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PHUONG PHAP LAP GIAI PHUONG TRINH VI PHAN CAP CAO VOI HE SO
PHU THUQC CAC PHIEM HAM TiCH PHAN

Vii Vinh Quang*, Lai Van Trung
Truong Dai hoc Cong ngh¢ Thong tin va Truyen thong — DH Thdi Nguyén

TOM TAT

Trong cac dang phuong trinh vi phan bac cao, 16p cac phuong trinh c6 chira cac hé sb phu thudc
cac phiém ham tich phan mo ta cac dang bai toan dic biét trong co hoc dang dugc céc nha toan
hoc quan tdm trong thoi gian gan ddy. Cac két qua da nghién ctru thuong dé cap dén tinh chat dinh
tinh cuia cac bai toan, tuy nhién viéc tim nghiém sb cua cac dang bai toan nay chwa dugc quan tam
do dang dic biét cua bai toan. Noi dung cua bai bao gom hai phan: phan thir nhat trinh bay két qua
xay dung lugc d6 sai phan bac cao dbi véi phuong trinh vi phan cap hai, phan thir hai trinh bay cac
két qua xay dung lugc dd lap giai cac phuong trinh vi phan bac cao c6 cac hé sd phu thuoc cac
phiém ham dang tich phan. Céac két qua thuc nghiém sb trén cac luge d6 sai phan bac cao khing
dinh tinh hitu hiéu cua cac so dd lap da dé xuat.

Tir kKhéa: Phirong trinh vi phdn bdc cao, hege 6 sai phdn, phiém ham tich phén, so dé lap.
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ITERATIVE METHOD FOR SOLVING HIGHER
ODER DIFFERENTIAL EQUATIONS WITH COEFFICIENTS
DEPENDENT ON INTEGRAL FUNCTIONS

Vu Vinh Quang’, Lai Van Trung
University of Information and Communication Technology - TNU

ABSTRACT
In higher order differential equations, classes of equations contain coefficients that depend on
integral functions describing special types of problems in mechanics that are of interest to
scientists recently. The results studied often refer to the qualitative nature of the problems.
However, finding the numerical solution of these types of problems has not been considered due to
the special form of the problem. The content of the article consists of two parts: The first part
presents the results of developing a higher oder differential diagram for the second order
differential equation, the second part presents the results of building a loop iteration of higher oder
differential equations with coefficients that depend on integral functions. The numerical
experimental results on higher oder differential diagram confirm the effectiveness of the proposed
iteration diagram.
Keywords: Higher order differential equations, differential diagram, integral function, iteration
diagram.
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1. Gigi thigu

Khi nghién cau vé phuong trinh vi phéan phi
tuyén tinh bac cao, mét trong nhirng két qua
da dat duoc trong nhimg nim qua c6 thé ké
dén cac két qua cua nhém tac gia: Pang
Quang A, Nguyén Thanh Huong, Ngb Thi
Kim Quy. Dang phuong trinh phi tuyén tong
quat nhat duoc xét 1a dang:

T =f zuu,u,u ,a<z<Db,
= Abyu b +bu b =B,

CLU'LL a —CLl'LL a

" m
cou a —Ccu a

D

Vé mit ly thuyét, s hoi tu caa so dd lap trén
dd duoc chung minh biang ly thuyét cua
phuong trinh toan tir. Viéc giai s6 cac bai toan
cip hai da thyc hién bang viéc xay dung cac
lwgc @6 sai phan véi do chinh xéac cip 4 cho
bai toan cap hai.

u'(r) = f(z),a <z <b,

o u(a) — o' (a) = A,

Bu(b) + B (b) = B. (2)

Céc két qua da dugc cong bé trong [1].

Trong céc cong trinh gan day, mot sb tac gia
trén thé giéi da dé cap toi cac md hinh bai
toan co hoc cé su phu thuoc tich phéan. Cu
thé, trong [2], cac tac gia: N. Kachakhidze, N.
Khomeriki, J. Peradze, Z. Tsiklauri da nghién
ctru mod hinh bai toan dugc md hinh hoa bai
phuong trinh phi tuyén cap hai

1

o| [(w)de

0

w(0) = w(l) = 0.

w = f(z),0 <z <1,

3)

Trong [3], cac tac gia Q.A. Dang, T.L.Vu da
nghién cu md hinh bai toan cip bén phi
tuyén dang

y —ey —E[J(y ) da

5

y(0) = y(m) = 0,y'(0) = y'(m) = 0.
(4)

= C,dou" b —i—dlum b =D.

]y" =p(z),0 <z <1,

Trong [4], céc tac gia T.F. Ma, A.L.M.
Martinez da xét dang bai toan bién phi tuyén
cap 4 dang

‘” ‘st = f(z,u,u),
u(0) = A,QUI, L)= B, (5)
u (0) = C,u'(L) = g(u'(L)).

