condition for
optimization problems with equilibrium constraints are investigated by a lot of authors. Finding
the suitable contraint qualifications to derive the Kuhn-Tucker conditions for optimization
problems with equilibrium constraints have been extensively studied in recent years by many
authors. In this article we study and develop the efficiency conditions for local weak efficient
solution and local Henig efficient solution of vecto equilibrium problems with constraints
involving set and cone in Banach spaces in terms of higher order Studniaski’ derivatives.
The result obtained is applied for local superefficient solution of the problem under the suitable
assumptions on the base of cone.
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1 MO DAU

Cac bai toan can bang vecto dugc quan
tam nghién ctu nhiéu trong nhitng nam
gan day bao gom sy ton tai nghiém, cau
tric tap nghiém, do nhay nghiem, diéu kién
hitu hiéu va thuat toan tim nghiem. Diéu
kién hitu hiéu 1a cht dé quan trong dugc
quan tam nghién cttu nhiéu do sy a4p dung
clia chiing trong viéc thiét ké va xay dung
thuat toan s6 dé tim nghiém ctia bai toan
can bang vecto néi chung va bai toan toi
uu vecto noéi rieng (xem Gong [1]). Trong
s6 cac bai toan t6i wu thue té khi xay dung
thuat toan s6 can phai ap dung céac diéu
kien hitu hiéu cap hai va tham chi cap cao
hon méi c6 thé xit 1y s6 lieu t6t duge bai vi
thong tin diéu kién hitu hiéu cap hai va cap
cao chita dung cac thong tin dieu kieén hitu
hiéu cap mot. Bonnans-Cominetti-Shapiro
1999 da st dung dao ham parabolic cap
hai dé thiét lap diéu kien can hitu hieu cap
hai cho bai todn tbéi uwu vecto; Gutiérrez-
Jiménez-Novo 2010 da st dung cic tap tiép
tuyén cap hai thiét lap diéu kién hitu hieu
cho bai todn t6i wu da muc tiéu c6 rang
budc; Guerraggio-Luc 2003 nghién citu diéu
kién hitu hiéu cap hai cho bai toan tdi wu
da muc tiéu vecto véi dit lieu thuoce 16p C%!
va C11y Jiménez-Novo 2003, 2004 da nhan
duge diéu kien hitu hiéu cap hai cho bai
toan can bang vects v6i dit lieu 1a cac ham
kha vi dugc mo ta thong qua cac tap tiép
lien cap hai.

Nam 1986, Studniaski [2] d& gidi thieu dao
ham Studniaski va ap dung ching dé thiét
lap diéu kien can va di cho cuc tiéu chat
Pareto dia phuong ctia bai toan minimum.
Tiép dén nam 2008, Luu [3] st dung khai
niéem dao ham Studniaski cap cao da xay
dung duge dieu kién can va di cap cao cho
cuc tiéu chat Pareto dia phuong ciia bai
toan t6i uu da muc tiéu. Gan day ching
toi thay rang khai niem dao ham Studni-
aski cdp cao chua dugc ap dung dé thiét

lap diéu kién can hitu hieu (tén goi chung 1a
diéu kién t6i wu) cho cdc nghiém hitu hieu
yéu dia phuong, nghiém hitu hiéu Henig
dia phuong va nghiém siéu hitu hiéu dia
phuong ciia bai toan can bang vecto ¢ rang
buoc tap va bat ding thic tong quat.

Trong bai bao nay, muc dich chinh cuia
ching t6i la st dung khai niém dao ham
Studniaski cap cao dé thiét lap mot dicu
kién can httu hiéu cip cao cho nghiém
hitu hiéu yéu, Henig va siéu hitu hieu dia
phuong ctia bai toan can bang vecto khong
tron c6 rang buoc tap va non. Két qua thu
duge ctia chung t6i la hoan toan mdéi va
chua dudc nghién ctu truée day.

