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THE T U O N G TAC C O U L O M B T R O N G LOTP B A G R A P H E N E 

• Nguyen VSn M^n''' 

Tdm t^t 

Thi tuang tdc Coulomb ed dong gdp ddng ki vdo cdc dgc tinh quan trpng cua he nhieu hat mang 
diin Bdi bdo ndy nhdm xdc dinh bieu thiee gidi lich cua thi tuang tdc Coulomb giUa cdc diin tu 
trong mot edu trite lap duoe cdu tao tie ba ldp graphene song song nhau. duoe ngdn edch bdi nhimg 
lap diin mdi khdc nhau bdng cdch gidi phuong trinh Poisson. Kel qud gidi tich vd khdo sdt bdng so 
cho thdy cdc hdm the Coulomb trong khdng gian xung lupng chiu dnh hucmg mgnh bdi su khong 
ddng nhdt eiia diin mdi nen The Coulomb xuyen ldp gidm rdt nhanh theo vector sdng vd khodng 
each giica cdc ldp trong khi cdc the npi lap hi dnh hudng yiu hon vd phu thuoc vdo mdi trudng xung 
quanh cdc ldp graphene ldn cdn. 

Tie khoa: The tuong lae Cloulomb, graphene. dien moi nin khong ddng nhdt 

\. Gioi thieu 
Bai toan he nhieu hat tuong tac la mgt trong 

nhirng bai toan quan trpng ciia vat ly hien dai vi 
viec giai bai toan loai nay se giiip giai quyet 
duge nhieu bai toan quan trong khae, giiip xac 
dinh nhirng dac tinh quan trong cua he khao sat 
Tuong tac Coulomb la loai tucmg tac cd cudng 
do kha ldn vi the khong the bd qua trong he 
nhieu h^t mang dien Dac biet hon, trong cac cau 
tnic Idp thi the Coulomb dupe xem la the chii 
yeu, nd ddng gdp dang ke vao nhieu dac trung eo 
ban ciia cau true nhu nang luong trang thai co 
ban, dien trd Coulomb drag, kich thich tap the ... 
Viec xac dinh duoc bieu thirc tudng minh ciia the 
tuong tac Coulomb trong he la eo sd de xac dinh 
cac dac trung co ban eua he 

The Coulomb bat ngudn tir tuong tae tinh 
dien giira cac dien tich diem, tuan theo dinh luat 
Coulomb va cd bieu thire kha don gian doi vdi he 
hai dien tich, da duge xae dinh va su dung tir lau 
trong cac bai toan vat ly, Tuy nhien, ddi vdi he 
gom sd rat ldn cac hat ddng nhat va phan bo tap 
trung trong vimg khong gian hep nhu trong cac 
cau tnic ldp thi bieu thiic cua the, can xac dinh 
trong khdng gian xung luong eho tien sir dung, la 
khdng don gian. Van de cang phirc tap hem doi 
vdi cae he cd chira graphene - cau tnic chi gom 
mpt Idp nguyen tii vdi ham phan bo la dang ham 
delta Dirac. 