C6 thé thay rang diém chung cia cac mé hinh
bai toan (3), (4), (5) ma céac tac gia da nghién
ctru déu c6 céc hé s6 cia phuong trinh phu
thuoc tich phan cua ham can tim. Bé nghién
ciru cac bai toan nay, chlng ta cé thé sir dung
cac phuong phap bién d6i dé chuyén céc
thanh phan phu thudc tich phan sang vé phai
cia phuong trinh chuyén céc bai toan dang
Xét vé dang bai toan (1). Khi d6 co thé nghién
ctru sy hoi tu cia phuong phap 1ap bang cac
phuong trinh toan tir va viéc tinh toan sé sir
dung cac luge do sai phan véi do chinh xéac
bac bén cua dang bai toan (2). Hién nhién khi
thuc hién phép bién d6i, thanh phan vé phai
s€ trg nén phuc tap hon vi sé chira thém thanh
phén ham f(z). Mot cach ty nhién, ching ta
can nghién ciru phu’0’ng phap giai cac bai toan
trén ma khéng can chuyen céc thanh phan
chtra tich phan sang vé phai.

Dé giai quyét vain dé trén, trong bai béo nay
ching t6i trinh bay viéc xdy dung phuong
phép lap téng quéat cho md hinh cac bai toan
c6 hé sb phuong trinh chtra thanh phan tich
phan ciia dao ham can tim va lugc do sai phan
vé6i do chinh xéac cap bén cho bai toan cip hai
dang tong quat hon.

Bai bao gom 5 phan, sau Phan gigi thiéu l1a
Phan 2, trinh bay lugc db sai phan voi do
chinh xé&c bac cao; Phan 3, trinh bay md hinh
bai toan bién vai hé sb phu thudc phiém ham
tich phan va so d6 lap dé giai bai toan; Phan
4, trinh bay cé két qua thuc nghiém va Phan 5
la phan Két luan.

2. Lurgre do sai phan véi do chinh xac bac cao
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Trong phan nay chlng ta xét dang bai toan bién tong quat

e —nu(r) = f(z),a <z <b,

ayu(a) —au(a) = A4
Bu(b) + Bu(b) = B.
Ching ta s& xay dung lugce db sai phan tim nghiém sb cua bai toan véi d6 chinh xac bac 4.

(6)

2.1 Phuwong phap sai phin dao ham
Xét cong thic khai trién Taylor
A

3 3
w(z +h) =ulz)+hu' +—u' +—u’ +h—u4 +...+O(h").
2 6 24

]. " n
=— f +nu

Trong d6 1 ki hidu la budc ludi. Xuét phét tir (8), ta nhan duoc v *
g

Thay vao cong thirc Taylor, ta nhan dwoc
S ST A Rt }
v =u+hu +—u +—u® +——(f +nu)+0 n,
i+1 1 ) 2 ) 6 i 2477 (le 771 z)
2 " h3 4

=u —hu +—u ——u® +
1 1 2 7 6 (2 24

0

(f +nu)+0 h' .

U.

i—1
7]0

4

(f +nu)+0 h' .

= 2ui —I—h2u: + h

Tudaysuyra u, +u, T2

U — 2ui + Uiy h? fi" +0 .

Hay u7 N h’? 12
B+ )
12n,
hZ
B =h*|1+ |-
- 12n,
Dat b 0 r
Vay ta c6 lugc do sai phan voi do chinh xac cap 4
u o —2u +u 2
un il : ”“—nlu,:f.+h—f.;z':1,2,...,n—1,
k2 ) 1 12 1
. ,’7 k2 h2k2 . (7)
ui1—2+k2—1ui+ui‘1:—fi+ [ii=12..,n—1
U M 127,

Str dung céac cong thuc tinh dao ham véi do chinh xac bac cao
1
— —25f +48f —36f, +16f, —3f, +O h',

Fa) =12,
1
f'(:cn)ZE 25f —48f  +36f ,—16f ,+3f , +O k',
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) 1
f(fﬁ):@ 35f —104f +114f —56f, +11f, +O h* ,

f()= 11h
Fla) = 1242
flz, )= 11%2
[@) =50

—fiy +16f_, —30f, + 16/

11f, —20f, +6f, +4f, —f, +0 n*,

~fow TON

:+1

11fn _20];,71 + 6]07;,72 + 4'f;773 - f;zf4 +0 I ’

3@— 104f | +114f , —56f , +11f D }(

Ta thu duoc hé phuong trinh sai phan voi do chinh xac cAp 4 dbi voi bai toan (6) nhu sau
(12ha, — 25c Ju, — o, 48u, — 36u, + 16u, — 3u, = 12hA,