2 KIEN THUC CHUAN BI

Ky hiéu X, Y va Z thay cho cac khong gian
Banach va X*,Y* va Z* thay cho khong
gian d6i ngau topo cia X, Y va Z tuong
ting. V6i méi A C X, ky hiéu intA, clA,
coneA chi phan trong, bao déng va hinh
nén sinh béi tap A ciia A tuong Ung, va
méi T € X, 0 > 0, ky hieu B(7,9) = {z €
X : ||z — 7| <} 1a mot hinh cau mé tam
Z v6i ban kinh § > 0. Dé cho tien ta viét
t, — 0% thay cho mot day s6 duong hoi tu
vé 0, va , — x nghia 1 lim, .z, = .
Trong Y ta xac dinh moét thit tu bo phan
bdi mot noén 16i, déng va ¢6 phan trong khac
rong C, va cho K 14 mot noén 16i trong Z.
Ta viét CT va Kt theo thit tu 1a cac nén
d6i ngau cia C' v K va duge dinh nghia
nhu sau.

Ct={eY*:(£c)>0, Vee O},
Kt={¢eZ :{d) >0, Vde K}.

Dugc biét cac non C va KT 14 161 va dong
yéu*. Tya phan trong ctia nén C 1a

Ct={ecCt:{c)>0, VeeC, c#0}.

Cho B la mot co sé cua non C, nghia la B
16i, C' = coneB := {tb : t > 0, b € B} va



0 & cl B. Ky hiéu
C3(B)={€€CF:3t>0, (1) >1,

Vb e B}.

Goi B 1a mot co sé ctia nén O, khi dé ton
tai mot y* € Y*\ {0} sao cho

r=inf{(y*,b) : be B} > (y*,0) = 0.

Tiép theo ta c¢d dinh mot lan can 16i mé
can do6i Vg ctia goc O trong Y véi

« T
VBZ{err|<y,y>|<§}-

Khi d6 v6i mdi lan can 16i U cta O véi
U C Vg, cone(U+B) lanoén 161, nhon va 0 ¢
c(U+B). Do d6, C\{0} C intcone(U+B).

Bai toan can bang vecto c6 rang buoc tap
va nén duge ky hieu 1la (CVEP) va duge
dinh nghia nhu sau: Cho song ham F' :
A x A—Y théa man F(z,x) = 0 v6i moi
x € A; ham muc tiéu g : A — Z. Xét bai
toan (CVEP): Tim vecto T € S théa man

F(z,z) ¢ —intC, Yz € S. (2.1)

Trong d6, tap chap nhan dudc ciia bai toan
(CVEP) dugc ky higu béi S = {z € A :
g(x) € —K}.

Vecto T thoa (2.1) duge goi la mot nghiém
hitu higu yéu ctia bai toan (CVEP). Néu
ton tai 6 > 0 sao cho (2.1) ding v6i moi
x € SNB(T,9), tanéi T 1a mot nghiem hiu
hiéu yéu dia phuong ctia bai toan (CVEP).
Dé cho tién trong ching minh, v6i mbi
T € X ta ky hiéu

Fo(8) = F(x,5) = | JF(z x).
zes
Dura vao khai niém nghiém hitu hiéu Henig
va siéu httu hiéu cta (CVEP) trong [1]
chiing toi dé xuat cac khai niem sau.

Dinh nghia 2.1 Vecto x € S dugc goi la
mot nghiém hitu hiéu Henig dia phuong cta

bai toan (CVEP) néu ton tai mot lan can
16i can déi U cta 0 v6i U C Vi v mot so
thuc 0 > 0 thdéa méan

cone(Fz(SNB(7,d)))N(—intcone(U+B)) =

Dinh nghia 2.2 Vecto z € S dugc goi la
mot nghiém siéu hitu hiéu dia phuong cia
bai todn (CVEP) néu véi mdi lan can Veta
0, ton tai mot lan can U clia 0 vA mot s6
thuc 6 > 0 thdéa man

cone(Fx(SNB(z,0))N({U—-C)CV.