Trong graphene don Idp, the tuong tac 
Coulomb da duoc xac dinh nhu mdt ham ty le 
nghich vdi vector sdng va hang sd dien mdi nen 
trung binh bao bgc ldp graphene. Ket qua nay da 
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duoc sir dung de xac dinh cac tinh chat khae 
trong graphene nhu kich thich tap the, he so dan 
quang, toe do sdng am.. [3], [14]. Trong cau 
triic graphene nhieu Idp cd dien mdi nen dong 
nhat, ngoai the tuong tac Coulomb ngi ldp (co 
dang giong nhu doi vdi graphene don Idp) thi the 
Coulomb xuyen ldp, dae trung cho tuang tac 
giira cae dien tii trong hai ldp khae nhau, cd sir 
xuat hien cua ham liiy thiia am co sd tu nhien 
ciia khoang each giiia hai Idp va vector sdng [4], 
[15], [16] Cac ham nay giam rat nhanh khi 
khoang each giiia hai Idp va vector sdng tang len 
nhung lai cd ddng gdp dang ke doi vdi viing 
sdng dai va khoang each hai ldp nhd nen da gay 
ra nhieu dae tinh mdi U cho eau tnic Idp ddi so 
vdi cac Idp don cau thanh [4], [13], [15], [16]. 
Doi vdi he gom hai ldp graphene dugc ngan each 
bdi nhung ldp dien mdi khae nhau, bieu thiic the 
tuong tac Coulomb dugc xac dinh nhd viec giai 
phuong trinh Poisson va cd dang kha phiic t̂ ip 
theo vector sdng, khoang cac giira hai ldp va da 
duge Badalyan cac cpng su cdng bo va su dung 
[1], Sau dd, the tuong tac cho he loai nay cung 
dugc nhdm nghien ciru ciia Nguyen Quoe Khanh 
sir dung de xac dinh phd kich thich tap the va cac 
tinh chat khae cua ldp ddi [5], [6], [10]. Bieu 
thiic the tuong tac Coulomb trong cau true ldp 
ddi gom mgt Idp graphene va mgt Idp khi dien tir 
hai chieu vdi dien mdi nen khdng dong nhat eiing 
da duoe tinh toan va dupe su dung de tinh di§n 
trd Coulomb drag, tan so plasmon va toe dp phan 
ra plasmon [7], [8], [11], [12]. Cau tnic gom 
nhi^u ldp graphene da dugc Zhu va cae cgng su 
nghien eiiu vdi dien mdi nen dong nhat [17]. 
Theo tim hieu cua tac gia, nhiing he ba Idp 
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graphene cd dien mdi nen khong dong nhat hien 
chua thay cd cong bo khoa hgc nao mac dii cac 
cdng bo trudc day eho thay cd sy khae biet dang 
ke tiong bieu thirc the tuong tac Coulomb tir do 
dan tdi su khae biet ve nhung dac tinh dien cua he 
khdng dong nhat so vdi he dong nhat mang cimg 
eae thdng so dac tiung [1], [5], [7], [8], [9], [11]. 

Chinh vi vai trd quan tiong cua the tuong tac 
Coulomb va su khdng ddng nhat ciia dien mdi nen 
doi vdi cac dac tinh ciia cau tnic ldp, bai bao nay 
nham xae dinh the tuong tac Coulomb eho cac 
dien tii tiong mdt cau tnic gdm ba Idp graphene, 
dugc ngan each nhau bang nhirng ldp dien moi 
nen khae nhau, lam co sd cho viec xae dinh cac 
dac tinh khae niia eiia eau triic lo^i nay. Cac bieu 
thirc giai tieh ciia the Coulomb ndi Idp va xuyen 
ldp dugc xac dinh tir nghiem ciia phuong trinh 
Poisson trong khdng gian xung lugng. 

2. Ly thuyet 
Ldp ba graphene vdi hang so dien mdi nen 

khdng dong nhat cd cau tao dugc mo ta tren 
Hinh I. Ba Idp graphene song song nhau va song 
song vdi mat phang Oxy, each deu nhau mgt 
khodng each bSng d, Ian luot d cac vi tri z = 0 , 
z = d va z = 2d 

Hinh 1. Lop ba graphene voi bon Irtp dien moi co 
hang so dien moi khae nhau 

The tuong tac Coulomb trong khdng gian 
xung luong duoc xac dinh bang bieu thuc [13]' 

U,^{q)--e] dz] dz'^q,z,z-)\x,{4\zA'f <^^ 

vdi /,7 = 1,2,3 la cac chi so cho timg ldp 

graphene. Cac ham %,^ ̂  ( r ) la ham sdng xac djnh 

trang thai ciia eae dien tu trong cac Idp graphene. 
Cac ham nay cd dang: 

\X,(4 =S{z-d), (3) 

\x,{zf =S(z-2d). (4) 

LSn luot thay cac phuang trinh (2), (3), (4) 
vao phuang trinh (1) voi chu y tinh chat cua ham 
delta Dirac ta duoc bieu thiic cac the Coulomb 
noi lop va xuyen lap trong khong gian xung 
luong la 

f/„(?) = -e«»{j,0,0), (5) 

U,,{q) = -e^{q,d,d), (6) 

U„{g) = -e,^{q,2d,2d), (6) 

U,,(q) = U,,{q) = -e^{q,0,d), (7) 

U^{q) = U„{q) = -e^(q,0,2d), (8) 

U,,{g) = U,^{q) = -e0{q,d,2d). (9) 