7 K K .
uiil—(2+k2i)ui+ui“:—j;+ fi=12..,n—1,
0 0 12?70
(12h8, —258,)u, + B, —48u , +36u , —16u . +3u , =12hB.
Ta thu duogc hé dai s6 tuyén tinh
AU =F, )
trong do
00 01 CL02 a1)3 a04 0
al(] 11 alZ 0 0 0
0 a?l a22 23 0 0
0 aSl a32 a33 0
0o 0 O 0
A= ;
a71,737174 anfSn%} a/nff-inf:} 0
0 an72n73 a7172n72 an727171 0
0 0 n—ln—2 anflnfl anfln
an,nf4 a’7m73 aml,72 aml,fl nn
T T
U= uj,u,..,u F= F,F,. F

Nhdn xét

- H¢ phuong trinh sai phéan (8) chinh 1a h¢
phuong trinh sai phan twong ttng vaéi bai toan
bién cho phuong trinh vi phan (6) vdi do
chinh xac cap 4.

- Matran A cua hé khdng phai dang 3 duong
chéo, do d6 hé khong giai dugc bang thuat
toan truy dudi.

2.2 Thii tuc bién déi co ban

Theo tinh chét cua hé dai sb tuyén tinh, hé s&
khong thay dbi néu ta nhan mot hang tiy y
v6i mot s6 k sau dé cong vao hang 1. Sir

dung tinh chét trén, ta bién doi ma tran cua hé
(8) vé dang ba duong chéo qua bén budc theo
so' dd tinh toan nhu sau:

_ I
Ay = gy 2+k (o3 Gy = Gy s
LS
_ e
Ay = Gy 2+k (g5 Aoy 2= Gy ™ Qs
My
_ o
Ay, = Gy, 2+k (o5 Ay += Gy Gy 5
My
Fl = Fl - ao4F4 - ao:sFZs - aozF;'
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Céc so dd tinh toan trén ciing duoc thuc hién twong tu dbi voi hang thir n+1 cia hé do tinh chat
déi xung.

Hién nhién qua so dd tinh toan trén, ma tran cua hé duoc chuyén vé dang 3 dudng chéo. So do
tinh toan trén dugc viét thanh mét thi tuc chuan bién ddi hé ban dau vé hé méi dang ba duong
chéo. D& kiém tra thay rang cac hé sb cua hé sau khi bién d6i thoa méan tinh chét

:‘%AH \,\71:1,2,...,7;—1.

>

‘G’OO‘ > ‘0,01‘, a

nn

a

n—Iln

’ aii aii+l
Tuc 1a hé thu duoc 12 hé ba dudng chéo co tinh chét chéo troi.
Hé (8) sau khi bién dbi giai dugc bang thuat toan ba dudng chéo vai do phic tap tinh toan O(n).
Thuat toan giai hé duoc thiét ké thanh thu tuc chuan qtrd(...).m bang ngdn ngir Matlab.

Bang 1. Mét so két qua kiém tra sai sé doi vdi qtrd.m

77[) :97/)71 :5,05() :3)a1 :23ﬂ0 :47@ :7

Luéi chia sinz + cos e " e’ + 2t +cosz
10 7.9e-6 5.6e-6 1.2e-5
50 1.6e-8 1.1e-8 2.8e-8
100 1.0e-9 7.1e-10 1.8e-9
200 6.4e-11 4.6e-11 1.2e-10
500 2.7e-11 1.1e-11 5.3e-11
1000 1.0e-12 1.0e-12 2.2e-12

Thir tuc gtr4.m ludn ludn duoc sir dung dé tim nghiém sb cho cac so d6 lap s& duoc dé xuit trong
cac muc tiép sau.

3. Md hinh bai toan bién véi hé sé phu thudc cac phiém ham tich phan

Trong phan nay, ching tdi trinh bay viéc giai quyét mot dang mé hinh bai toan dwgc mo ta bang
céc bai toan bién cho phuong trinh vi phan. Biém khac biét co ban la cac hé sb ciia phuong trinh
vi phan s& chira tinh phan cta dao ham caa ham can tim

P, []“u "2 ds

ayu(a) —au'(a) = A;bu(b) +bu'(b) = B.

u' + D, )

]“u'r ds]u = f(z),a <z <b,

a

Day chinh 13 dang tong quat ctia bai toan di duoc cac tac gia N. Kachakhidze, N. Khomeriki, J.
Peradze, Z. Tsiklauri dua ra trong [2]. V&i bai toan trong [2], bang cach dat u=Av, bai toan

huvén vé dane bii tod v =f,0<x<],
chuyén vé dang bai toan

yenve e v(0)=v(1)=0.