Xem K N B(7,6) 1a mot tap K, va cho B

13 mot co s6 161 clia nén C. Ap dung két
qué ctia Gong [1] ta nhan dugc két qué:

(+) Néu 7 € S la mot nghiém siéu hitu
hiéu dia phuong ctia bai toan (CVEP)
thi n6 ciing la mot nghiém httu hiéu
Henig dia phuong ctia bai toan doé.

(+) Néu them tap B doéng va bi chan thi
truong hgp nguge lai ciing ding va ta
c¢6 dang thitc ding intC* = C2(B).

Tiép theo ching toi dinh nghia dao ham
Studniaski cAp cao nhu trong [2].

Dinh nghia 2.3 (2]) Cho f : X — Y,
Z,v € X va m > 1. Dao ham Studniaski
cap m cta f tai (7,v) dugc ky hieu béi
d¥ f(z,v) va duge dinh nghia nhu sau:

a2 f(@v) = lm I @+ t;jz — /@)

bl

néu giéi han ton tai. Trong trudng hgp
m = 1, ta viét ds f (T; v) thay cho d} f(T; v).
Cac non tiép lien sau giit vai tro chu dao
trong viéc thiét lap dieu kién can hitu hieu
cap cao cho cac loai nghiém hitu hiéu dia
phuong cia bai toan (CVEP).

Dinh nghia 2.4 ([3]) Non tiép lien ctia tap
A tai diém T € cl A duge dinh nghia bai
Ty(z)={veX :3t,>0,3z, €A, 2, > T

sao cho t,(x, —T) — v}.



Dinh nghia 2.5 ([3]) Non phan trong cia
nén tiép lien ctia tap A tai diém 7 € ¢l A
dugc dinh nghia bdéi

IT4(zZ) ={ve X : 3t, — 0" sao cho

Vv, = v, T+t,v, €A, Vn dalén}.

Ménh dé 2.6 ([4]) Non tiép lien clia tap
A tai diém T € ¢l A duge phat biéu ¢ dang
tuong duong sau

Th(z)={veX:3dz,c A\{Z}, 2, =T
Ty —T U}U{O}.

sao cho lim — =
notoo ||z, — 7| o]
Ta dinh nghia nén tiép lién trung gian

~

Ta(@)={veX :3t, — 0" sao cho

T+t,weA Vndalén}.

Dé dang kiém tra dugc ring

ITA(T) C Ta(@) C Tu(7).

3 KET QUA MOI CUA BAI BAO

Mot dieu kién can hitu hiéu cap cao cho
nghiém httu hiéu yéu dia phuong ctia bai
toan (CVEP) theo ngon ngit dao ham Stud-
niaski duge mo ta nhu sau.

Dinh 1i 3.1 (Diéu kién can cap m cho
nghiém hitu hiéu yéu dia phuong) Cho
T €S, m > 2 va gia sit cac dao ham Stud-
niaski cap cao d¥ Fz(T;v) va d%g(T;v) ton
tai theo moi phuong v € X. Khi d6, néu
7 1a mot nghiém hitu hiéu yéu dia phuong
cia bai toan (CVEP) thi véi moi v € Ty(T)
thoa man d2¢(7;v) € —intK, ton tai mot
phiém ham tuyén tinh khéic khong lien tuc
£ € C* sao cho

(€, dg Fe(T;v)) > 0. (3.1)

Chiing minh. Lay tuy ¥ v € Ta(Z) N {u €
X :d%¥g(T;u) € —intK}. Ta ching minh

dEFx(T;v) € —int C. (3.2)

That vay, néu diéu kién (3.2) sai, nghia 1a
ton tai v € Ty(Z) \ {0} voi d¥g(T;v) €
—intK sao cho d¥F:(T;v) € —intC.
Ap dung Meénh dé 2.6, ton tai cac
day (zn)n>1, (tn)n>1 VA& (vy)n>1 trong do
(Tn)n>1 C A V6l x, # T (Vn € N) thoa
man z, — 7, t, — 0Y va v, = I’ZZE v6i
v, — v khi n — +00. Theo dinh nghia dao

ham Studniaski cap m ta c6

—g(T)