De tim dang tudng minh ciia cac bieu thirc 

the tuong tac nay ta can xac dinh dang tudng 

minh ciia ham ^(^,2,z') Ham ip[q,z,z') la anh 

Fourrier ciia ham ^(^p — p',z,z'^, ham the bieu 

thi tuong tac ciia hai phan tii dien tieh p va p' 

tai cac vi tri z va •^' trong khdng gian Ham 

t^[p-p',z,z') la nghiem ciia phuong trinh 

Poisson [13] 
v[K{z)V^{p-p',z,z')~\^47red{p--p')S{z~z') (10) 

Ham K[Z) la hSng so dien moi nen dgc 

theo true Oz. Vdi he tren Hinh 1, ham nay cd the 
xac dinh la 

2 < 0 

z>2d 
Su dung phep bien doi Founer cho ham ^ 

ta dan toi phuong trinh [13] 

4')- dz 
r(z),V(«,«.^') = 1««*(z-z'), (12) 

Giai phucmg trinh (12) vai ham K:(Z) xac 

dmh tu phucmg trinh (11) ta thu duac ham ip 

img voi cac trutmg hcrp khae nhau roi lan luat 
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thay vao cac phuong trinh (5)-(9) ta se thu dugc 
bieu thirc the tuong tac Coulomb. 

3. Ket qua va thao luan 
Viec xac dinh nghiem cua phuang trinh (12) 

ehi nham muc dich tim the tuong tac U^^q) 

trong cac phuong trinh (5)-(9) nen ta ehi can tim 

nghiem img vdi ba trudng hpp sau: 

+ Trudng hop I {z'=0, img vdi cac dien 

tir trong Idp graphene 1)' nghiem ciia (12) la. 

Ae'^\ z<0 

**(^,2>0) 
A.e"' 

A.e"' 

0<z<d 

-A,e~'' 
(13) 

d <z<2d 

A^e-"'. z>2d 

De xac dinh cac hang sd A^^A^ trong 

phuong trinh (13), ta sir dung dieu kien lien tuc 

cua ham ^ , ciia dao ham ham ^ va gian doan 

hiru han ciia dao ham ham ^ tai z-z' = 0 [2]: 

A^e^'^ +A^e-'^'' = A^e'''' + A^e-"^ 

A^e'''''+A,e-^'''' =A^e-^"' 

' [K.^A2-K.^A^-K^A^)q~A7te • ^ ' 

K^ ( ^ e ' " - A.e-"" ) = K-3 [A^e"" - A.e""') 

K, [Ay - A^e'"'-') = ^K^A.e-^"' 

He cac phuang trinh (14) cho phep ta xac 

dinh cac he so A^ ciia ham the 4>{q). 

+ Trudng hap 2 va 3 ( z ' - t ^ va z' = 2d, 
irng vdi cac dien tii trong Idp graphen thii hai 
va thii ba): dang nghiem ciing gidng nhu (13) 
nhung he cac phuong trinh xac dinh he sd 
(thay vi A ta ky hieu la B va C) cd khae do dao 
ham gian doan tai z = d va. z = 2d [2]: 

" + B.e-"" = B.e'"' 

"" + B^e--"" = B^e 

- K^B, = K^B, 

B^e'"'-B,e "")-

(15) 

( \q = 47re 

. 06) 

C^e'' +C,e-«'' = Q e ' " +€,0"''' 

C,e"'' +C^e'''"' =C^e'''" 

K^[cy -C,e-'') = K,[C,e'^ -C^e-'') 

Giai he cac phuong trinh (14)-(16) de dupe 

cac he so A,,B,,C, (/=1,2,...,6) roi thay vao 

bleu thuc ciia ham ^. Bieu thuc the tuong tac 

(5)-(9) CO the viet lai thanh" 

U,i(?) = ^ 4 . (17) 

U,M=-<^{B2>'"'+B,e-'), (18) 

U„{q)=-eC,e-^-^ (19) 

U,^(q) = U^M) = -^B„ (20) 

Un(l) = U,,(q) = -eC„ (21) 

U^ (?) = U,, (q) = -e[C,e" + Ce-' ). (22) 

Cac tinh toan chi tiet eho thay, bieu thiie the 

Coulomb cho Idp ba graphene cd dang: 

u.Ai)=~f,{i\ (23) 

trong do: 
2[(..„.)(„-.,).2.,(..-.,).-.-.(.,.„)(,,..,).V] (24) 