Tir d6 bang cach xac dinh tham s A dé tim nghiém ctia bai toan.
Can luu ¥ ring phuong phap trén chi 4p dung dugc cho bai toan cu thé (3) do cac tac gia dit ra.
Khac véi cac tic gia trén, chung toi xét bai toan tong quat hon va dé xuat phuong phéap giai quyét
bai toan nhu sau:

b
pat ¢ = [ [u'(s)|*ds , khi d6 bai toan (9) co dang

{pl<£>u”<x> +p,(E)u(z) = f(z),a <z <b, 10)

ayu(a) —au'(a) = A;bu(b) +bu'(b) = B.
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Hién nhién néu xac dinh dugc ¢ thi nghiém Hiéu chinh
s6 cua bai toan s& duoc tim tir tha tuc qtrd.m. R d
Chung ta xay dung thuat toan lap nhu sau: S = .”uk (S)‘ S
Thuat toan : . L ot _

Budc 1: Xuét phét £ =0; MOT SO KET QUA THUC NGHIEM

Budc 2: Véi moi k= 0,1,2,... giai lién T.r}rérc tién, chiing t.a xét bai toan duoc Féc tac
tiép hai bai toan gia N. Kacl.lakhlc.lze, N. Kho‘n.le.rikl, J.
Peradze, Z. Tsiklauri dua ra trong tai li¢u [2]

B (€ — (), = fla)a <5 <b, 1
au,(a) — au, (a) = 4 (11) pl(f (u'(s))’ds)u’ (z) = f(x),0 <z <1,
b,u, (b) + uw, (b) = B; u(O)O —ul) =0

Trong do

p.(2) = 2-cos(pi*(z+1)/(24+2))(x)= 6483 dmeosn’ (x-1)sinTx

x/27T2 +3
_ 4B

Bai toan trén c6 nghiém ding 1a u (z) =
] \27* 43

(x-1)sin7x.

Pay 1a truong hop don gian cta dang 1 véi diéu kién bién Dirichlet. Ap dung thuat toan 1, chiing
t6i nhan dugc két qua nhu sau: ) )
Bang 2. Ket qua so so sanh tai liéu [2]

S6 buée 13p Sai s0 S6 buére 13p Sai 0
1 0.3644 6 5X g-6
2 0.0248 7 6% e-7
3 0.0032 8 8% e-8
4 3Xe-4 9 1% e-8
5 4% g-5 10 3Xe-9

C6 thé thdy rang phuong phap lap hoi tu rit nhanh va sai s6 dat duoc 14 t6t hon nhiéu so véi sai
sd trong tai lidu [2] di cong bb (Sai sb e-3).
Sau day ching t6i dua ra mot sb két qua tinh toan véi cac ham hé sb dugc chon 1a tuy y, diéu
kién bién Neumann;
Bang 3. Két qua kiém tra doi voi thudt todn 1
p(2)=e" +1Lp,(2) =cosz+1.5;a =0,b =1,
o, =20 = 3;8, =56 =4, N =100.

ud:m2—$3+1 u, = sinmz u, = ¢ ud:cosx+e"’+:1;3
K € K € K € k €

2 0.0028 5 0.058 1 0.2593 2 0.265

4 3xe-b5 10 0.0076 2 7% e-4 4 3xe-4
6 3xe-7 15 0.001 3 3xe-b 6 4% e-6
8 4xe-9 20 1xe-4 4 1xe-6 8 5xe-8
10 8xe-11 30 3xe-6 5 9x e-8 10 2xe-10
12 3xe-11 45 3xe-7 6 6x e-9
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Bang 4. Két qua kiém tra doi véi thudt todn 1

z

p(2)=¢€

;p,(2) = cosz;a = 0,b =1,

o, =20 =38, =58 =4,N =100.

ud:xQ—ch—l—l u, = sinmx ud:ex ud:Cosac—l—eﬂ”—l—x3
K € K € € k €

10 6x e-8 Khéng héi tu 7xe-5 5 5% e-6

20 4xe-11 10 1xe-9 10 6xe-10

4. Két luan

Giai cac phuong trinh vi phan cp cao ma dic
biét 1a 16p cac phuong trinh vi phan cap cao
c6 hé s6 phu thudc phiém ham tich phan 1a rat
c6 y nghia trong co hoc. Bai bao da trinh bay
viéc giai s6 cho bai toan phwong trinh vi phan
cip hai tong quat voi hé s6 phu thudc phiém
ham tich phan. Pay 1a mot két qua rit quan
trong dé chung t6i tiép tuc nghién ctru va giai
quyét cac bai toan vi phan cip cao hon.
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