T tn n
lim 9(T + tntn)

m m =dgg(T;v) € —intK.
Khi d6 v6i n du 16n,
9(T + tyu,) € —K. (3.3)

Vi
9(T+t,v,) € g(T)—intK C —K—intK = —intK.
Tu (3.3) va day (x,)n>1 C A, ta nhan duge

Z + t,v, € S v6i n du 16n. (3.4)
Do T +t,v, — T € B(,§) va hinh cau mé
B(7,0) la mot tap mé nén ta c6 He qua

Sau.

T+ thv, € SN B(Z,0) véi n du 16n.

(3.5)

Mat khac ta cling co
i Fo(T + tn:ng) — 5@ _ g (z0)
€ —intC.

Do intC' la tap md nén véi n du 16n,
F(T + tpv,) — F&(T) € —int C,
hay tuong duong
Fr(T + tyv,) € —intC' v6i n da 16n.

Diéu nay két hop vé6i (3.5) suy ra mau
thudn vi 7 la nghiém httu hieu yéu dia



phuong cia (CVEP)!

Ap dung dinh 1i tdch manh cac tap loi
rdi nhau {d¥F(T;v)} va -intC, véi € €
Ct\ {0} ta co

(&, d3 Fx(T;v)) > (£,—¢) Ve e intC.

Lay bao déng ctia intC va sit dung tinh lién
tuc ctia anh xa (..) ta nhan duge

(&, dBFs(T;0)) + (£,¢) >0 Ve e C. (3.6)

Cho ¢ = 0 trong (3.6) ta nhan dugc két qua
(€, dBFe(T;v)) > 0, nghia 4 bat dang thiic
trong (3.1) duge thdéa man.

Dinh Ii dugc chitng minh. [

Dinh 1i 3.2 (Diéu kién can cap m cho
nghiém hau hiéu Henig va siéu htu
hiéu dia phuong) Choz € S, m > 2 va
B 1a mot co s 16i cia nén C. Gid st céac
dao ham Studniaski cap cao d¥ Fx(T;v) va

"g(T;v) ton tai theo moi phuong v € X.
Khi d6, néu 7 la mot nghiém hitu hieu
Henig dia phuong (tuong ting siéu hitu hiéu
dia phuong néu them B déng va bi chin)
ctia bai toan (CVEP) thi véi moi v € Ty ()
thoa man d%'g(T;v) € —intK, ton tai mot
phiém ham tuyén tinh khéic khong lién tuc
¢ € CA(B) (t.. £ € C*) sao cho

(€ diFa(@v) 20, (37)
Chitng minh. Dé ¥ ring néu mot co s6 16i
B 1a déng va bi chan thi intC+ = C2(B).
Ngoai ra mot nghiém siéu hitu hiéu dia
phuong trung v6i mot nghiém httu hiéu
Henig dia phuong ctia bai toan (CVEP).
Do d6 ta chi chiitng minh cho trudng hgp
T € S langhiém hitu hiéu Henig dia phuong
cia bai toan (CVEP). Theo Dinh nghia 2.1,
ton tai mot lan can 16i can déi U cia 0 véi
U C Vg va mot so6 thuc § > 0 théa man

cone(F(S N B(7,4))) N (—intD) = 0,
(3.8)

¢ day D = cone(U + B) la mot nén 1oi
va nhon trong Y. V6i tinh chat déng cia

non cl D va théa man quan hé bao ham
C \ {0} C intclD. Ta ap dung (3.8) két
hop vé6i dieu kién int D = int clD suy ra

cone(F(S N B(Z,0))) N (—intclD) = (.
(3.9)

Khi d6 v6i moi v € Tu(T) théoa man
d?g(7;v) € —intK, khang dinh sau ding

{d¥Fz(7;v)} N (—intclD) = 0.