'••[,,..•H,j).,....H^)][,,„.h(,j).,,.ia(^)] (25) 

I (26) 

/ , . ( i l— 

./;.(«)-/.,(«)--
''[f,cosh(.,rf)t».,irii(9J}] (27) 

fxA<i)=f',A'i) = 

N{,J} 

Sic^K-,e'' 
(28) 

fnM-fM 

Voi 

N{qd) • 

Sr,e'"[r,cosh{qJ) + r,a,a,{qd)\ (29) 

N{qd) 

»(,).(..-v,)(,.t<.)(,,^^.).2.-(,.-.,)(,,,,-,,^.)t(30) 

Cac bieu thiic tuong tu cho lop doi 
graphene da duoc Badalyan va Peeters cong bo 
[1] The tuong tac Coulomb noi lop (intra-layer), 
duac xac dinh tir cac bieu thirc (24)-(26), bi anh 
huong boi hang so dien moi cua moi truimg 
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xung quanh cac ldp graphene lan can va khdng 
chiu ^ih hudng nhieu bdi vector sdng q va 
khoang each giira hai ldp d (do tir so va mau so 
chira liiy thira co so tu nhien cimg bae) Trong 
khi do, the tuong tac Coulomb xuyen ldp (mter-
layer) bi dnh hudng manh bdi tich qd (do chira 
thira so liiy thira eo so ty nhien d mau so co bae 
ldn hon so vdi d tir so) nhu ed the nhan thay tir 
cac bieu thirc (27)-(29). 

hai gia tn khoang each Idp khae nhau 

d = 20 nm va <̂  ^ 50 nm Ket qua cho thay, d 

hai khoang each Idp khae nhau, do tiij cac ham 

f/„ [q] nim ghn nhau trong khi do thi cac ham 

?7y (q) tach lam hai nhdm rd ret. Dieu nay chimg 

td cac ham the U^j {q) phu thuge manh hon vao 

khoang each Idp so vdi cac ham U,Aq) nhu da 

nhan dinh tii cac bieu thiic giai tich. 

Doi vdi he cd dien moi nen dong nhat, ta 

thay ATi - K-3 = R-j = K-4 = A: vao cac bieu thirc 

(23)-(30)va thu dugc 

_27re^ \.-j\,d 

Hinh 2. The tuong tac Coulomb noi lorp (a) va xuySn 
lifp (b) trong lop ba graphene vvri dien moi nen 

khong dong nhat. Cac tham so su dung la 
d = 20 nm, n^ 10^^cm~^, K:,=K:^.n =3,8, 

"^Al^Oj = 9,1, = 10 

Hinh 2 bieu diln cac ham the tuong tac nhu 
rapt ham theo vector song q. Trong hinh ve, 
f/o = 2;7e^ va kp. la vector sdng Fermi ciia 
graphene, n la mat dp hat tai trong graphene 
Cac bang sd dien mdi nen dugc su dung la 
'̂ i ^ '^s.o, = 3,8, -̂z ^ '̂ 3 = '̂ Ai.o, = 9,1, 

K^^K:^=\,0 [13], Cac Hinh 2(a) va 2(b) cho 
thay, cac the tuong tac ndi Idp cd gia tri Idn hon 
dang ke so vdi the tuong tac xuyen ldp d cimg 
mgt gia tri vector sdng, khoang each Idp va mat 
do hat tai. 

Hinh 3. Th^ tuong tac Coulomb noi IcVp (a) \h xuyen 
JtVp (b) trong lop ba graphene v6i dien moi nen 

khong d^ng nhat. Cac tham so su' dung la 
d = 2Q nm vk d^SO nm, «^10"cm"^, 

^1 = '^SiO, = 3 , 8 , 1^2=^1= '^AI.Oj " ^ ' 1' 

K^=K^^ =1,0 

De tim hieu ky hon anh hudng ciia khoang 
each giira cac Idp ddi vdi cac the Coulomb da 
tim dupe, Hinh 3(a) va 3(b) ve cac the nay vdi 

^M- (31) 

Bilu tiiirc (31) la the tuong tae Coulomb da 
duoc Zhu va cac cdng sy su dung de tinh phd 
kich thich tap the cho he gom nhieu ldp graphene 
cd dien mdi nen ddng nhat [17] De ed dugc 
nhung so sanh chi tiet ban, Hinh 4 ve do thi cac 
ham the vdi dien mdi nen dong nhat va khdng 
dong nhat. He dong nhat sir dung hang so dien 
moi nen la trung binh cua hang so dien mdi hai 
Idp xung quanh he (A: = K^-{A-,+R:4)/2 = 2,4). 