Lap luan tuong tu nhu trong chitng minh
Dinh 1i 3.1, ton tai £ € [cone(U+ B)]*\ {0}
théa man (3.7). Theo Gong [1] ta c¢6 bao
ham thic [cone(U + B)|* \ {0} € C2(B).
Do d6, ¢ € C2(B) va diéu nay hoan thanh
chiing minh. 0

Cha y 3.3 Dinh 1i 3.1 va 3.2 van dung néu
ta thay non tiép tuyén Tx(T) bdi cic nén

ITA(T) va T 4(T) tuong tng. Ngoai ra, két
qua trén dang cho truong hgp m = 1 va
thong thuong ngusi ta hay goi truong hop
nay la diéu kién hitu hieu cap 1 chit khong
phai cap cao. Do d6 trong bai bio ching
toi luon dat diéu kien m > 2.

Dé két thic bai bao chiing toi cung cap mot
truong hop didc biét ctia bai toan (CVEP)
13 bai toan tdi wu vecto c6 rang budc tap
va nén, duge ky hiéu béi (CVOP) trong do6
song ham F(z,y) = f(y)—f(z) Vz,y € X,
6 day f: X — Y la anh xa gia tri vecto.

Dinh nghia 3.4 Néu F(z,y) = f(y) —
f(z), Vo,y € X, va néu T € S la mot
nghiém httu hieu yéu dia phuong, mot
nghiém httu hiéu Henig dia phuong hay mot
nghiém siéu hitu hiéu dia phuong ctia bai
toan (CVEP) thi 7 € S la mot nghiém
hitu hiéu yéu dia phuong, mot nghiém hitu
hiéu Henig dia phuong hay mot nghiém siéu
hitu hiéu dia phuong ctia bai toan (CVOP)
tuong ing.

Dinh li 3.5 (Ap dung cho bai toan
t6i wu vectd c6 rang budc) Cho 7 €
S,m > 2vagast f: X — Y la anh



xa gia tri vecto, cac dao ham Studniaski
cap cao d¥ f(T;v) va d2'g(T;v) ton tai theo
moi phuong v € X. Khi d6, néu 7 14 mot
nghiém httu hiéu yéu dia phuong (tuong
ting nghiém httu hiéu Henig dia phuong
néu them C c¢6 co s6 16i B, nghiém siéu
hitu hieu dia phuong néu thém C c6 co
s6 161, déong va bi chin B) clia bai toan
(CVOP) thi v6i moi v € Ty(Z) théa man
Pg(T;v) € —intK, ton tai phiém ham
tuyén tinh khéc khong lien tuc € € C (t.1.
¢ € CA(B), £ € int C*) sao cho

(&, dE f(m;v)) > 0.

Chiing minh. Theo dinh nghia dao ham
Studniaski cap m, ta dé dang kiém tra dugc
diéu kien d? f(z;v) ton tai khi va chi khi
d¥ Fz(T;v) cing vay, va ngoai ra ta con c6
dang thic ding d? f(T;v) = d& Fx(T;v) véi
moi v € Ty(Z). Ap dung Dinh li 3.1 va 3.2
ta nhan duge diéu can chitng minh. O

4 KET LUAN

Bai bao da thiét lap dugde diéu kién can hitu
hiéu cap cao dang d6i ngau cho cac nghiém
hitu hiéu yéu dia phuong, Henig dia phuong
va siéu hitu hiéu dia phuong ctia bai toan
can bang vecto c6 rang budc tap va noén
thong qua ngdn ngit dao ham Studniaski
cap cao trong khong gian Banach. Két qua
nhan duge la méi va chua duge nghién citu
trude day. Trong tuong lai két qua dat duoc
nay c6 thé ap dung dé xay dung cac thuat
toan s6 cho bai toan can bang néi chung va
bai toan toi wu noéi rieng.
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