Hinh 4. The tirimg tac Coulomb noi ldp (a) va xuyen 
lop (b) trong lop ba graphene voi dien moi nen dong 

nhat va kbong dong nhat. Cac tham so sir dung la 

d = 20nm, n = lO"cm~^, K^ = K^^^^ = 3,9, 

K.^=K:-=K\^Q^=9,L K:^=>C^^^I,0 He dong nhat 

so sanh co hang so dien moi trung binh bang 
K = i< ={KI + IC,I)/2 = 2,4 

Hinh 4(a) cho thay, doi vdi he dong nhat, 
the Coulomb ndi Idp trong mdi ldp graphene la 
nhu nhau dupe bieu dien bang dudng lien net 
dam. Trong khi dd, cac ham nay cd gia tri khae 
nhau dang ke doi vdi he khdng dong nhat do 
chiing phu thude khae nhau vao cac hang so dien 
moi cua mdi trudng. Su khae biet xay ra nhieu 
nhat ddi vdi the t/22{^) do ldp graphene 2 nam 
each xa hai ldp dien moi bao bpc he (K̂  va K^ ) 
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nhat, Hinh 4(b) cho thay cac the tuong tae tri khae nhau nhieu doi vdi timg Idp graphene va 
Coulomb xuyen ldp trong he khong dong nhat cd it chiu tac dgng bdi khoang each giira cac Idp. 
gia tn khdng khae nhau nhieu, Trong he ddng Trong khi do, cac the Coulomb xuyen ldp giam 
nhat, cac ham f/j^ (q) va f/23 (q) co cimg gia tri nhanh theo vector sdng va khoang each giua cac 
, . , ,,1 , „̂ . ,, . , A rr / \ , - ldp Cathetuong tae ndi ldp va xuyen ldp bi anh 
(duong hen net dam) trong khi tiie f/,3 (q) nhan ^ ^ ^ ^ ^ ^ ^ ^ . ^^; ^^ ^ . ^ ^ ^ .^^ ^ . ^ ^^^ ^^^ 
gia tri nho hon nhieu va giam nhanh hon theo sd dien mdi nen trong he Cac ket qua giai tich ve 
vector sdng (dudng cham gach), the Coulomb trong bai bao nay cd the sir dung de 

4. Ket luan khao sat nhirng dac tinh quan trong khae nhu 
Bai bao da sii dung phuang trinh Poisson de dien trd Coulomb drag, tinh chat van chi^en 

tim bieu thire giai tich cua the tuong tac hoac pho kich tiiich tap tiie eua he. 
Coulomb npi Idp va xuyen Idp trong khdng gian Loi cam on 
xung lupng eiia mpt cau triic gom ba ldp Nghien cim nay dugc tai trp bdi Quy Phat 
graphene dugc ngan each bdi nhirng Idp dien trien khoa hoc va cong nghe Quoe gia 
mdi nen khae nhau Ket qua tinh toan cho thay (NAFOSTED) trong de tai ma so 103.01-
cac the tuong tac npi ldp bi tac dpng bdi dien 201723,/. 
mdi bao bpc eae Idp graphene lan can, nhan gia 
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COULOMB BARE INTERACTION IN THREE-LAYER GRAPHENE 

Summary 

The Coulomb bare interaction has significant contributions to important characters of charged 
multibody systems. This paper is to determine the analytical expressions for Coulomb interactions 
between elections in a structure made up of three parallel monolayer graphene sheets, separated by 
different dielectric layers via solving Poisson equations Analytical and numerical results show that 
Coulomb potential functions m momentum space are affected strongly by the inhomogeneity of 
dielectric background Inter-layer Coulomb potentials decrease remarkably with an increase in wave 
vector q and separated distance d, while mtra-layer ones are only weak functions of q and d, and 
depend on the environment around other graphene sheets. 

Keywords, Coulomb bare interaction, graphene, inhomogeneous background dielectric. 
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